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Applied Mathematics

August 25, 1999.

Instructions: Answer all questions

1. For whatλ does the following integral equation have a solution? What isthe solution for those

λ?

u(x) + λ

∫

2π

0

(

sin x sin t +
1

2
sin 2x sin 2t

)

u(t)dt = sin(x) (1)

2. Use a Green’s functiong(x, ζ) to solve

Lu ≡
d

dx

(

x
du

dx

)

= f(x), x ∈ (1, 2), (2)

u(1) = 1, (3)

u′(2) = 1. (4)

3. Let D = {φ ∈ C∞(IR), supp(φ) compact}.

a) Define what is meant by regular and singular distributionsonD.

b) Is the following functional̂t a distribution? If so is it regular or singular? Explain why.

< t̂, φ >= min
x∈IR

φ(x) , φ ∈ D (5)

c) Show thatxδ′(x) = −δ(x) whereδ(x) is the dirac delta function.

d) Use the result in c) to find any distributional solutionu(x) of

u′′(x) = xδ′(x). (6)
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4. Let Ω be some smooth domain inIR3 and∂Ω be its boundary. Define the functionals

J(u) =
∫

Ω

|∇u(x)|2 + u(x)4dx, (7)

K(u) =
∫

Ω

u(x)2dx, (8)

and the admissible set

A = {u ∈ C2(Ω̄) : K(u) = 1}. (9)

a) Derive the Euler-Lagrange equations and natural boundary conditions which a minimizer̄u(x)

of

min
u∈A

J(u) (10)

must satisfy.

b) If the volumevol(Ω) of Ω is 2, find any upper bound for the minimum value ofJ(u) overu ∈ A.

5. In the following,I is the identity operator and the integral operatorK is defined as

Ku ≡
∫

1

0

x2u(x)dx (11)

onL2(0, 1).

a) Define what is meant by the point spectrumσp(K) and continuous spectrumσc(K) of K.

b) Compute the point spectrumσp(K).

c) Show that the resolvent operatorRλ(K) ≡ (K − λI)−1 is bounded when it exists.

d) State the spectral representation theorem for bounded operators onL2(0, 1) and then use it to

computeLu whenu(x) = x andL = exp(K).
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