







































































































a False If one were to exist by Clairaut'S Theorem

its 2nd order mixed partials would have to be equal

Note that
f y 2g

and fy 1

these are not equal which
contradicts the theorem

therefore the supposition that such a function exist

must be false

b False Tf is a vector and ty is a scalar

In particular Pf fo t

C False There may exist a non straight line path such that

if a b is approached along this path then fcx.gg

approaches a different
value or Dove

d True Fermat's theorem asserts that if f has a local
extrema at aib then aib is a critical point A

critical point of f is a point in the domain of f where

1 fx aib o or DNE and

2 fy a b o or DNE

Since f is differentiable at la b this means f ab o

and f 10,01 0 Which equivalently Mears Ifla b Ego I


































c True If flag Sinx t sing then Def Of.ie

where it is a unit vector Then

IDeff_Iof It
fcosxcosy ie nl
Hfcosx.cosy7HluHcoso

fcoTxtosJeosot
iF il

Duf Efz
or equivalently

E E Def E Ff
2 flag Tty t

A point Ky in the domain of f must simultaneously satisfy
4 XZ y Zo and l x Z o

4 X2 y2 I 2 2

r

I I
A

i i

r N



3 VIXy e ty k e ty for KEIR y k e

Note
a fino k ex 00 2

Io K ex k

k 4 or
K 3

fK o

i i

yT
4 fcx.is

x2 y2t I

a 1
2 ty t I

5 24 se

b
zt To

3
2 y2 9y

c 1
K

y t 1

X'ty't I

2ty2 I 1 0

K



d K l is the globalmaximumof fay since X'ty't 121

for all IXg C112

5

a him 22
Xg in X42y2

b him 22 Approach 10,0 along the line y mx

Xg o.o X2t2y2

tiny fio 11 2m2

him 21 DNE since
Xg o.o X2t2y2

the Value of the limit is path dependent
G
a U e rsintzo b glum Utm v

ur e Sinko gu tan WI
Uo 2e rcosczo guUF i t 2

7
a 2 e 28

Z e 28 Zg 2x e 28 Zy 2 e 22

2xx O Zyy 4 528 zy z e 22 Fuat

b roos St 2T

Vr cos stat Vg rsin St zt if 2rsin stat

O Vgs Cos St 2T Vet 4rcos stat

Vrs Sin stat Vsr Vrt 25in stat _Vtr Use 2rcos stat
Vts



8 2 y et d f Et t d IFcost
y t y LSint t 2ye l3t

y etSint t Gye t

E tbecostsint ftsecostdt

9 E xsing 2 Est IT
X set
y se t Singett cosy e

t

sin se t et t scos setas

IF Ex IF
Singsett xcosyf se t

Ff sin se t set 5 cos se tty
ol E ercoso a 2 Es FoEyr St

o Ft b ercosot e Sino

E estcos sett t estsin Ttt 125

11 fi y z ze t5 f
a f 2ex 5 zexty

fy 2Xyzexty

fz e

b him f x y z e l
aye 1,111

C Off ii D fo 2 D



d Dif Of I11811

fo 2 1 of 1,2 1

Def Ey
e Hof11
Too

lk H
100

E
Ioof

2
a xy yz xz O F y Z 3 Eze EZ

Fy x t Z y x

F
y x 2 FI E

b µ tyz It Xy z F 2 gZz3

M x yz Xy223 I O Fg x yz
2Xyz

3

i F
Fz 2 3XYZZZ

1
E 3xy2z

2 If z3

3
z 352 2

a 2 excosy p o o l 2 1 tx
C fellcosy exsing

P2p f l o



b 2 xes T P 2 it z 2 2 x 2 2 y
Pz fesiny yes 8cosy
http fl 2

c X 2 2ytzY 4 D 2 I l

F

OF f2XZ 2ytZ 2 4 2 2 2gTZ 2g1E 21 2 22 zytz

Pfp f 4 16 4

4 x 2 16 gti 4 Z 4 0

14 0.999 1 2sincoou f xg X It 25in y F no
Pf f 7 6 It25in y 2 7cos yl
Pfp 47 2 2 f no t 7 x 1 t2g

2 It 7 x l t 2g
O999 It 25ino02111 It 7 0.001 t 0.04

I o 007 to 04

I t 0.033

033g
15 TIXy z zz I P 3 1,2

PT 2S iTp 5oT
x y't z t 1 2 9 It 4 1 2

Ptp 2 13 1,2



110411
5 4 247 E'unit vector I f

16 V x'sing get 1 2xsingtyze'T O

St 2T

y St 1,0 x'cosy t e'T t xye'T 4 t 1 5

S.tk oil 2g
X0,4 2 as loaf 1 Flo t l

glad o Ilia 2 1 5 0

Et s t o

7 fcx.az ZeHjp o 1,2 Pfp 42 o l directions
Of fyZen Xze e ftp.rp1 is e rate
Of e 9fyZ xZ l

8 2 2 2
y2 gCxy z ZZ x2 y o Constraint

distance D f 2 y 2
2 ZZ flagz x 2 1Cy2 2 22

objective function

Of 70g
21 2 2 y 2 ZZ 7 f 2x 2g ZZ

X 2 y 2 Z 7T x y z

X 2 2x y 2 7g 2 72

4 21 2 y 1 7 2 24 71 0

2 o or 7 1

If 2 o then X y o o o o

If 2 1 then y l and Z I E 1,1 52 and 1,1 E

f ooo 8 f 1,1 I E 4 minimum so 1,1 E are the closestpoints



9 f xy x't y 12x t Gy F

f 3 2 12 fy 2g 16 f y fy o

f GX fyy 2

f and are continuous or 1122So

3 2 12 0 2g t 6 0
2 4 2g G
Iz y 3 2 3 and 2 3

i

fy 12 TO f 12 o

fy 2 Ayy 2

D 126 24 to D 1212 2470

Saddley Minimum

20 flagz fFye
a P 3,2 4

Of i D 0fp t f3 2 i7 2978

a
T3

if
b 110 11 5124
c 3 X 3 21g 2 2 4 4
d Ip z p I z



e ftp IT If 3,2 4 t 313t 3 2 1.9 2 4.2 4

t O 3 to Z o Z

I l to 3
I 1.3

21
a 11016,3111 2 Since if moving from

it one contour to another increases f by TZ
9 and the distancebetween adjacent contoursas

f I zmefE
is th 7

as
b Let it _G 4
Def _Of YET fGrjT 755

c ITFIRTH OfCECH F Lt
Tf 2,3 43,4

FE F ok3,4
752

22 f xy x't 4xy t y 2x t 8g 3

fx 2x t 4g 2 fg 4x t 2g t 8 f y fy 4

f 2 fyy 2

fx and Ig are continuousor IR and so
2x 4g 2 0 41112g 18 0

4X 8g t 4 o t 4X 8g 4 0e
Gy112 o

y 2 x 2 z8 3

3,2 is theonly criticalpoint



3,2

f 2
fogy 2

f y
4

D 4 16 TO Saddle

23 f xy 2 2 y2 2x objectivefunction

g x y x't y 4 0 constraint

Domain D xg EIR i Ty E 4

f 4 2 fy 2g fy fy O

f 4 fyy 2 D f fyy fly f fyy

fx and Ig are continuous or 1122so
4 2 0 2g o

I y o YO is the onlycriticalpoint
2

Onthe boundary If y o then x 2 and so

Of 70g 2,0 and 2,0
4 2 zy 742 122 If 7 1 then
4 2 27x 2g 27g 4 X 2 2x

2g 1 7 0 2x 2

y o or 7 1 X L and y Fs ad so

1 53 and 1,53
Compare values

f tho t l I Absoluteminimum

f 12,01 8 4 f 2,01 4 and fl 2,0 iz Absolutemaximum

f I 1531 2 3 2 3



24 flyyl 4 x c y l with D ixy o y 4 x3

a f l y fy l x fy fy I

f O fyy O D I e an criticalpointsmustbeSaddle

fx and fy are continuous so

I y o l x o

x I hi is asaddleryI

b
hisc
f x o 4T X I x 3
Potential extrema at C 2,0 and zoo

f 2,01 1 and fc2io 5

C gcx.is ytx2 4 0 e constraint

f x y 4 x l y l e objective function

of 7 g
l y l x If 2x l

l y 27x l X a

l y 2 l x x

l y 2 2 2

y I 2X t 2 2 I 2 2 27 2 4 0

3 2 ZX 3 0

x Z
6

Ig tf
Iz t Iz fo



y l 2 t2

I 21 t 2112 10

9 676 14501 20
q

25 I 2 To

And so 9

p o
and Q 25

9 g

flyyl 4 x 1 y l

f 1 4 ft ta
y 961 14850 60

81

3241 96 60 0

81 Note you will
not recieve

a optimization
problemthat would

48060152 regoyiregn.gg
EEaatop5rox aEn

81 f linear
approximationSo To fat 4 t'T

f p _480 60
248,03

Ceo z f 39,1 3 87
81 81 81

f Q 4 E 248 t 3 t f 90 8 22,5
81 81

d f p 3 t IF fl l 1 4 f 2.01 5
f Q I 8t F maximum fl z o I minimum



25 fl xg x oxy 8g

f 3 2 ay fy axt 24g fy G f
f ax fyy 48g

f andfy are continuous so
3 2
by O 6 24y O

2g O

y In
6 24 141 0

6X t 6 4 0

6 1 3 l O

x o x I O o and 1 I

load
f O f 670 D 6124 36 do

6 fyy 24 minimum

D 36 0 Saddle f y 6

ffl 1 localminimumf o.o o Saddlery

26 f xg e 5 x't Zy2 D x y x 15 43

f 2x e J x 2g
2 t z e J

f f 2 3 4Xyz z e y

fx 2x l iz zyz e
x y

fy 2g e 04
2 25 e 0 4g

Fy 2g 2 z
2g
2 e

y

fx and fy are continuous on 432 So



2x l x 2g2 e 52 0 2g z x 2 aye e 8

X O or 2g2 1 y o or 2t2y 2 2

If o then y O or Y It o o and o Il

If 12g I then y O and I I Il o

so there are five criticalpoints 0,0 o and Iso

on the boundary of D X'ty 2 4 and so f restricted to
the boundary becomes f my e 4 5 and so possible

extrema t2 o and o 2

f 0,01 0 f tho e l f 0,12 8 e 4

f o.tl 2e 1flI2io1 4e 4

Absolute minimum of 0 at Colo and

Absolute maximum of 2e at o ti

27 fixyj I t ly objective function

glay _IT tf 1 0 constraint

Of 70g
f In J at E

2 ya
2

X 27 y 27 x y y IT I

2 22
And so tf E y E

fft E.IE tf If x E

Absolute maximum f E E Ez
Absolute minimum ft re E E

f



28 objective f x y z ty 2 22

constraint gCxy z y2z3 2 0

Pf 70g
2x2y Zz 7 Ty223 2xyZ3 32222 since Xy 22 3 2 note

2x 7y2Z 2y 27 z zz 3 y2z2 that X 10 y 1
0 and 2 to

A a 3 7 327

v v
d I
z 3 32

2 2 y and 35 22 2 and Xy223 2

2 y Z y 2y4 z 6 4

Izzy I 3y6 4

y 2223.2133

y I
33

y f Note 2 zayn

y F e

Ty
I try and 2 FEY Note since xy 2 3 2 o

If y ther X and Z must have the same

iffy
sign

Fy
Note 53 459

and E YETI
z T5 FI if i P



If y TE ther x I and 2 IF

f F's Ifs Qt

f E t t Ez t f 3 Ers

f Q t t TE t B f
Etat

The above point is a minimum since the implicit surface

y 2
3 2 is unbounded and therefore points can be found

as far away from
the origin as desired

For example the point TEK TEK Te Satisfies y2z3 z

but as K oo ther f Ik k Te 2354k I'z oo

Recall Absolute extrema of f are guaranteed
to exist only if

f is continuous and defined on a closedandbounded domain

Here Xy223 2 implicitly
defines the domain which is

not bounded and
therefore f isn't guaranteed to

attain both an absolute
maximumand minimum

Therefore there is only a
minimum f p f Q Fye
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