M273 ExaM 3 OVERVIEW

This overview is provided to you as a brief listing of relevant formulas and information you’ll likely need on
the exam. This list is not exhaustive. You may or may not need everything on this list to succeed on the
exam.

The formulas in the box will be provided on the exam.

dA=rdrdd | dV =rdzdrdd | dV = p* singdpde do

15.1 DOUBLE INTEGRATION OVER RECTANGLES

- Fubini’s Theorem: integrating a continuous function f over a rectangle R = [a,b] X [c,d] can be
determined by evaluating an iterated integral in either order

//f<x7y>dA:/ab/cdf<x7y>dydx:/cd/abfu,y)dxdy
R

15.2 DOUBLE INTEGRATION OVER MORE GENERAL REGIONS

- Vertically simple region D :a <z < b and ¢1(z) < y < g2(x)

é [ remar= [ b / (()) F(o,y) dyda

- Horizontally simple region D : ¢ <y < d and ¢g1(y) <z < g2(y)

J[ tamaa= [ ' / (()) F () di dy
D

- Volume between two surfaces. Let z = z1(x,y) and z = z3(x,y) be two surfaces such that z;(z,y) <
z < zo(x,y) for all z € D where D is the projection of the bounded region onto the xy-plane, then the
volume bounded between these two surfaces is given by

[[ et = 1w s
D

15.4 PART I DOUBLE INTEGRATION IN POLAR COORDINATES
- Polar conversions: x = rcosf and y = rsin€
- Polar differential area element: dA = r dr df

- Radially simple region D : 6; < 0 < 6 and 71(0) <1 < r9(0)

02 pra(0)

//f(x,y) dA = / f(rcos,rsinf)rdrdf
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15.3 TRIPLE INTEGRALS IN CARTESIAN COORDINATES

- Fubini’s theorem: integrating a continuous function f over a box B = [a,b] X [¢,d] X [p,q] can be
determined by evaluating an iterated integral in any order (there are 3! = 6 possible orders)

- Integrating over a z-simple region W : (z,y) € D where z1(z,y) < z < zo(x,y) where D is the
projection of W onto the zy-plane:

// flz,y,2)dV = //(/(My) :cy,z)dz> dA

- Integrating over a y-simple region W : (z,z) € D where yi(z,y) < y < yo(x,z) where D is the
projection of W onto the zz-plane:

[ff s ] ([ sera0) o

- Integrating over a z-simple region W : (y,z) € D where z1(y,2) < = < z3(y,z) where D is the
projection of W onto the yz-plane:

// flz,y,2)dV = //(/w(yy) xy,z)dx> dA

15.4 PART II TRIPLE INTEGRATION IN CYLINDRICAL AND SPHERICAL COORDINATES

- Cylindrical conversions: x = rcosf, y = rsin#, and z remains the same
- Cylindrical differential volume element: dV = r dz dr df

- Cylindrically simple region W : 61 < 6 < s, r1(0) < r <ry(f), and 2z1(r,0) < z < z3(r,0)

2(0)
// flz,y,2)dV = / / f(rcosO,rsinb, z)rdzdrdf
W r1(0) Jz1(r,0)

- Spherical conversions: x = pcos#sin ¢, y = psinfsin ¢, and z = pcos ¢
- Spherical differential volume element: dV = p?sin ¢ dp d¢ df
- Spherically simple region W : 1 < 0 < 63, 61 < ¢ < ¢, and p1(6,6) < p < ps(0, )

¢2 rp2(0,6)
///f(a:,y,z)dV: / / f(pcos@sin ¢, psin@sin ¢, pcos ¢)p* sin ¢ dp dep do
1 p1(0,9)
w

USEFUL TRIGONOMETRIC IDENTITIES

- sin?0 4 cos? 0 = 1 gin2g — L—cos20 o2y o LHcos20



16.1 VECTOR FIELDS
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- Divergence operator: div(F) =V -F = <8a 62 8z> (Fy, By, F3) = B + n + v

i J k
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- Curl operator: curl(F) =V x F = = = £ <8y_8z 32'_%’83:_83/>
F F, F3

- A vector field F is conservative if there exists a scalar potential function f such that Vf =F

16.2 LINE INTEGRALS
- A path C in R3 can be parameterized by r(t) for t € [a, ]

- Scalar line integral of a scalar function f over a path C

/fxy, ds—/f DIl (6)] dt

- If f(z,y,2) =1 then the scalar line integral of f over a path C is the length of C, i.e. the arc length,

b
/ds _ / ¥/ (8)]] dt = length(C)
C

- Vector line integral of a vector field F over a path C

b
C/F~dr:C/(F-T)ds:/a F(r(t)) - r'(t)dt

- Alternate notation for a vector line integral of F = (Fy, Fy, F3) over a path C
/F-dr: /Fldx—l—ngy—Fngz
C

16.3 CONSERVATIVE VECTOR FIELDS

- The vector line integral over a closed path (endpoints are equal) C is called the circulation and is

denoted
]{ F.dr

C

- If F is conservative, that is F = V f for some scalar function f, and C is a path with endpoints P and
Q@ then

/F~dr=/Vf-dr:f(Q)—f(P)
C

c



17.1

If F is conservative, that is F = V f for some scalar function f, and C is a closed path, then

%F-drzO

C

0F, OF
If curl (F) = 0 (or if a—; - a—yl = 0 for 2D fields) and F is defined on a simply connected domain,

then F is conservative and therefore, there exists a scalar potential function f such that Vf =F

If F = (Fy, Fy, F3) is known to be conservative then f can be found by evaluating the following
antiderivatives:

f:/Fldx f:/FQdy f:/ngz

GREEN’S THEOREM

Let D be domain whose boundary 9D is a simple closed curve oriented counterclockwise, then

([ (0F OR
fF'd”‘//<ax B ay)‘“‘
D

oD

When orienting a boundary, if D lies to the left as the boundary is traversed then this is considered to
be oriented positively

The area of D can be determined using a line integral around the boundary 9D provided

oFy, O0F

Or dy
A few common fields that have this property are

Yy x
F = (0,) F = (—y,0) F7< 2,2>
If the boundary of D is composed of multiple curves, then the total boundary 0D can be written as a
sum or difference of the constituent curves. For example, if 0D is composed of two boundaries C; and
Co then 0D = £(Cy £ Cy where the choice of plus or minus depends on whether that curve has been
oriented positively or negatively. Positively oriented curves get a plus sign and negatively oriented
curves receive the minus sign.



