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Abstract

We prove an additivity result for factorization algebras, which articulates how a factorization algebra
on a product of two topological spaces can be codified as a factorization algebra on each factor. In the
context of manifolds, we prove this result restricts as an additivity result for locally constant factorization
algebras. Specializing this latter result to Euclidean spaces supplies a new proof of Dunn’s additivity for
FE,-algebras.
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1 Introduction

Factorization algebras were developed by Costello and Gwilliam in [CGI6] to understand the algebraic
structure of observables in perturbative quantum field theory. They are related to chiral algebras which were
developed by Beilinson and Drinfeld in [BD04] to understand vertex algebras in conformal field theory.

A typical source of examples of factorization algebras comes from perturbative o-models. One such
example is the Poisson og-model. The classical Poisson o-model aims to understand the mapping space
Map(X, X) where X is a Poisson manifold and ¥ is a compact oriented surface. In general, this mapping
space is quite complicated. A first approximation to understanding Map(X, X) is to fix a map ¢ € Map(%, X),
such as a constant map, and consider an infinitesimal neighborhood of ¢. This is known as the perturbative



Poisson o-model. In [CGI6] Costello and Gwilliam laid the foundation for understanding field theories in
this way. Using their framework, the classical observables in perturbative o-models possess the structure of
a factorization algebra.

For example, in the classical Poisson o-model, for X a target Poisson manifold, the space of fields on an
open U C ¥ can be taken to be the smooth stack Map(Uyg, X). Here, Uyg is the de Rham stack of U, whose

global functions is the de Rham complex of U. Notice the embedding X Bt Map(Uggr, X) of constant
maps. For perturbative o-models, one is interested in the infinitesimal neighborhood of this embedding. For
open U C X, the fields for this perturbative o-model can be taken to be the dg Lie algebra Q*(U) ® gx, where
gx is a curved Loo-algebra defined from the Poisson structure on X. Therefore, the classical observables for
this perturbative o-model can be taken to be C5®(Q*(U) ® gx). This expression is functorial in U

Obs : U — CH(Q¥(U) @ gx) - (1)

Further, this functor is a factorization algebra. We refer the reader to [CZ20] for more details.
Similarly, given a based space * € Z and an n-manifold M, consider the functor

Map.(—, Z) : open(M) — Spaces , U+~ Map (U, Z2) . (2)

If Z is (n — 1)-connected, non-abelian Poincaré duality (see the main theorem of [AF21] or Corollary 3.6.4
therein, or Corollary 4.8 of [AF20b]) implies the functor Map (—, Z) is given by factorization homology,
J_ Az ~Map (—, Z), for a certain Egg,)-algebra Az that is determined by Z. Proposition 3.14 of [AF20b)]
implies factorization homology defines a locally constant factorization algebra on M. Together, these results
imply the following.

Proposition 1.1. Let Z be a pointed (n — 1)-connected space. Let M be an n-manifold. The functor
Map(—, Z): open(M) — Spaces has the structure of a factorization algebra on M that is locally constant.

Heuristically, a factorization algebra on a topological space X valued in a symmetric monoidal category
(V,®) is a functor F : open(X) — V that possesses a local-to-global property and that takes disjoint unions
of open sets to tensor products in V. Here, open(X) denotes the poset of open subsets of X. Note that
disjoint union is only a partially defined operation on open(X), so we cannot simply require that F is a
symmetric monoidal functor. There are algebraic gadgets called operads that capture this notion of a partial
operation. We use this formalism to give a more precise description of factorization algebras later. There is
a special class of factorization algebras called locally constant factorization algebras. A factorization algebra
F is called locally constant if each isotopy equivalence U < V in open(X) is carried to an equivalence
FU) =S F (V) in V. For example, the classical observables of the Poisson o-model as given in equation
form a locally constant factorization algebra.

Factorization algebras also provide an approach to understanding (higher) algebraic structures. For
instance, we will now show how a locally constant factorization algebra on R gives rise to an associative
algebra. Consider a locally constant factorization algebra on R

F : open(R) — Vectr

valued in the category of real vector spaces equipped with the symmetric monoidal structure provided by
®gr. Recall that the open subsets of R are generated by intervals. Consider the inclusion of two disjoint
intervals I; IT I, —s R. Since F takes disjoint unions to tensor products in V, the map m gets carried to a
linear map of vector spaces as depicted below.
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Let A denote the vector space F(R). Since F is assumed to be locally constant, given any open interval
I — R, the induced map F(I) — F(R) =: A is an equivalence. Thus, F(I) = A for each interval
F(

I € open(X). Therefore, the map m gets carried to a linear map A Qg A —m)> A. One can check
that this endows A with the structure of an associative algebra over R.
As shown in [CGI6], there is an equivalence of categories

Facty (Vecty,) ~ AssocAlg,, |

between the category of locally constant factorization algebras on R valued in the symmetric monoidal (with
respect to ®y) category of vector spaces over a field, k, and the category of associative algebras over k. More
generally, for a symmetric monoidal co-category V¥, in [Lurl7] Lurie proves that there is an equivalence of
oo-categories

Factl: (V) ~ Alge (V%) (3)

between the co-category of locally constant factorization algebras on R™ valued in V® and the oo-category
of E,,-algebras in V®.

In [Dun88| Dunn proved a celebrated theorem about the E,-operads that is referred to as Dunn’s ad-
ditivity. Lurie generalized Dunn’s additivity to the setting of oco-operads as Theorem 5.2.2.2 of [Lurl7].
Dunn’s additivity asserts that for nonnegative integers n,m > 0, the E,,,-operad is a tensor product of
the E,-operad with the E,,-operad. In particular, for a symmetric monoidal co-category V¥, there is an
equivlence of oco-categories

Alge, ., (V¥) = Alge, (Algg,, (V7)) (4)

between the oo-category of E, 4 ,,-algebras in V® and the oo-category of E,-algebras in the co-category of
E,.-algebras in V®. Note that the co-category Algg (V®) is a symmetric monoidal co-category via pointwise
tensor product in V®, thus the right-hand side of equation (4 makes sense.
Using equation , we can reformulate the statement of Dunn’s additivity as an equivalence of oo-
categories
Factym (V®) ~ FacthS (Factys, (V®)) . (5)

There are several natural generalizations of this statement that we contemplate in this paper:

Question 1.2. Is there an analog of equation for factorization algebras that are not necessarily locally
constant?

Question 1.3. Is there an analog of equation when one considers factorization algebras over topological
spaces other than Euclidean space?

In this paper, we provide solutions to both Question and Question A novelty of our approach
is that we recover Dunn’s additivity as a corollary. Lurie provides a highly non-trivial proof of Dunn’s
additivity (Theorem 5.1.2.2 of [Lurl7]). In particular, our methods provide a new proof.

We reformulate factorization algebras within the context of co-operads as developed by Lurie in [Lurl7].
The poset open(X) can be regarded as a multicategory, which captures the notion that disjoint union is
only a partially defined operation. There is a standard way of regarding a multicategory as an oc-operad,
and we will denote the oco-operad associated to open(X) by open(X)®. An element of open(X)® can be
thought of as a pair (I, (U;)) consisting of a based finite set I and an I-indexed list (U;) of open sets in X.
Symmetric monoidal co-categories are also defined using the framework of co-operads. Using this language,
a factorization algebra is then a functor of co-operads F : open(X)® — V&, again satisfying a local-to-global
principle and the condition that disjoint unions map to tensor products.

This operadic formulation of factorization algebras provides us with a natural approach to answering

Question [T.2] and Question [T.3}



1.1 General additivity
We first provide the following answer to Question

Theorem 1.4. Let X and Y be topological spaces, and let V€ be a ®-presentable co-category. There is an
equivalence of co-categories
Factx xy (V®) = Factx (Facty (V®)) .

1.1.1 Key ideas
The oo-category of factorization algebras is an co-subcategory
Factx (V%) < Fun®(open(X)®, V®)

of the functors of co-operads between the open(X)® and V®. Thus, the statement of additivity is making a
comparison between an oco-subcategory of

Fun®(open(X x Y)®,V®)

and an oo-subcategory of
Fun®(open(X)®, Fun°®(open(Y)®, V®)) .

The category of oco-operads possesses a tensor product with the property that
Fun®(open(X)®, Fun®(open(Y)®, V®)) ~ Fun®(open(X)® @ open(Y)®, V) .
The defining feature of the tensor product of oco-operads is such that there is an equivalence of co-categories
Fun®(open(X)® @ open(Y)®, V®) ~ BiFun(open(X)®, open(Y)%: V®) ,

where the righthand side is the oco-category of bifunctors of co-operads. A bifunctor is a special type of
functor out of open(X)® x open(Y)®. There is a natural bifunctor

p : open(X)® x open(Y)® — open(X x Y)®

given by taking the product of open sets in X with open sets in Y to produce an open set in X x Y.
Restriction along p provides a comparison

p* : Fun®®(open(X x ¥)2, V%) = BiFun(open(X)®, open(¥)%; V¥) .
There is a left adjoint to p* given by left Kan extension. The strategy for proving Theorem is to show

that this adjunction restricts to an equivalence between the oo-subcategories of factorization algebras.

1.2 Locally constant additivity

Next, we provide an affirmative answer to Question with the caveat that we now require the topological
spaces X and Y to be topological manifolds:

Theorem 1.5. Let X and Y be topological manifolds and let V® be a ®-presentable co-category. There is
an equivalence of co-categories

Factse, y (V®) =5 Facts& (Fact;(V®)) .

Before discussing the key ideas of the proof, we first mention an immediate implication of this theorem.
Let Ch% denote the symmetric monoidal co-category of chain complexes over a fixed field. Theorem
implies that an algebra in AIg(Ch?) does not simply possess two multiplication rules. Rather, there is a



space of multiplication rules. We now describe how to see this space has an interesting topology to it.
Namely, we can see a nontrivial loop of multiplications. Using equation , there is an equivalence

Alg(Alg(ChY)) =~ Facth (Facti™ (ChY)) .
Theorem [L.5] further asserts an equivalence
Alg(Alg(Ch%)) ~ Facty™ (Facty™ (ChY)) ~ Factjs (ChY) .

Now take F € Alg(Alg(Ch®)) ~ Fact}S(Ch®). Consider two disjoint disks Uy I1 Uy <> Z C R? including
into a larger disk, as depicted below. Note that each inclusion of a disk into R? is an isotopy equivalence.
Since F is assumed to be locally constant, this implies that F(Uy) ~ F(Us) ~ F(Z) ~ F(R?). Therefore, F
carries ¢ to a morphism F(¢) : F(Uy) @ F(Uz) — F(Z) in ChY. We now illustrate a zig-zag of inclusions
that produces an example of a loop in the space of multiplications.

(%)
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If we apply F to the morphisms indicated above, we get the following diagram in Ch%

U1 ® .F(UQ)

LT

.7:(V1)®f V2 <—f(A1)®f(A2).

F(W) @ F(Wy)

1.2.1 Key ideas

Recall that a factorization algebra F is called locally constant if it carries an isotopy equivalence of open sets
in X to an equivalence in V. We now place the locally constant condition within the operadic formulation
of factorization algebras. Note that there is an oo-subcategory Z(X)® < open(X)® consiting of the same
objects as open(X)®, but only those morphisms (I, (U;)) — (J4,(V;)) for which the map of based finite

sets 14 ER J1 is a bijection such that for all i € I, the inclusion U; < Vy(;) is an isotopy equivalence.
The condition for a factorization algebra F : open(X)® — V® to be locally constant can be phrased as the

condition that F factors

open(X)® % Ve

open(X)®[Z(X)® ]

through the localization of open(X)® at the isotopy equivalences Z(X)®. The localization open(X)®[Z(X)® "]
is a little intractable. This is precisely where we employ the additional requirement that X and Y are topo-
logical manifolds. As such, we can reduce the situation to analyzing functors out of disk(X)®, the full
oo-sub-operad consisting of those open sets that are homeomorphic to a finite disjoint union of disks. Let
J(X)® denote the full co-subcategory of Z(X)® consisting of those objects that lie in disk(X)®. The locally

constant condition can then be reduced to analyzing the localization disk(X)®[J (X )®71]. By evaluating
disks at their centers, we can understand this localization in terms of configuration spaces.
1.3 An application

Consider the moduli space

MU(l),c (R X (SI)HT)

of U(1)-bundles on the space R x (S1)I" that are trivialized outside of a compact set. We can use Theorem
to identify the algebra of chains on this moduli space. There is a homotopy equivalence

Muye (R x (SHM7) = Map (R x (S1)"",BU(1))

between the moduli space of U(1)-bundles and the space of compactly supported maps into BU(1). Note
that BU(1) is 1-connected, since U(1) is O-connected, and R x (S1)17" is 2-dimensional. Consider the functor

C. (Map(—,BU(1))) : open (R x (S")'") — Ch?

where Chj denotes the co-category of chain complexes over a field k. This defines a locally constant factor-
ization algebra, per the discussion surrounding equation . That is,

C. (Map(—,BU(1))) € Fact, (g1yu-(Chy) . (6)
By Theorem we know
Fact]'i&(sl)u,.(Chg) ~ Fact]'lif'(Fact'('gﬁ)u,,(Chg)) ~ AIg(Fact'('g'l)u,,-(Chg)) .



Therefore, if we evaluate the factorization algebra in equation @ on the total space R x (S1)1" we then
obtain an object in Alg(Ch}’). Further, this algebra is

C. (MU(1),c (R X (Sl)HT)) :

In this case, we can explicitly identify this algebra by other means. Namely, note that for any space ¥ and
pointed space Z
Map (R x Y, Z) := Map, (R x V)", Z)
=~ Map, (RTAY T, Z)
= Map, (R*, Map, (Y™, 2))
=~ OMap, (Y, Z)
=~ Map (Y, Q7).

Here, Map, (—, —) denotes the space of based maps, Y denotes the one-point compactification, and QZ
denotes the based loop space. There, if we take Y = (S1)" and Z = BU(1), we have

Mu e (R x (81)17) = Mapc(R x (81", BU(1)) = Map(($1)"", U(1)) .

By the universal property of coproducts,

Map,((SHU", U(1)) = Map(S*, U(1))*" .
Further, there is a homeomorphism

Map(S",U(1)*" = (Map. (5", U(1)) x U(1))""
given factorwise by
(s' L u) - <sl EIONE N U(l),f(1)> .

Noting that Map, (S, U(1)) ~ Z, we see

Muye (Rx (SHIT) = (Z x U1)*" .

All told,
C. (MU(l),c (R X (Sl)ur) ;k) ~ k[xil]@' ® (k:[a]/(ez))@r ~ (k[xil,a]/(sz))w ,

where deg(e) = 1. Therefore, we have identified the algebra of global sections of the locally constant
factorization algebra given in equation @ with the algebra (k[mil, 5]/(82))®T.

1.4 Future contemplations

Recently, the theory of stratified spaces has been given a solid foundation in the context of oco-categories
by Ayala-Francis-Tanaka in [AFT17]. There is a class of factorization algebras on stratified spaces called
constructible factorization algebras. A constructible factorization algebra F on a stratified space X — P is
a factorization algebra on X such that it is locally constant when restricted to each stratum. We believe
that our methods can be used to provide an additivity statement for constructible factorization algebras on
stratified spaces. Namely, we conjecture:

Conjecture 1.6. For nice stratified spaces X and Y, and V® a ®-presentable oo-category, there is an
equivalence of co-categories
Facty (V%) — Fact(Facty? (V®)) .
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2 Background

In this section we establish preliminary conventions, notation, and definitions. Throughout this paper we use
the theory of co-categories. There are various models for the foundations of co-category theory, for example
quasicategories as introduced by Joyal and developed by Lurie in [Lur09], and complete Segal spaces as
developed by Rezk in [Rez01]. In this paper we work model independently, with the notable exception being
our explicit use of complete Segal spaces in the proof of Theorem

As indicated in the introduction, a factorization algebra on a topological space X is a functor that assigns
data to each open subset U C X. Furthermore, a factorization algebra satisfies a particular local-to-global
property and behaves nicely with respect to disjoint unions of open sets. A good example to keep in mind
is the following;:

Example 2.1. There is an interesting class of factorization algebras that one can associate to a Lie algebra
called the universal enveloping E,-algebras. Let n > 1 be an integer and g be a Lie algebra over a field k.
Consider the functor

Ung : open(R™) — Chy,

from the poset of open sets in R™ to the category of chain complexes over a field k given by sending
U € open(R"™) to _
U CEQU) @),

the Lie algebra chains on the dgla of compactly supported de Rham forms on U with values in g. This
defines a locally constant factorization algebra on R™.

We formulate factorization algebras within the framework of co-operads, and freely use this theory. The
data of an co-operad is an co-category O® and a functor O® — Fin, to the oco-category of based finite
sets. As oo-operads form the base of this paper, we have recalled the basic definitions in the appendix. The
appendix also contains other foundational definitions and results that we do our best to cite as we use them.

2.1 Conventions

Here we compile a list of basic notation and conventions that we use throughout this chapter. Note that
many of these items are discussed in more detail in the appendix, so we recommend looking there if more
information is desired.

e Fin, denotes the category of based finite sets and based maps between them.

e [p] dentotes the poset {0 <1 < --- < p}.

e For C 2 D a functor between categories and d € D, we let

— C;, denote the overcategory consisting of objects ¢ € C equipped with a morphism F(c) — d in
D.

— C|, denote the fiber of C over d. This consists of objects ¢ € C for which F(c) = d.



2.2 Preliminary definitions

Throughout the remainder of this chapter, unless otherwise specified, we will let V® denote a ®-presentable
symmetric monoidal co-category, as in Definition [A.10] Note that this is not too restrictive of a condition
though, and encompasses the prototypical codomains of factorization algebras. In particular, the co-category
of chain complexes over a fixed ring is ®-presentable.

Definition 2.2. For X a topological space, let open(X) denote the poset of open sets in X with partial
order given by inclusion.

The poset open(X) gives rise to an cc-operad in a standard way. We denote the resulting co-operad by
open(X)®. An object in open(X)® is a pair (I, (U;)) consisting of a based finite set I, and an I-indexed list
of open sets in X. A morphism (I, (U;)) ER (J4,(V;)) in open(X)® is a map of based finite sets f : I, — J4
such that for each j € J, the set {U; | i € f~1(j)} is a collection of pairwise disjoint open subsets of V;.
Below is an example of a morphism in open(R?)® given by the map of based finite sets {1,2, 3,4}, — {1,2},
that sends 2,3 +— 1, 1+ 2, and 4 — +.

a& _ &Y
Y \v

Remark 2.3. We emphasize the fact that open(X)® is an ordinary category. Additionally, so is the full
oo-sub-operad disk(X)® consisting of open sets that are homeomorphic to a disjoint union of open disks, as
defined in Defininition 4.2l Throughout the remainder of this section, we will use a number of variations
on open(X)® and disk(X)®. Note that these are also ordinary categories. This is an important fact that
enables us to do explicit constructions.

We now make precise the idea that factorization algebras behave nicely with respect to disjoint unions.
First, note that disjoint union is only a partially defined operation on open(X). Indeed, if U,V € open(X)
such that U NV # 0, then U IV ¢ open(X). The next observation characterizes disjoint unions as a
particular class of morphisms in open(X)®.

Observation 2.4. Note that coCartesian morphisms in open(X)® are of the form

(UAN(e) IEES A I |

i€f1(5)

Further, these coCartesian morphisms exist precisely when for each j € J, the collection (U;);cs-1(;y is a
pairwise disjoint collection of open subsets.

Definition 2.5. We say that a functor of oo-operads F : open(X)® — V® is multiplicative if F car-
ries all coCartesian morphisms in open(X)® to coCartesian morphisms in V®. Define the oo-category
Fun™°" (open(X)®,V®) C Fun(open(X)®,V®) to be the full co-subcategory consisting of the multiplica-
tive functors of co-operads.



Observation 2.6. Recall that V® is a symmetric monoidal oo-category. In particular, this means that
V€ — Fin, is a coCartesian fibration. Analogous to Observation a coCartesian morphism in V¥ is of
the form

(I+7(‘/2)> i) J+7 ® ‘/z

i€f=1(4)
In other words, coCartesian morphisms in V® are given by tensor products.

In light of Observations [2.4] and the condition for a functor of co-operads
F :open(X)® — V¥

to be multiplicative is an articulation of the idea that disjoint unions of open sets get carried to tensor
products in V.

Next, we describe the type of local-to-global condition that factorization algebras satisfy. There is
the standard Grothendieck topology on open(X) where a cover corresponds to an ordinary open cover.
However, this is not the correct form of descent for factorization algebras. As discussed in the introduction
(Proposition , a prototypical example of a factorization algebra on a locally compact topological space
X looks like the functor

Map.(—, Z) : open(X) — Spaces , U — Map (U, Z)

that sends an open set U to the space of compactly supported maps valued in a pointed (n — 1)-connected
space Z. We use this prototypical example to motivate what local-to-globacl condition factorization algebras
satisfy. First observe that this functor Map (—, Z) is not a cosheaf with respect to the standard topology on
open(X). Indeed, for U,V C X two non-empty disjoint open subsets, consider the canonical maps

Map (U, Z) I Map (V, Z) — Map (U UV, Z) — Map (U, Z) x Map.(V, Z) .

Though the second map is an equivalence, the first map is never an equivalence and therefore Map_(—, Z) is
not a cosheaf with respect to the standard Grothendieck topology on open(X). Let us outline, nonetheless,
what local-to-global condition one might expect Map_(—, Z) to satisfy. For starters, fix a compactly supported

map X ENyS Suppose X is a compact smooth n-manifold, and choose a triangulation of X. Using that Z is
(n — 1)-connected, it is possible to choose a null-homotopy of the restriction fis, ,(x) to the (n—1)-skeleton
of X. Using this, and using that the inclusion sk, _1(X) < X is a cofibration, replace f upto compactly
supported homotopy to assume the restriction of f to a neighborhood of sk, _1(X) C X is constant at the
base point of Z. Under this assumption, the support of f is contained in a finite disjoint union of Euclidean
(open) disks in X, one about the center of each n-simplex. This implies the canonical map

H Mapc(D7Z) — Mapc(sz)
Dedisk(X)
is surjective on my. In fact, replacing this coproduct by a (homotopy) colimit supplies a map

ggccl:igklz% Map (D, Z) — Map (X, Z)
which is a (weak) homotopy equivalence. (This is non-abelian Poincaré duality (see the main theorem
of [AF21] or Corollary 3.6.4 therein, or Corollary 4.8 of [AF20b]), together with a technical result in [AF15]
(Proposition 2.19).) As a mapping space can naturally be regarded as a (homotopy) limit, to describe
it as a (homotopy) colimit is surprising. Let us further expand on this theme. As X is an n-manifold,
disk(X) C open(X) has the property that, for any finite subset S C X, there is an element D € disk(X) such
that S C D. More generally, for U C open(X) a collection of opens with this property, then

hochZIjm Map (U, Z) — Map (X, Z) .

is a (weak) homotopy equivalence (this follows from Proposition 3.14 of [AF20b]). This is a (homotopy)
cosheaf condition with respect to the following non-standard topology on open(X).

10



Definition 2.7. Let U C X be an open subset of a manifold. We declare a subset &/ C open(X),,, = open(U)
to be a naive Jo.-cover of U if for all finite subsets S C U, there exists some Ug € U such that S C Ug. A naive
Joo-cover U is a Jo,-cover if for any finite subset {Uy, ..., U,} C U, the subset Uyiow, C open(UiN---NU,)
is a naive Jo-cover of Uy N---NU,. We call the induced topology on open(X) the J, (or Weiss) topology.

Remark 2.8. A naive J,-cover determines a J,-cover. Indeed, for i a naive J,-cover, the subset consisting
of all finite fold intersections of members of U/ is a J,.-cover.

Example 2.9. For M a d-manifold, consider diskc.(M) C open(M) the subposet consisting of those open
subsets U C M for which U = R¢. While disk.(M) is an ordinary cover of M, it is not a Ju.-cover of M. In
fact, it is not even a naive J,,-cover.

Recall that the right cone of an co-category U is defined by

u=ux{0,1} ] ».

Ux{1}

Thus, the objects of U” consist of the same objects as U together with an additional object * that recieves
a unique morphism from every other object in U.

Definition 2.10. We call a functor F' : open(X) — V a Ju-cosheaf if for all O € open(X) and Joo-covers
U of O, the composite functor
U> — open(X),, T, open(X) Ly

is a colimit diagram. We let Fun”> (open(X), V) < Fun(open(X), V) denote the full co-subcategory consisting
of those functors that are J,.-cosheaves.

Definition 2.11. We let Fun’>"°"4(open(X)®, V®) < Fun®®(open(X)®, V®) denote the full co-subcategory
consisting of those functors of co-operads F : open(X)® — V& for which the restriction Fiu, open(X)% —
+

V‘? is a Jyo-cosheaf.
+

We now define the co-category of factorization algebras on a topological space X.

Definition 2.12. The oco-category of factorization algebras on X is defined as the pullback

Factx (V®) ———— Fun™°P4(open(X)®,V?®)
L |
Fun”> (open(X),V) «———— Fun(open(X), V)
That is, a factorization algebra on X is a functor of oc-operads
F :open(X)® — V®

that restricts to a J-cosheaf and that takes coCartesian morphisms in open(X)® to coCartesian morphisms
in V%,

There is a special class of factorization algebras that will be of interest in the second half of this paper.
These are the locally constant factorization algebras.

Definition 2.13. Let F : open(X)® — V® be a factorization algebra. We say that F is locally constant if
the restriction
Fl,, »open(X) = open(X)[ — V7

|1+ ‘1+

~)

carries isotopy equivalences of open sets to equivalences in V. We let Factis(V®) < Factx (V®) denote the
full co-subcategory consisting of the locally constant factorization algebras.
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There is another useful way of thinking about the locally constant condition.
Definition 2.14. Consider the wide subcategory Z(X) C open(X) consisting of the same objects as open(X),
but only those morphisms that are isotopy equivalences. Additionally, define the oco-subcategory Z(X)® <

open(X)® over Fin, that consists of the same objects as open(X)®, but only those morphisms (I, (U;)) EN
(J4,(V;)) that are a bijection of based sets such that for all ¢ € I the inclusion U; — Vj(;) is an isotopy
equivalence.

In Lemma below, we give alternate characterizations of what it means for a factorization algebra to
be locally constant. These use the idea of localization of co-categories. To prove Lemma [2.16] we make use
of the following observation.

Observation 2.15. The inclusion Z(X) < Z(X)® witnesses Z(X)® as the free co-operad on Z(X).
Lemma 2.16. Let F € Factx (V®). The following are equivalent:
1. F is locally constant.

2. the induced functor between underlying oo-categories

\
open(X){ — vy
Iy JRng

open(X)® [Z(X)~]

oy
uniquely factors through the localization on isotopy equivalences, T(X).

3. F uniquely factors

open(X)® % Ve

through the localization about T(X)®.

Proof. The equivalence of conditions 1 and 2 follows immediately from the definition of localization.
Condition 3 immediately implies condition 2. We now show that condition 2 implies condition 3. From the
definition of localization, the dotted arrow in condition 2 is equivalent to a unique filler

F
I(X) — open(X)F — VE
+ +

| ™

BZ(X) -

Now, there is a forgetful functor (—)|, : Op,, — Cats from the co-category of co-operads to the co-category

|1+ :
of oo-categories. This functor sends an oo-operad O% to its underlying oco-category (’)ﬁ’ . This functor is a
+

right adjoint with left adjoint given by (—)M, as in Construction 2.4.3.1 in [Lurl7]. Thus we see that

'7:|1+

open(X)ﬁ’+ — VP2

‘1+

is the right adjoint (—)|1+ applied to the functor of co-operads

open(X)® L V@ |

12



As such, a functor Z(X) — open(X)ﬁ) is equivalent to a functor of oco-operads Z(X)Y — open(X)®.
+
Similarly, a functor BZ(X) — Vl? is equivalent to a functor of oo-operads BZ(X)" — V®. Recall the
+

classifying space B is defined as a left adjoint (Definition [A.19). Since left adjoints commute, we can
unambiguously write BZ(X ). Therefore, the diagram in equation is equivalent to the following

I(X)® ooy L0 —— open(X)® L e
servation >

| P (®)
BZ(X)® = Z(X)M - T

Observation
Again, by the definition of localization, this is precisely condition 3 in the statement of this lemma. O
Convention 2.17. For the duration of this paper we will further assume that the unit 1 € V is initial.

Example 2.18. Let V® be a symmetric monoidal oo-category. Denote its symmetric monoidal unit as
1 € V. The co-undercategory V1) canonically inherits a symmetric monoidal structure, (V]l/ )®, with respect
to which the forgetful functor Y1/ — V) is is canonically symmetric monoidal: (V®)1/ — V®. This symmetric
monoidal co-category (V¥)'/ abides by Convention

In many cases of interest, a native symmetric monoidal co-category V® does not abide by Conventionm
In such cases, we replace V¥ by (V®)'/. This maneuver is validated through the following.

Proposition 2.19 ([Lurl7] Proposition 2.3.1.11). Let O% be a unital co-operad and let V® be a symmetric
monoidal co-category. The forgetful functor (V@)Y — V& induces an equivalence of co-categories

Fun®?(0%, (V)Y ) = Fun®?(0%,V°) .

Note that both open(X)® and disk(X)® (see Definition 4.2/ below) are unital, with the empty set () as the
unit. The above proposition then justifies our assumption that the unit 1 € V® is initial. Below we will also
need to work with the co-category of bifunctors. We note that a similar statement also holds for bifunctors:

Proposition 2.20. Let O® and P® be unital oo-operads and let V® be a symmetric monoidal co-category.
The forgetful functor (V®)1/ — V® induces an equivalence of co-categories

BiFun(O®, P%; (V®)Y) = BiFun(O®, P®; V%) .

Proof. This follows by the same logic used in the proof of Proposition in [Lurl?]. In particular,
using Lemma 2.3.1.12 therein. O

3 Additivity of factorization algebras

In this section we prove the following additivity statement for factorization algebras. Its proof can be found
after Lemma [3.17] below.

Theorem 3.1. Let X and Y be topological spaces and let V& be a @-presentable co-category. There is an
equivalence of co-categories
Factx xy (V®) = Factx (Facty (V®)) . (9)

Before delving into proving this theorem, we first give a brief outline of the logic involved. The oo-
category Factx (Facty (V®)) is the more complicated object in the statement of Theorem To understand
this co-category, we are inspired by the tensor-hom adjunction. A classical version of this adjunction is the
following. Let R be a commutative ring. Recall that given two R-modules O and P, we can form a new
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R-module O ®i P. Now let V' be a third R-module. In this setting, the tensor-hom adjunction asserts there
is an isomorphism

Homg(O ®@g P,V) =2 Homgr(O,Homg(P,V)) .

As shown in §2.2.5 of [Lurl7], the co-category of oo-operads possess a tensor product. Similarly, for co-
operads O® and P®, and a symmetric monoidal co-category V¥, there is an equivalence

Fun®4(0® @ P®,V®) ~ Fun® (0%, Fun®® (P, V%)) .

Recall that an R-linear map O ® g P — V is the same as an R-bilinear map O x P — V. We again have an
analogous statement for co-operads, where the role of bilinear maps is played by bifunctors of oco-operads.
(We refer the unfamiliar reader to Definition and the surrounding discussion in the appendix.) The
statement in this setting is that there is an equivalence of co-categories

Funopd(0® ® 'p®’ V®) ~ BiFun((9®,7)®§ V®) .

Thus, we use the theory of bifunctors of co-operads to make sense of the oo-category Factx (Facty (V®)).

The proof of Theorem now consists of two major components. First, we identify Factxxy (V%)
with BiFun™"’> (open(X)®,open(Y)®; V®). This is the statement of Proposition Then we identify
BiFun™’> (open(X)®, open(Y)®; V®) with Factx (Facty (V®)). This is the statement of Lemma Lemma
[3:17] involves simply verifying that the aforementioned tensor-hom adjunction respects the two additional
conditions of being a factorization algebra: multiplicativity and J.,-cosheaf. The main content of this section
lies in establishing Proposition [3.16

The beginning of this section mostly addresses more technical issues. In particular, Lemma [3.9] Lemma
[3:10] and Corollary [3:I1] allow us to reduce our consideration of functors out of the category of open sets
to functors out of a simpler category consisting of open sets that have finitely many connected components.
Then, Corollary provides an explicit formula that enables us to prove the logical crux of Proposition
We now proceed towards the proof of Theorem [3.1

Consider the natural bifunctor

p - open(X)® x open(Y)® — open(X x Y)¥ , (L1, (Uy)). (J4, (V5)) = (Ip A o, (Us x V) -
Restriction along p has a left adjoint given formally by left Kan extension
p1 : BiFun(open(X)®, open(Y)®; V®) = Fun®(open(X x Y)®,V®): p* . (10)
We provide a formula for how this left Kan extension evaluates in Proposition below.

Definition 3.2. Let F € BiFun(open(X)®,open(Y)®;V®) be a bifunctor.

o We say F is a multiplicative bifunctor if F takes all pairs of coCartesian morphisms in open(X)® x
open(Y)® to coCartesian morphisms in V®. Let

BiFun™(open(X)®, open(Y)®; V®)
denote the full sub co-category consisting of the multiplicative bifunctors.

e We say F is a J-bifunctor if the restriction ]:M — Vﬁi is a Jyo-cosheaf separately in each variable.

Let
BiFun’> (open(X)®, open(Y)%; V®)

denote the full co-subcategory consisting of the J..-bifunctors.
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Proposition below establishes that the adjunction in equation restricts as an equivalence
pr : BiFun™”> (open(X)®, open(Y)®; V) 7= Fun™’=°P4(open(X x V)2 V®): p* .

Key to the proof of Proposition [3.16] is the colimit expression for left Kan extension along a bifunctor
that we provide in Corollary [3:12] To establish this, we use an alternate characterization of multiplicative
factorization algebras that we now describe.

Definition 3.3. Let open(X)§, < open(X)® denote the full co-sub-operad consisting of those objects
(I+, (U;)) for which each U; has finitely many connected components.

Definition 3.4. Let open(X)® < open(X), denote the full co-sub-operad consisting of those objects

[
(It, (U;)) for which each U; has a single connected component.

Observation 3.5. Note that for connected U € open(X), the composite functor
® (=) N
Open(X)?/?i‘+,U) — open(X)ﬁn/?t’U) — open(X)fin ;,, = open(U)fin

is an equivalence. Here, (—); denotes the coCartesian monodromy functor which exists in light of Observation

24

Definition 3.6. We define Fun’>P4(open(X)®, V®) < Fun®®(open(X)&, V®) to be the full co-subcategory
consisting of those morphisms of operads F for which for each U € open(X )i, the composite

~ F ®
open(X)fin/, — open(X)?/?tlU) R4 Vfi =V,
is a Joo-cosheaf. Here, the functor
VP 5,
1+

takes an object of V;@; and tensors the preimage of 1 to produce an object of V.
+

Observation 3.7. Note that open(X)s, — open(X) is a basis for the J,, Grothendieck topology on open(X).
Since we are only interested in J..-cosheaves, this observation justifies our restriction to open(X )E%

There is a functor expand : open(X)$ — open(X)® given by

fin
I+, (U;)) = (H Wo(Ui)> s (Ui)aemoy) | >
el +
which expands an I-indexed list of open sets. This functor is right adjoint to the inclusion

Lc s open(X)® T open(X), : expand . (11)

Observation 3.8. A morphism (I, (U;)) ER (J4,(V;)) in open(X)g, is coCartesian if and only if expand(f)

fin
is coCartesian in open(X)®. Further, note that the only morphisms in open(X)¥ are the identity morphisms.

Lemma 3.9. Given a functor of co-operads F : open(X)® — V@, there exists a unique multiplicative filler
to the following diagram

open(X)® —L— V@



Proof. The counit of the adjunction in equation defines a functor
e : open(X)i, — Ar(open(X)g) .

Define the composite

F :open(X)Z = Ar(open(X)

fin

9 - open(X)® xpin, Ar(Fin) 2% V& s Ar(Fin,) 25 VO
Here, the fiber product open(X)% XFin, Ar(Fin,) is taken with respect to the functor Ar(Fin,) f, Fin,. Using
Observation one can show that F is indeed the unique multiplicative filler to the diagram. O

Lemma 3.10. There is an equivalence of co-categories

~

Fun'"’Jf"’"”’d(open(X)® VO = FunoPd(open(X)?,V®) .

in’
fin B

0%

Furthermore, this equivalence restricts to an equivalence between the Jo subcategories

Fun™7>-°P4(open(X)®

fin®

V) E% FunJ“”o”d(open(X)?,V(@) .

Proof. Lemma defines a functor Fun(open(X)%,V®) — Fun™(open(X)§,, V®) which is inverse to the
restriction 7. The J statement is readily verified since open(X)? is a J-basis for open(X)g.. O
By applying Lemma [3.10] in each factor, we obtain the following corollary.

Corollary 3.11. There is an equivalence of co-categories

BiFun™(open(X)%,, open(Y)%: V®) = BiFun(open(X)2, open(Y)2; VE) .

fins fins
Furthermore, this equivalence restricts as an equivalence between the J., subcategories

BiFun™"> (open(X)$, open(Y)$ ; V®) % BiFun’>= (open(X)2, open(Y)%; V®) .

In light of Observation Lemma [3:10} and Corollary we restrict attention to the bifunctor

pe : open(X)? x open(Y)¥ — open(X x Y)¥

defined in the same way as p. Using Proposition we obtain the following.

Corollary 3.12. For F € BiFun(open(X)%, open(Y)%;V®), the left adjoint (p )W F evaluates on (I, (U;)) €
open(X x Y)® as the colimit

(=) V®) .
I+

: F
colim (open(X)? X open(Y)?/(bﬂ(Ui)) — open(X)? x open(Y)Sz’/I+ - Vfi

Further, if F is Joo, then (pchF is Joo.
Proof. Proposition applied to

open(X)® x open(Y)® —F— V®

J- |

open(X x Y)® —~— Fin,.

tells us the colimit expression defines a functor over Fin,. It remains to check that (p.)i carries inert-
coCartesian morphisms to inert-coCartesian morphisms, and that (p)1F is Jo if F is a Jy bifunctor.
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First we will verify that (pc)i carries inert-coCartesian morphisms to inert-coCartesian morphisms. Let

(I, (Uy)) ER (J4, (U;)) be an inert-coCartesian morphism in open(X x Y)®. Since f is inert and V¥ is a
coCartesian fibration, the monodromy functor fo — V“% is given by projection. As such, the monodromy
+ T4

functor preserves colimits. This implies that

(PUF (I, (U)) = colim(open(X)¢ x open(V)Z, =V )
=~ colim(open(X)¥ x open(Y)Eg/(I#(Ui)) — Vﬁi it Vﬁi) .

Now, observe the commutative diagram

open(X)% x open(Y)(‘?/(uy(Ui))

| J s

open(X)® x open(Y) — open(X)& x open(Y)& —Ly®
+

— open(X)® x open(Y)(‘?/I+ AN VA

®
¢ /gy

This implies (pc)1F((I+, (U;))) is equivalent to

®

colim(open(X)® x open(Y)?

¢ /uy .

— open(X)? x open(Y)?

€ /.y - V‘J+
Finally, we use Quillen’s Theorem A (Theorem [A.61)) to show the functor

open(X)¥ x OPen(Y)é@)/(er,(Ui)) — open(X)¥ x open(Y)?/u#(Uj))

is final. The hypothesis of Theorem requires us to verify that for any object (K4, (Vi)), (L4, (We)), K4A

Ly > J) in open(X)? x open(Y') , the classifying space of the undercategory

®
¢ /g

(K4 (Vi) (L, (W), Ky ALy~ 0y )/
(open(X)? x open(Y)® >( Hgo WK AL

¢ /gy

(12)

is contractible. To see this, note the assumption that f : I — J; is inert allows us to define a map
Ky ALy S 10 via (k,€) — £~ (a(k, ). The object ((Ky,(Vi)), (Ly, (W), Ky A Ly 2 I,) is then seen
to be initial in the undercategory of equation . Hence its classifying space is contractible by Observation
This completes the proof that (p )1 F is a functor of co-operads.

Now, for F € BiFun”> (open(X)2, open(Y)&; V®), we will show that (pc)i1F € Fun”>°"(open(X x V)&, V).
Note that products of open sets form a basis for open(X x Y'). Thus, we only need to check this statement
holds for products. This is precisely what is shown in Proposition [3.14] below. O

In Proposition below, we verify that (pc ) F(14,U x V) ~ F((14,U),(14+,V)). Corollary tells
us that we can compute (pc)1F(14+,U x V) as the colimit of the following functor

(=

open(X)? x open(Y) — open(X)® x open(Y)(‘?/1+ S Vi ==V, (13)
Lt

®
c /(1+,U><V)
The general strategy of the proof of Proposition |3.14] exploits some additional functoriality coming from the
unitality of V®. We do this by extending the domain of the functor in equation to a larger category.
Using this extension, we then compute (p.)1F as an iterated left Kan extension. First, we lay out some
necessary definitions.

Define the category Fin, x Fin*/TaJ: to consist of the same objects as Fin, x Fin*/1+ but with a morphism

(Ip, I, Iy N T4 ER 1,) = (K4, Ly, K ALy 2 1,) given by a map of based finite sets I, AJ, = K, AL,
such that the following conditions hold:
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1. the diagram
ANy, ——*——— K. AL,

N

commutes;
2. the resulting containment f=1(1) C a~}(K x L) is entire: f~1(1) C a (K x L);

3. forall (i,j) € a=1(K x L), the projection pry (a(i, 7)) is independent of j, and the projection pr; (a(i, j))
is independent of 3.

For notational purposes, let us now define

open(X)% x open(Y)?/TiJ: := open(X)& x open(Y)? xfin, Fin, x Fi"*/TL: :

Definition 3.13. We define the category open(X)® x open(Y)(?/min to consist of the same objects as

(1+,U><V)

open(X)& x open(Y)g@/(lJﬁUW) but with a morphism

/
((Lm (A%>)v (J+7 (Bj)7 Ly NTy = 1+) - ((K+7 (Dk))v (L+7 (Ef))a K NLy % 1+)
given by a morphism « € Fin, x Fin*/Tan satisfying the following conditions for all (k,¢) € K x L:
+

1. the diagram
ANy ——F—— K. AL,

SN

commutes;
2. a YK x L) = f~(1);

3. for all (i, j) € a= (K x L), the projection pry (a(i, j)) is independent of j, and the projection pr (a(i, j))
is independent of i.

4. the collection of the sets A; indexed over all ¢ € I for which there exists j € J such that a(i, j) = (k,£)
form a pairwise disjoint collection of open subsets of Dyg;

5. the collection of the sets B; indexed over all j € J for which there exists ¢ € I such that a(,j) = (k, )
form a pairwise disjoint collection of open subsets of Ey;

The idea of the category open(X)& ><open(Y)(‘§§’/,(mn ) is that it selects out ‘minimal’ morphisms between
1., UxV

partial grids in the open set U x V. We give some visual intuition for what we mean by this below. Namely,
condition 2 eliminates flexibility of the underlying morphisms of based finite sets by forcing the morphism
of sets to collapse everything possible to the basepoint. This is illustrated in Figure[2] Condition 3 ensures
that grids do not get split up, as illustrated in Figure[3] Conditions 4 and 5 ensure that we can only include
grids, as illustrated in Figure [4]
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UxV
el ] o

|41

[ ]

Ui
Figure 1: A typical object in open(R)& ><open(R)§)/(1 vy We have indicated the map {1,2,3}; A{1,2}; —
+.UX

14 by the style of line used. Namely, those boxes that are sent to 1 are styled with solid boundary, and
those that are sent to + are styled with dashed boundary.

Figure 2: Condition 2) of Definition disallows, for example, the identity morphism on underlying finite
sets such as the one indicated.

Proposition 3.14. For F € BiFun’> (open(X)®, open(Y)2;V®) and connected open subsets U € open(X).
and V € open(Y)., there is an equivalence in V

]:((1+a U)a (1+a V)) i> (pC)!‘F(1+5 U x V) :
Proof. Observe the evident functor

® : open(X)? x open(Y)? — open(X)& x open(Y)? i

€/, uxv) (1, Uuxv)

To define the aforementioned extension, observe the solid commutative diagram

Fry
open(X)® x open(Y)(‘?/(l#va) — open(X)¥ x open(Y)§/l+ 5 V;i

a

lqj l =
e min

0T

open(X)& x open(Y)E min — open(X)® x open(Y)Sz’/T;J: 1+

(14,UxV)

(=) v

We now define the dashed arrow, .7-'/"1]” . On objects, }"/mli“ evaluates the same as F /1, Consider a morphism
+ +

(L (AD). (T (By) I Ay D 10) %5 (K (Di)), (L (Ee)), Ko A Ly % 14)

in open(X)¥ x open(Y)Eb/TI . We define a morphism in V%+ between their images as the following composite

0 (F(Ai, By)) o y) & F(AiBy) = (F(Dk, Er))
(i,5)€a=1 (kL) KxL

(F(Ai, By)) 1)

IxJ KxL *

19



Figure 3: Condition 3) of Definition disallows, for example, a morphism that splits up gridded elements
such as the one indicated.

L] [ ]
L] [ ]

Figure 4: Condition 4) of Definition disallows, for example, an inclusion of overlapping elements in
either axis, such as the one indicated.

The middle morphism is the coCartesian monodromy functor applied to the morphism of based finite sets

) 2l K x L. We now describe the third morphism in equation 1) This is a morphism over the
identity K x L — K x L, so we describe this morphism for each (k,¢) € K x L. Fix (k,¢) € K x L. If
a 1(k,f) =0, then we take the empty tensor product

® ]:(Ai’Bj)

(,5)€a—1 (kL)

to be the unit 1 € V. By the assumed initiality of the unit (Convention , there is a unique morphism
1 — F(Dg, Er). If a=(k,€) # 0 then we claim there is a morphism in V

Q) F(Ai.Bj) = F(Di. Ey) .
(4,5)€a=t(k,0)
This follows precisely from the conditions that we placed on morphisms in the overcategory open(X)® x
open(Y)f?/ﬂn .
Now, (pchF(14,U x V) is given by the colimit of the top composite arrow in the following diagram

Fr
— open(X)& x open(Y)Z, —5 Vﬁ
n

1y

(=)

open(X)& x open(Y) — Y

|o

open(X)& x open(Y)E min

(14, UxV)
I

* .

®
¢ /ap.uxv)

We will henceforth refer to this top composite functor as F,, . Note that the colimit of F /1, is equivalent
to the left Kan extension of F /., along the unique functor to *. By Proposition this is equivalent to
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the colimit of the left Kan extension ®,F,, . That is,
(PN F(14,U x V) =~ colim DTy, -

Next, we will identify our constructed extension f;“li” with &, F Jiy To do this, we construct a section
+

}‘7‘“‘ LR CI)!]-'/1+ under ]-"/1+. By Proposition |A.34] the coCartesian monodromy functor V/@i — Vis a left
1y +

adjoint and thus preserves colimits. Thus, we will work in V;@i . On objects ((I1, (4:)), (J4, (Bj), T4+ A Jy EN
+

1;), the definition of the section is clear since ]-'7‘1“‘ evaluates the same as F /1, There is a natural morphism
+
in V}@
s

/ f
Fro (T (A0), (Js (By) I ATy = 14) = &1 F, (L4, (A0)), (4, (By), Ly ATy = 14)
since left Kan extensions are defined as initial extensions. Now, consider a morphism
f a
(I (A0)), (Jos (By), Iy ATy = 1) S (K, (D), (L, (Ee)), Ky ALy 25 14)

in open(X)% x open(Y) . Observe the factorization in V% from equation also allows us the
+

® min
c /0 LUXV)
following factorization

IxJ KxL

I J i A

inel (=)
(®F),, (A B)) oy =5 (01F),, (A0 By)) poryy — ((. ‘)E(Xj% Z)‘P!fm (AVL,B_;)> — (®F),, (Dr E0)) ey p -
BI)EaTIE, KxXL

(F(Ai, B))),, , — " (F(A;, B)) =, (( i ® . l)]:(Ai,Bj)> — s (F(Dw EY)
i.j)€a (k, KxL

Note the bottom left object is equivalent to
f
1Ty, (s (Ai)), (T (By), Ly ATy = 14)
Similarly, the bottom right object is equivalent to
‘I)!F/l+ ((K-l-a (Dk))v (L-l‘a (E[))7K+ A L+ i> 1+) .

The two left-most squares commute because coCartesian monodromy is a functor. We now explain why

the right hand square commutes. Note that both right-most horizontal arrows come from morphisms in

open(X)® x open(Y)f?/(1 uxv, Further, the vertical arrow labeled canon is from the definition of left
4> X

Kan extension as the initial extension of F, . Thus, the right hand square commutes since it is the
evaluation of the canonical natural transformation from the definition of left Kan extension. This completes
the construction of the natural transformation

VTN o & F,
+ +

Note that this evidently lies under F /1o and clearly defines a section of ®\F iy By initiality of the left
Kan extension, this implies the equivalence ®\F /1y = ]-"/"1‘” . Therefore, we have shown
+

(P F(14,U x V) ~ colim &\ F, =~ colim]—‘/ﬁ;i: . (15)
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We will now show that F((14,U), (14+,V)) ~ colim .7-'/"?“ , which will complete the proof. Consider the object
+
(14,U),(14,V),id) € open(X)& x open(Y)?/Tin . Observe the forgetful functor
Ly

,UXV)

min .
(14,UXV)

V: (open(X)? x open(Y)® o v)) — open(X)¥ x open(Y)?
14,Ux

/(40,14 V) id)

We will show the counit VIV*]-"/’T” — ]-';“li” is an equivalence. Before doing so, we explain why this implies
+ +

F((14,0),(14,V)) =~ (pch F(14,U x V). Note that the category

(open(X)g@ x open(Y)® v va>)

/1y Uy, (1 V) i)

has a final object ((14,U),(14,V),id). This can be verified using Quillen’s Theorem A (Theorem [A.61)).
Thus,
colimV*}""Ii1 o~ ]-'ml': (1,0),(14,V),id) ~ F((1,U),(1,,V)) .

Further, since left Kan extensions compose by Proposition [A-48] we have
colim V* FMM ~ colim V,V* FMn
/1+ /1+
Using equation , upon taking the colimit of the counit, we have
F((14,U),(14,V)) ~ colim VIV*}'/"f: — conmf/mj: ~ (p W F(1y, U x V).

Finally, we now complete the proof by showing the counit VgV*}"/";in — ]-'/"li" is an equivalence. To do this,

we will use the assumption that F is a Ju-cosheaf in each factor. We show this using Lemma [3.15] below.
First, note that for

(I, (A0), (T4, (By), It Ay L 14) € open(X)® x open(Y),,

’
(1+,U><V)

the functor V;V*}'/mli” evaluates as the colimit of the composite
+

® ®
<(Open(X)c x open(¥); /TllrLr’UXV))/« U),(14,V) d))
14,0),(14, V)i /

I

(open(X)? x open(Y)® i

(14.UXV)

|v

open(X)Z x open(Y)& min

(1+,U><V)
min
/14
V.

£
(g (A9)), (T4 (B Ip AT L =14)

)/<<1+,U>,<1+,V>,id>

Further, since open(X)® x open(Y)??/,(nin ) is a subposet of open(U) x open(V'), so is the domain of this
1., UxV

composite. Now, we verify that
® ®
((Open(X)c x open(¥). /r<"1'n+,UXV>>/(< ). (14.V) >> 1o
L, (V)i /g
((1+v(Ai))~(J+Y(B_j))y1+/\1+i>1+)
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satisfies the hypotheses of Lemma[3.15] First, note that the projection onto X of the overcategory in equation
is simply identified as openg, (ITA;). Next, consider the full subposet open,;(I14;) C openg, (ITA;)
consisting of those open sets that are surjective on connected components. This subposet of open(I1A;)
is a Jso-cover. Using Theorem this full subposet is checked to be final. Indeed, for (U C IIA;) €
openg,(ITA;), consider the subset Iy :={i’' € I | Ay NU =0} C I. Then (U U i,gIUAi/) € opensurj(HAl-)U/

is a final object. Next, let D € openg,,;(I14;). Consider the Fp of equation over D. Projection onto
the Y-factor determines a functor Fp — open(I1B;) between posets. Let S C IIB; be a finite subset. If the
induced map S — mo(I1B;) is not surjective, choose a finite superset S C S’ C IIB; such that the induced
map S’ — mo(I1B;) is a surjection. For each y € S’, choose an open disk £, C IIB; such that y € E,. Using
that S’ is finite, shrink each E, such that y # v’ implies E, N Ey, = (. Denote the S’-indexed disjoint union
E :=1IE,. So there is an inclusion S’ C IIE, such that the induced map on components S’ — mo(E) is a
bijection. Using that D < IIA4; is surjective on components, there exists a minimal subset of 7o(D) X 7o (E).
Such a minimal subset corresponds, in particular, to a selection of components of D x E whose projection
to E is entire. Furthermore, such a minimal subset defines an object in Fp that is carried by the functor
Fp — open(IlBj) to E. Therefore, the functor Fp — open(IlB;) is a J-cover. Finally, observe that the
functor from the poset (]1__6 to the poset openg,(IL4;) given by projection onto the X-factor is a coCartesian
fibration (as in Definition [A.32). Therefore, the base-change along openg,;(ITA;) — openg;,(IT4;) remains a
coCartesian fibration. So Lemma [3.15] applies. O

Lemma 3.15. Let U € open(X). and V € open(Y).. Assume F : open(U) x open(V) =V is a J-cosheaf
in each factor. For U C open(U) x open(V) a full subposet, let Uy := prytd C open(U) denote the full
subposet given by projection onto U. If

1. Uy is a Jo cover,

2. there exists a final full subcategory US C Uy such that for each D € UY, the fiber Uy, Copen(V) is a
Joo-cover, and

3. the functor Uy , — Uy, is a coCartesian fibration,
U

then
colim (L{ — open(U) x open(V') S V) ~ F(U, V).

Proof. Note the functor 4 © Uy;. By Proposition and the assumption that Uy is final, we have
colim (Ll < open(U) x open(V) Z» V) =~ colim (pr\F) ~ colim (z,{g < Uy prF V) .

By assumption, | , — Uy is a coCartesian fibration. Therefore, by Proposition the left Kan extension
U

can be computed as a fiberwise colimit. That is, the functor
\F
Uy — Uy v

evaluates on D € U as D + colim (Z/{|D i V) ~ F(D,V) The equivalence is the assumption that F is a

Joo-cosheaf in the second factor. Thus, since F is assumed to be a J.-cosheaf in the first factor, taking the
colimit of the fiberwise evaluations is equivalent to F(U, V), as desired. O

Proposition 3.16. Let V€ be a ®-presentable co-category. The adjunction in equation (@ restricts to an
equivalence of co-categories

p1 : BiFun™7> (open(X)®, open(Y)®; V®) === Factxxy (V%) : p* .
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Proof. Observe the commutative diagram

Fun™7>Pd(open(X x V)$,V®) —————— Fun’>"(open(X x V)&, V®)

J{p* J{Pé‘ : (17)

BiFun™”> (open(X)$, x open(Y)§,, V®) —— BiFun’>(open(X)® x open(Y)2,V®)
Lemma established that the top horizontal functor is an equivalence. Corollary established that
the bottom horizontal functor is an equivalence. Thus, it suffices to show that p} is an equivalence. To prove
this, we show that the unit and counit of the adjunction evaluate as equivalences.

First, we show the counit (p.)ipiF — F evaluates as an equivalence. Since pr: V x V — V) preserves
colimits, we have the equivalence (pc)ipiF (14, (Us)) =~ (I, ((p)piF(14,U;))). Further, since (pc)ipiF is
a Joo-cosheaf, and products of open sets form a basis for the J,.-topology on open(X x Y), its values are
determined by its values on products of opens. Proposition establishes this.

Similarly, for G € BiFun™’> (open(X)®,open(Y)2; V®), we can use the fact that p’(pc)iG is Js in each
factor to reduce the computation to an evaluation on unary objects. Again, since products of opens form a

basis, we invoke Proposition to show the unit evaluates as equivalences. O]
There is a natural functor
ev : BiFun(open(X)®, open(Y)®; V®) — Fun®(open(X)®, Fun®(open(Y)®, V¥)®) | (18)

given by evaluation. As developed in §2.2.5 of [Lurl7], this functor is an equivalence. More precisely, by
definition a functor X — Fun®?(O®,P?®) is a dashed arrow filling the diagram

Fin, i Fin,
For K — Fin, and V® a symmetric monoidal oo-category, a functor K — Fun®®(O®, V®)® over Fin, is a
dashed arrow filling

Fin,. £ Fin,.
|
Fin, ——— Fin,
Thus, a functor
BiFun(open(X)®, open(Y)®; V) — Fun®® (open(X)®, Fun®(open(Y)®, V®)®)

is a filler
(BiFun(open(X)®, open(Y)®; V®) x open(X)®) x open(Y)® ----- » P®

lpr

open(X)® x open(Y)®

|

Fin. x Fin, A Fin.

The natural such filler is what we are denoting by ev.
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Lemma 3.17. The equivalence in equation (@ restricts as an equivalence
ev : BiFun™’> (open(X)®, open(Y)®; V®) — Factx (Facty (V?)) .
Proof. Since equation is an equivalence, it suffices to show
ev™!(Factx (Facty (V%)) ~ BiFun™"= (open(X)®, open(Y)®; V®) .
So consider
G € ev ! (Factx (Facty (V®))) C BiFun(open(X)®, open(Y)®; V?) .

Since evG € Factx (Facty (V®)) is a factorization algebra in each factor, it folllows directly that G takes pairs
of coCartesian morphisms to coCartesian morphisms. Also, it follows that G restricts as a Js.-cosheaf in
each factor. In other words, G € BiFun™’> (open(X)®, open(Y)®; V®).

It remains to show that if G € BiFun™7> (open(X)®,open(Y)®;V®), then evG € Facty (Facty (V?)).
Note that G being multiplicative is equivalent to saying that it takes pairs of morphisms of the form
(id, ) and (o, id) to coCartesian morphisms, for « a coCartesian morphism. This implies that evG €
Fun™°" (open(X)®, Fun™P(open(Y)®, V®)). The J, condition on the Y variable follows immediately.
Thus, we have evG € Fun™°P4(open(X)®, Facty (V®)). The Jo condition on the X variable is a little subtle.
This is because it requires taking a colimit in the oo-category Facty (V®). It’s not clear colimits in this
category look like, or if they even exist. To bypass this difficulty, note that

Facty (V®) < Fun™(open(Y)®, V®) (19)

is a full co-subcategory. Therefore, we can compute the colimit in Fun™°(open(Y)®,V®) and then check
that this colimit satisfies the J,, condition. Since the functor in equation is full, this implies that the
colimit in Facty (V®) does exist, and is equivalent to the colimit as computed in Fun™°P4(open(Y)®, V®). O
We now use the results established in this section to prove Theorem stated at the beginning of this
section.
Proof of Theorem[3-1] Proposition [3.16] asserts that restriction along p is an equivalence of co-categories

p* : Factxxy (V®) = BiFun™”>= (open(X)®, open(Y)®; V®) .
Lemma then establishes that the evaluation functor is an equivalence of co-categories
ev : BiFun™”= (open(X)®, open(Y)%; V®) = Facty (Facty (V®)) .
The composition of these two results establishes the desired equivalence

Factxxy (V®) = Facty (Facty (V%)) .

4 Additivity of locally constant factorization algebras
In this section, we prove the following:
Theorem 4.1. There is an equivalence of co-categories

Facts&, y (V) ~ Facts& (Factys (V®)).

Proof. We organize the structure of this proof into establishing the following commutative diagram:

Proving the statement amounts to showing that the top dashed arrow is an equivalence. To deduce
this, we show that the bottom dashed arrow is an equivalence. Theorem shows the top adjunction is
an equivalence. Lemma establishes that the front left vertical adjunction is an equivalence. Lemma [4.7]
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Fact'$,y (V®) —--mmmmmmmm - > BiFun™7="'*(open(X)®, open(Y)®; V®)

AN N

Factxxy (V®) BiFun™7> (open(X)®, open(Y)®; V®)
Fun™7>="¢(disk(X x Y)®,V®)  ---||-->  BiFun™”/="%(disk(X)®, disk(Y)%; V®)
Fun™7> (disk(X x Y)®, V®) BiFun™= (disk(X)®, disk(Y)®; V®)

establishes that the back left vertical adjunction is an equivalence. Lemma [4.10| establishes that the front

right vertical adjunction is an equivalence. Lemma establishes the back right vertical adjunction is an

equivalence. It follows, in particular, that the bottom adjunction is an equivalence. Next, we show that this

bottom adjunction restricts to an adjunction between the locally constant co-subcategories. This shows the

bottom adjunction restricts, and thus is manifestly an equivalence. This statement is Corollary This

completes the proof. O
We now turn our attention to proving the lemmas mentioned in the above proof.

Definition 4.2. For X a topological manifold of dimension n, there is a full co-sub-operad disk(X)® <

open(X)® consisting of those (I, (U;)) for which each open U; = [[R™ is homeomorphic to a finite disjoint
union of Euclidean space. Further, we let J(X) C Z(X) denote the full subcategory consisting of those
opens that are homeomorphic to a finite disjoint union of disks.

The functor ¢ : disk(X)® < open(X)® induces an adjunction of co-categories
v : Fun(disk(X)®,V®) —— Fun(open(X)®,V®) : /* (20)

with left adjoint given by operadic left Kan extension. In Proposition we provide a colimit expression
for computing the values of ¢,.

Definition 4.3. For notational purposes, we define
Fun’> (disk(X)®, V®) := 1, ! (Fun’> (open(X)®, V®)) .

Definition 4.4. Let disk(X)? < disk(X)® denote the full co-suboperad consisting of those (I, (U;)) such
that, for each i € I, the space U; is connected.

Recall Definition of multiplicative operad morphisms and the notation Fun™°P.

Lemma 4.5. There is an equivalence of co-categories

Funm’opd(disk(X)®,V®) =y FU”opd(diSk(X)é@a Ve .

rest
Proof. This follows the proof of Lemma [3.10 O

Lemma 4.6. The adjunction in equation @ restricts to an equivalence

v Fun™7>PY(disk(X)®, V&) —— Factx(V®) : 1" .

26



Proof. Note that disk(X)® < open(X)® takes coCartesian morphisms to coCartesian morphisms. So
for F e Factx(V?®), we see that (*F is multiplicative. We now show *F € Fun™7>P4(disk(X)®, V®).
By Definition this is to show t*F € Factx(V®). Because disk(X) C open(X)® is fully faithful, for
U € disk(X), the canonical morphism u¢* F(U) ~= F(U) is an equivalence. Now, as discussed in Example
disk(X) is a basis for the Jo, Grothendieck topology on open(X). Therefore, we can check that ¢jc*F
satisfies the Jo-cosheaf condition by checking that it is a J-cosheaf with respect to covers in disk(X). This
follows from the fact that F is a J..-cosheaf. Therefore, the functor ¢* restricts as a functor

Fun™”>P4(disk(X)®, V®) +— Facty (V®): o* ,

as desired.
We next verify that the functor ¢ restricts as a functor

12 Fun™7>°Pd (disk(X)® V&) — Facty (V) .

Let G € Fun™7>=°Pd(disk(X)®, V®). We must show 1,G belongs to the full co-subcategory Facty (V®) C
Fun (open(X),V?). By Definition the restriction of /G to fibers over 1, € Fin, is a J.-cosheaf. By
Definition of this co-subcategory Factx (V®), it remains is to show ©/G is multiplicative.

Denote the functor c: disk(X)€ < disk(X)® which, via (L1), is a fully faithful right adjoint. By the
proof of Lemma G is the unique multiplicative extension of its restriction ¢*G. Furthermore, in how the
proof of Lemma uses the adjunction , the canonical morphism ¢,¢*G =» G is an equivalence. Denote

p = toc, and denote H := c*G. Because left Kan extensions compose, there results are equivalences
pH ~ pc*G ~ (Loc)hc*G ~ nac'G ~ uG .

Therefore, to ;G is multiplicative if and only if pyH is multiplicative. Note that disk(X)® is a unital oo-
operad. The advantage of this maneuver of replacing ©/G with piH is that the former involves a multiplicative
functor (G) between co-operads, while the latter is free from such a condition, so the values of piH are given

by the formula of Proposition which are generally manageable to work with: for (I, (U;)) € open(X)®,

(Iy.(U)) fa

Hy
prH((Le, (U3)) ~ colim (disk(X)? L disk(X)2 e — Vi S VP ) SRV
+ +

We now show p1H is multiplicative. We do this through the formula for operadic left Kan extension, of
Proposition An active coCartesian morphism in open(X)®,

f
(I, ) = (7 | T s ;
i€f=1(5)
induces a functor
disk(X)E jac — disk(X)2 /o

(I4,(Uy) (I, (I Uy))

given by postcomposing with f. We claim this functor is final. We verify this through Quillen’s Theorem A
(Theorem [A.61)). To use this theorem we must verify that for

(Ky, (Vi) Ky = Jy) € diSk(X)é®/=i

ct )
T4 (1 U))

the classifying space of the undercategory

(K4, (Vi) Ko —>J
disk(X)?(act+ D),

(I, .(U))

is contractible. To show contractibility, we note there is an initial object in the undercategory. The existence
of an initial object comes from the fact that each Vj, is connected. This implies that for k € a=!(J), the
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connected open set Vj is a subset of a unique U;. This allows us to define a map K LN I,. The object
(K4, (Vk)), K+ EN I,) is initial in the undercategory. Thus,

PO, cotim (G2 g V)
= colim ( disk(X)% e Sye Spe )
T |z, Lo,

The canonical projection maps V%Jr RV VIS V\%M preserve colimits. Therefore, we can compute the

colimit separately in each factor of VS ~ V*J_ So without loss of generality, let us consider the case of an
+

active coCartesian morphism (I, (U;)) — (14,]]U;). This general case of an active coCartesian morphism

will follow completely analogously to the case (24, (U1, Uz)) EN (14,U; T Us), and this latter case will ease
the notational burden tremendously. Note the canonical functor

disk(X)% o =5 disk(X)? X disk(X)? et
(X)e /4wy, U (X)e [0 (X)e (G214 .02)
is an equivalence. Further, the functor
disk(X)& x disk(X)® e Py disk(X)E e
(X)e ({1} 4.U1) (X)e ({2} 1,U2) (X)e ({1}4.U1)

given by the projection onto the first factor is a coCartesian fibration. Proposition says that left Kan
extension along a coCartesian fibration evaluates as a fiberwise colimit. Therefore,

pH(f1(24,(Ur, Uz)))

~ colim ( disk(X)® .« Hoye 8 p® Ly
¢ /5, wrua)) |2, I,

~ colim (disk(X)S}’ 5 disk(X)? Lye & v)
{1} 4,U1) ({2} 4.U2) 24
~ colim (disk(X)? LiLN v)
o)
o (:_olim® <colim ((disk(X)? o > 2, V>>
(Ko (DAL Waron Jy
~ colim colim H(K+, (Dr))) @ H((L+, (Er)))

(K4 ,(Dy))edisk(X)® act (L4 ,(E¢))edisk(X)® act
ace! "2y

}+U1) +,U2)

~ pH(U1) @ pH(Ua) ,

as desired. Note that the last equivalence invokes the assumption that V® is ®@-presentable. In particular,
the ®@-presentability of V¥ means that for any V' € V, the functor V ® — : ¥V — V preserves colimits. This
concludes our proof that pyH is multiplicative.

In summary, we have shown the adjunction in equation restricts as an adjunction

o : Fun™7=°Pd (disk(X)® V&) = Factx(V®) : " .

It remains to verify this adjunction is an equivalence. We do this by checking that the unit and counit evaluate
as equivalences. Because ¢ is fully faithful, the unit id — ¢*1; is an equivalence. Next, take F € Factx (V®)
and consider the counit ¢t*F — F. Since both functors are J., cosheaves, it suffices to check the counit
is an equivalence evaluated on unary elements. Further, since disk(X) is a J basis for open(X), as just
mentioned above, it suffices to check this equivalence on elements of disk(X) which follows immediately. [
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Lemma 4.7. The adjunction in Lemmal[[.0 restricts to an adjunction between the respective locally constant
subcategories

v Fun™7olePd(disk( X)® V&) 7= Facti& (V) : 1*

In particular, this adjunction is an equivalence.

Proof. First, for G € Fun™”/>="<°Pd(disk(X)®, V®), we show uG € Facti (V). That is, for U <5 V in
Z(X), we show the canonical morphism induced by ¢

uG(U) = uGg((V)

is an equivalence. Observe the commutative diagram

disk(X)® disk(X)% G = Vi =2 V.
1y 1y N

act act
/(1+,u) /(1+,X) 4

/
loc loc )/
/

disk(X);@?ﬂm[(J(X);@mm)—l} —— disk(X)%e  [(T(X)R% 7Y

/act
3.5 (4%
N

B disk(X)

The colimit of the top horizontal line is the definition of yG(U) and the existence of the dashed ar-

row follows from G being locally constant. There are canonical identifications J (X )?ﬂm ~ J(U) and
(14,0)
disk(X)(;Qact ~ disk(U), where disk(U) is the poset. By Proposition [A.25|localizations are final, so
(14,0)

uG(U) =~ colim (disk(U)[T (U)~'] — disk(X) [T (X) '] = V).
By a similar analysis, we see
uG (V) =~ colim (disk(V)[T (V)] — disk(X)[T(X) '] = V).

By Proposition 2.19 in [AF15], we see disk(U)[J(U)~'] ~ Disk(U), and likewise for V. Here, by Disk(X)
we mean the topological category of embedded disks in X, which we regard as an oo-category via the
coherent /simplicial nerve (see [Cor82] for an original reference, or Definition 1.1.5.5 of [Lurl7] for a later
treatment). (We choose to not dwell on Disk(X) because we make no further use of it beyond this paragraph.
We refer the interested reader to [AF15] for further details.) Finally, we claim that the isotopy equivalence
¢ induces an equivalence Disk(U/) = Disk(V). To see this, choose an isotopy inverse to ¢, say 1, together

. ¢
with isotopies idy 2 1 o ¢ and o1 ~ idy. These data determine an adjunction Disk(U) = Disk(V): the
¥

unit is given on D € Disk(U) by D ), P(p(D)), which is an equivalence in Disk(U); the counit is given
on E € Disk(V) by ¢(¢¥(E)) B, E, which is an equivalence in Disk(V'). Because the unit and counit of

this adjunction are given by equivalences, ¢ is an equivalence between co-categories.
It remains to show that *F is locally constant, for F € Facts (V®). This follows from the following
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diagram

diSk(X)®acc _ open(X)®act RSN open(‘)()ééact F V®act (= v
/(1+,X /1+ /1+

loc open(X)
lloc F
disk(X)%,, S I > open(X)[Z(X)™!]
(14,X%) (11.X)

The bottom right most arrow is the condition of F being multiplicative, and the existence of the dashed
arrow is given by the fact that ((—); 0 ¢) (J(X)‘;');ct ) C Z(X). O
(14,X)

Lemma 4.8. The functor of co-operads disk(X)® < open(X)® induces an adjunction
u = BiFun(disk(X)®, disk(Y)®; , V®) —— BiFun(open(X)®, open(Y)®; V®) : ,* (21)
in which the left adjoint evaluates on ((I+, (U;)), (J+, (V;))) € open(X)® x open(Y)® as the following colimit

colim ( disk(X)® x disk(Y)% = disk(X)® x disk(Y)® Fop® SRIIRYL:) .
Sy (U)) (T4 (Vj)) l1nay /1 nay Iy Agy
Proof. Proposition establishes the formula for the left adjoint, so it remains to verify that /. is a

bifunctor. To see this, take an inert coCartesian morphism (I, (U;)) ER (J4, (Uj)). There is a commutative
square

disk(X)® x disk(Y)% — V®
[ (L (U)K 4 (Vi) RNt

disk(X)® x disk(Y)% — V2
L (g (U (K4, (Vi) FARN I

Note the left vertical functor is final, as verified using Quillen’s Theorem A (Theorem |[A.61). One can use

the fact that I ER Jy is inert to show the relevant undercategory in the statement of Theorem m has

an initial object. The result then follows from the fact that the projection V‘Q? . V|, ., Dreserves
+AKL +AKL

colimits. Note that an analogous argument holds in the second variable. O
To prove Lemma we need an analogue of Lemma [£.5] for bifunctors:

Lemma 4.9. There is an equivalence of co-categories
BiFun" (disk(X)®, disk(Y)®; V?®) —E? BiFun(disk(X)%, disk(Y)2; V®) .

Proof. This directly follows the proof of Lemma [3.10) O

Lemma 4.10. The adjunction in equation restricts to an equivalence
v = BiFun™7> (disk(X)®, disk(Y)®; V®) == BiFun™’> (open(X)®, open(Y)®; V) : 1* .

Proof. This is proved in the same manner as Lemma [4.6] O
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Lemma 4.11. The adjunction in Lemma restricts to an adjunction between the respective locally
constant subcategories

v ¢ BiFun™7>" ¢ (disk(X)®, disk(Y)®; V&) 7= BiFun™’>"(open(X)®, open(Y)®; V) : 1* .

)

In particular, this adjunction is an equivalence.

Proof. The proof of this follows analogous to Lemma [£.7] O

To prove Proposition below, we employ a result from [MG19] that enables us to identify localizations
of oco-categories via complete Segal spaces. This result is recorded as Theorem[A.26] For the reader unfamiliar
with complete Segal spaces, we devote a section in the appendix to the basic definitions and ideas that we
use.

Definition 4.12. We let J(X)? denote the full co-subcategory of J(X)® over Fin, consisting of those
(I, (U;)) for which U; is connected.

Lemma 4.13. Let (I, (U;)) € disk(X x Y)2. The simplicial space

T(X)ExT (V)& . .
BFun” T ([0],dlsk(X)® x disk(Y)2 )

c € /g
is a complete Segal space.
Proof. Let us adopt the notational conventions

C := disk(X)® x disk(Y) W= J(X)€ x J(V)2 . (22)

®
< /ay .y’ ¢ /ay.w)

First, we establish the Segal condition. That is, for all p > 0, we show the diagram of classifying spaces

BFun” ([p],¢) ———— BFun™V ({0 < 1},C)

l l (23)

BFun({1 < --- < p},C) —— BFunV({1},0)
is a pullback. To show the diagram in equation is a pullback, we make use of Proposition and
show an equivalence of vertical fibers. The defining Segal condition for (oo, 1)-categories stipulates that the

diagram in A, regarded as a diagram among (0o, 1)-categories,

{1} —— {0< 1}

i J

fl<<pp—"
is a pushout. This implies the diagram prior to taking classifying spaces

Fun”([p],C) ——— Fun” ({0 < 1},0)

I | e

Fun({1 <--- < p},C) —— Fun™({1},0)

is a pullback. Thus by Proposition the vertical fibers of the diagram in equation are equivalent,
hence their classifying spaces are equivalent. Therefore, we must show that the classifying space of the
vertical fibers in the diagram in equation are the vertical fibers of the diagram in equation . Quillen’s
Theorem B (Theorem provides a method to verify this. By Lemma we only need to show this
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for the rightmost vertical functor, so we restrict our attention there. All told, proving the Segal condition
reduces to verifying the hypothesis of Quillen’s Theorem B for the functor

Fun” ({0 < 1},C) — Fun™({1},0) .

By Observation Fun™ ({1},C) ~ W, so to invoke Quillen’s Theorem B, we need to show that for each

c i> ¢ in W, the induced functor

BFun™ ({0 < 1},¢),. 2°2 BRun™ ({0 < 1},C), (25)

is an equivalence. The vertical functors in the diagram in equation (24) are coCartesian fibrations, so by
Proposition the canonical functor

Fun™ ({0 < 1},0);. = Fun™ ({0 < 1},0),,

is a right adjoint, with left adjoint given by the coCartesian monodromy functor. Since, an adjunction
induces an equivalence between classifying spaces by Proposition showing that equation is an
equivalence is equivalent to showing that

BFun™ ({0 < 1},0)[ 27 BRun ({0 < 1},0)|.s (26)

is an equivalence. Evaluation at 0 € {0 < 1} defines a functor Fun({0 < 1},C);. =% C. The definition
of oo-overcategories is such that there is an identification Fun({0 < 1},C)|. ~ C,. between oo-categories
over C. Observe an identification Fun"Y ({0 < 1},C)je ~ (Fun({0 < 1},C)c)jw between oo-subcategories of
Fun ({0 < 1},C)jc, in which the latter is the base-change along the inclusion W < C. Denote the base-
change (C;.)" =~ (C/.)jw along the inclusion W < C. So, we have an identification Fun” ({0 < 1},C)je =~
(c /C)W between oco-categories over V. Taking classifying spaces results in an equivalence between spaces:

BFun” ({0 < 1},C), ~ B(C,, ).

le

This implies that showing equation is an equivalence is equivalent to showing that the functor
B(C,.)" — B(C),)" (27)

is an equivalence.
Now, by the notation of , an object ¢ € C is an object

f . .
(i) s (e ) s oA Ky 1) € disk(X)P x disk(Y)E ),

Again unpacking the notation of , observe that the projections onto each factor define an equivalence
between categories:

® ®

T(X)ExT(Y)¢ /(s

(€)= | (disk(X)2 x disk(Y)S@/(IMU”))/

i
(T (VN (K (W), T AK =7 Ty

)J(Y)®

€ /(KL (W)

)J(X)

®
=N (disk(X)® ) (disk(Y)

®
€ /vy €/ (r (W)

We now restrict attention to one factor of this product. Consider a morphism (J4, (V;)) — (J4,(V})) in
J(X)&. Note that the resulting functor

J(X)C®/ . J(X)®
<di5k(X)§ act > RASACIN (disk(X)® ) /4, V)

(T4.(V))) € /vy
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is a right adjoint with left adjoint given by using the inert-active factorization system of Fin, (see Observation
1A.30)). Therefore, this functor induces an equivalence of classifying spaces. Furthermore, note that

TJ(X)E, ,
<disk(X)g® ) R | V(A

(J4,(V5)) iy
Now, for r a finite cardinality, and for M a topological space, consider the topological space
Conf,.(M)g, = {SC M |Card(S) =71}

whose underlying set consists of subsets of M with cardinality  and whose topology is the finest with respect
to which the map from the subspace of the product

M*" 2 {(z1,...,x,) e M*" |2; =x; = i=j} — Conf,. (M), , (@1, yzp) — {ay, .., 20}

is continuous. We use Theorem to identify the homotopy types:

BI[7(vi) ~ [T Confr(Vi)s. -

jeJ JETr>0

Before doing so, we indicate the spirit of this identification. Note that an object in [];. ; J(V;) is, for each
j € J, an open subset D; C V; that is a finite disjoint union of (open) disks. The spirit of this identification
associates to such an object (D; € Vj),.; an element (C;);.; € [L;c;Il,50Confr(Vj)s, such that, for
each j € J, there is containment C; C D; for which the induced map on components my(C;) — mo(D;)
is a bijection. In other words, the identification B[], ; J(V;) =~ [I;c; 1,50 Conf.(V;)s, associates to
each collection of disks a choice of a point in each disk. Because disks are contractible, this association is
homotopically well-defined. We now implement this spirit.
Consider the functor

U:= H JV;) — H open H Conf,.(V;)s, (28)

jeJg jeJ >0

given by
(D; € Vi) ({SC V1S Dy and ms = WOD]})J_GJ .

For each j € J, and each (D; C V;) € J(V}), notice the homeomorphism

{SC‘/J|SCD] and Wos—g—)’iroDj}g H D;l

aEmgD;

between the indicated subspace of [],~, Conf.(V;)s, and the product of disks. In particular, each value
of the functor is a finite-fold product of disks, and is therefore contractible. Let (S; C V})jes €
[I;es ;50 Confr(Vj)s, . Recall the subscript notation of Theorem Observe the isomorphism between
posets:

Us,cvy),e, = | [{D; € T(Vi) | S; € D; and mS; — moDy} -
jeJ
By Example open disks are a basis for the topology of a manifold. Therefore, each factor of this product
of posets is a cofiltered poset (see Definition [A.1)). Because the product of cofiltered posets is cofiltered, we

conclude that the poset mcU s, cv;),., is cofiltered. In particular, the classifying space BmcU(s,cv;),., =~ *

is contractible. Therefore, the hypotheses of Theorem are satisfied with respect to /. So Theorem

establishes an equivalence
BI[7(vi) ~ [ I] Conf.(V))s, -

jeJ JEJ r>0
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Next, earlier, we reduced the Segal condition to showing for each morphism ¢ — ¢’ in W, the induced

map between spaces
B(C,.)"” = B(C, )" (29)

is an equivalence. So let

(G0 B 0T) s AR B L) — (4 (7)) (KLOV) ARG S 1)

be a morphism in W J(X)& x J(Y)& By definition of W, this morphism is a pair J 2 J’

/Uy, W’

and K 2 K’ of bijections such that Jy A K4 loxP) Ji N K! lies over I, and such that, for each

(4,k) € J x K, there are inclusions of open disks V; C Vg'(j) in X and Wy C Wy, in Y. Inspecting the

equivalence established just above reveals that the map between spaces B(C /C)W — B(C /C,)W is homotopy
equivalent with the map between spaces

H H Conf,.(V})s, X H H Confs(W)s, — H H Conf,.(V}))s, x H H Confs(W],)s.

jeJ r>0 kEK s>0 /€T r>0 K€K’ s>0

induced from the bijections J % J” and K K and, for each (j, k) € J x K, the inclusions V; C V;, and
Wi € Wik). Therefore, to show the map between spaces B(C,,)"Y — B(C,,)" is an equivalence, we are

reduced to showing, for finite cardinality ¢ and for each open embedding D % D’ between (open) disks, the

induced map

Confe(p)s,

Conf¢(D)s, Confy(D")s, , S ¢(9),

is a homotopy equivalence. Well, Theorem implies each open embedding of an open disk into another
open disk is isotopic to a homeomorphism. So choose an isotopy ¢; from ¢ to a homeomorphism ;. Being
an isotopy, for each ¢, the map D 2% D’ is injective. So, for each t, the map Confy(pt)s, is well-defined.
Consequently, the maps Confy(p;)s, define a homotopy from Confy(¢g)s, to Confs(p1)s,. Because o is
a homeomorphism, so is Conf,(¢1)s, — indeed, its inverse is Confy(p~1)x,. It follows that Confy(p;)s,
is a homotopy equivalence, as desired. This concludes the proof that the map between spaces is an
equivalence, which, as established above, implies the simplicial space

TX)ExT (V) . ,
BFun” T ([0]7d|sk(X)§xdlsk(Y)§/(z w >>) (30)
+:(U;

is a Segal space.
We now prove that the Segal space is complete. That is, we will show that the map from the space
of [0]-points

T(X)ExT(Y)®
n

BFu o ([0], disk(X)E x disk(Y)

s o)
¢ /iy

into the space of [1]-points that are equivalences

¢ /g

T(X S;; T C@ equiv
(BFun (X)) xT(Y) Mg, wa) ([1},disk(X)§’ xdisk(Y)® ))

is an equivalence of spaces. A key observation to proving this is that a morphism in

diSk(X)? X diSk(Y)?/(I+,(U7:))

is in the isotopy equivalences

J(X)Ex TY)E

© /g,y
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if and only if the underlying maps of finite sets are both bijections. Now, consider a [1]-point of the Segal
space in equation that is an equivalence. By definition, this is a point in the space

T(X)ExT(Y)E
BFun POTO aw ([1],disk(X)§ xdisk(Y)§/<z w ))) '
+.(U;
Such a point is represented by an object in
T(X)ExT(Y)®
Fun” T 0w ([1],disk(X)?? xdisk(Y)Z, ») :
+.(U;

i.e. a functor
: ® : ®
[1] — disk(X)Z x disk(Y)¢ Jwen
Let’s say this functor selects out the morphism

/

f P f
(K (Vi) (Ly (W), Ky A Ly = 1) = (KL, (Vie)), (LY, (W), K ALy = 1y) . (31)
Since there is a natural morphism of Segal spaces

® ®
TEOZHINE,,

BFun W) ([.],disk(X)E9 X diSk(Y)é@/(I+,(Ui))> — Fin, x Fin, ,

the equivalence in equation gets carried to an equivalence in Fin, x Fin,. This implies that ¢ and 1 are
bijections, so by the key observation above, the equivalence in equation lies in

J(X)E x J(Y)E

< /ayp.wy

Now, using the notation given in equation , observe the solid commutative diagram

BFun” ([0],C) —— BFun" ([e],C)

where the solid arrow [1] — BFun” ([¢],C) is the assumed equivalence. We showed that this is represented
by a dashed arrow [1] — C, and further that this dashed arrow actually factors through W, hence the other
dashed arrow [1] — W in the diagram. This shows that the space of [0]-points is a deformation retract of
the [1]-points that are equivalences, and is thus a homotopy equivalence as desired. O

Proposition 4.14. An isotopy equivalence (I, (U;)) <= (J4+,(V;)) in J(X x Y)?, induces an equivalence
of co-categories

(disk(X)2 x disk(Y)2) 1, 0 (T(X)E % T2 ]

= (disk(X)& x disk(Y)?) (T(X)Ex T, )]

/g (Vi) /45

Proof. We use Theorem [A220] to identify the localizations as complete Segal spaces in Lemma [£.13 above.
By Observation [A-18 the map between these complete Segal spaces is an equivalence if and only if the
resulting maps between spaces of [0]- and [1]-points are both equivalences.
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First, we establish the equivalence of [0]-points. To do this, we first identify the [0]-points, which is the
classifying space of the localizing subcategory,

B(T(X)E X TME) /i, oy = IT <H Confr-1(iycrxr(Ui C X X Y)) :
iel JAUt(E 4 Ly K ALy -51,)
(32)

with a space we now explain. The coproduct is indexed by the set of isomorphism classes of objects in

(K4 Ly Ky ALy D1y

(Fin. x Fin,),r, . For each such isomorphism class, select a representative (K, Ly, Ky ALy EN I,). Given
such a representative, for each i € I, the topological space Confs—1(;yc (Ui C X x Y) is defined as the
following pullback

Confffl(i)cKXL(Ui C X x Y) — XXEK Yy XK
J JX
(X x Y)x(ExL) (33)

restriction
inclusion =1
Confpo1(y(U;) — =0 (X x Y)*/ ()

explained here. For J a set and Z a topological space, the topological space Z*” is the J-fold product of

X

Z; the map X*K x Y*L 5 (X x Y)E*L is given by ((xk)keK,(yg)geL) — ((xk)7(y¢))(k,£)erL' Note
that Confs—1(;ycrxxr (Ui C X x Y) carries a natural action by the group Aut(K, Ly, Ky A Ly ER I,) of

automorphisms of the object (K4, Ly, Ki ALy ER I) € (Fin, x Fin,) /7, . Indeed, this group is the subgroup
of the product of permutation groups L x x ¥, which acts on X*% x Y*L_ consisting of those pairs of

permutations (a, 8) such that the permutation o x 8 € L, restricts as a permutation of f~1(7).

Now, by definition of J(X)& and 7 (V)& in terms of isotopy equivalences, the functor J (X )& x j(Y)?m o)
4, (U

(Fin. x Fin,),7, carries each morphism to an isomorphism. This is to say this functor factors through the
maximal oo-subgroupoid of (Fin, x Fin,) /. :
TJ(X)E x JY)® — Obj((Fin* X Fin*)/1+) =~ Obj(Fin,) x Obj(Fin.),r, -

€ /g,y

Every functor to an oco-groupoid is a coCartesian fibration whose coCartesian monodromy functors are,
necessarily, equivalences. Therefore, Theorem [A-62] implies the following canonical diagram among spaces is
a pullback:

B (j(X)§ x J(Y)ég/(u«v,:n)\ ; —Fk <J(X)§) X j(Y)?/u%wm)
KyALy =714
J , J (34)
f
. (Ko nLy 1) B (Obj(Fin*) X Obj(Fin*)/I+)

Note that the canonical map to the bottom right space in this diagram from the coproduct

11 BAut(Ky, L, K AL, L 1.) ~ B (Obj(Fin*) x Obj(Fin*)/I+)
(K4, Ly Ky ALy-51,]

is an equivalence. Consequently, the top right space in is a coproduct of its base-changes of each cofactor
of the bottom right space in :

[T Blo@exame

¢ /<I+’<Ui>>) IBAUt(K 4, Ly K4 ALy -14)

~ B (j(X)ﬁ? x J(Y)® ) .

< /gy
(K Ly KAy 310
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Therefore, the sought equivalence is implied by an equivalence

B (j( )& x T(V)e [y, >)> (H Confy1(ycrxrn(Us C X X Y)> ;
i€l JAUt(K 4, L K ALy —>14)
(35)
foreach (K, Ly, Ky ALy EN I,). Such an equivalence is, in turn, implied by a Aut(K 4, Ly, Ky AL, ER I,)-
equivariant equivalence between spaces:

IBAUt(K 4, Ly K4 ALy ~514)

B (j( ) X J( ) /g ))) HConff_l(i)CKXL(Ui C X x Y)) . (36)

KinLiSsr,
Ky ALy 1 (z’el

We use Theorem to establish such an equivalence (36]). First, observe that

u;:(j( )& x I )C/(I+(U>>)\

I
Ky ALy —>I

is a poset. The bottom horizontal morphism in the diagram in equation (33]) is an open embedding, so by

Proposition the top horizontal arrow is as well. Using this, we define a Aut(K4, Ly, Ky A Ly ER I)-
equivariant functor

Uu— Hopen (Confr-1(5)ckxr (Ui € X xY)) C open (H Confs1(iycrxr(Ui C X x Y)) (37)
iel i€l
given by
(K4, (Vi)s (L, W) = {(ve) i | on € Vieh X {(we)r | we € WL} .

This is well-defined since it takes values in open(X* x Y'*) that evidently restrict to opens in Confs—1 ;) (U;).
To invoke Theorem we must verify that for ¢ € Confy—1;)(U; C X x Y), the classifying space Bl ~ *
is contractible. This is true since the category is cofiltered, which can be seen using the fact that disks
form a basis for opens (Example [A.6)). Finally, observe that each value of the functor in equation is
a contractible subspace of configuration space, since it is a product of disks. Thus, by Theorem [A.64] we
identify the [0]-points of each space in the statement of this proposition in a functorial manner. Similar to
the proof of Lemma [4.13] since the functor is induced by an isotopy equivalence, Theorem gives us a
weak homotopy equivalence of [0]-points. It remains to verify an equivalence on [1]-points. Adopting the
notation of Lemma observe the following diagram

B(C) )Y —— BFun™([1],C")
=~ ! ///,/? evy
B(C,)Y — B(Fun”((1],C) 1 }
* —/>BFun

The top left diagonal equivalence was established in Lemma and we just established the bottom right
diagonal equivalence. Thus, the dashed arrow between [1]-points is manifestly an equivalence. O

Corollary 4.15. The adjunction

p* = Fun™7>P(disk(X x Y)®,V®) == BiFun™"’>(disk(X)®, disk(Y)®; V®) : p
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is an equivalence. Further, the adjunction restricts to an adjunction between locally constant subcategories
p* : Fun™7= <P (disk(X x V)8 V®) == BiFun™">"(disk(X)®, disk(Y)®; V®) : py.

Manifestly, the restricted adjunction is an equivalence.

Proof. The first statement is immediate from Theorem Lemma and Lemma For the
second statement, consider F € BiFun™7="<(disk(X)®, disk(Y)®; V®). We wish to show that pF €
Fun™7e1¢:0Pd (disk (X x YV)®,V®). To prove this, we restrict to the oo-sub-operads of connected disks.

That is, given an isotopy equivalence, (I, (U;)) & (J4,(V;)) in disk(X x Y)&, we show the morphism

o F (L, (Ui))) = pF (4, (V5)))

in V® is an equivalence. Recall that piF((I, (U;))) is computed as the following colimit

. . . fgt . . F (=
colim ((d.sk(X)g@ x disk(Y)E) /. o) =5 (disk(X)¢ x disk(Y)2)/,, = v/@; — v&) :
Note that the following diagram commutes
(disk(X)E x disk(Y)), 1, 10, (T(X)E % TONE)L ]2 (disk(X)E x disk(V)E)
lfgt lfgt
(disk(X)€ x disk(Y)@)[(T(X)® x J(Y)&)™1] loc disk(X)® x disk(Y)®

T e lf
T = P®

The existence of the dashed arrow is given by the assumption that F is locally constant. By Proposition
[A725] localizations are final, so

o F((I+, (Uy))) =~ colim ((disk(x)? x disk(Y)®) (T(X)E x TYV)E) ] — v®\l+) ,

/gy /1y (U))

and likewise for p)F((J4,(V;))). Thus, by Proposition we have p F((I4, (U;))) = pF((J+, (V;))) is
an equivalence. O

A  Appendix

In this appendix we briefly recall the necessary definitions and notations that underlie this paper.

(Higher) Category theory

In this section we record some essential notation, definitions, and results from (oo-)category theory that
we use freely in this paper. For more details on the foundations of ordinary category theory, we refer the
reader to [AwoI0] and [Riel6]. For early developments of co-category theory, we refer the reader to [Rez01],
[Lur09], and/or [RV22).

Definition A.1. An oo-category C is called cofiltered if every functor K ', ¢ between oo-categories extends
to a functor out of the left cone

KK —t-¢

21
-
-
-
-
-
-

K.
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Proposition A.2. Let P be a poset and K be an co-category. The restriction
Fun(KC, P) — Fun(Obj(K), P) ~ Fun(moObj(K), P)
is a monomorphism.
Corollary A.3. Let P be a poset and K be an co-category. A functor F : I — P admits an extension

K—Lt5p

A
-
-
-
-
-

’C<1
if and only if there exists an extension

To(Obj(K)) —£— ¢

-
-
-
-
-

o (Obj(K)7) .

Corollary A.4. A poset P is cofiltered (as an oo-category) if and only if for all finite subsets S C P, there
eTists P—_oo € P such that for all s € S, we have p_ < s.

Example A.5. Let X be a topological space. By Corollary the poset open(X) is cofiltered since the
finited intersection of open sets is open.

Example A.6. Let X be a topological manifold. Using Corollary the subposet disk(X) is cofiltered.
Namely, the finite intersection of disks is open, and since X is a manifold, disk(X) is a basis, so we can find
an element of disk(X) in the finite intersection.

Proposition A.7. If a diagram of co-categories

is a pullback, then for all b € B the functor
F|b : g‘b — 5‘/F(b>
is an equivalence.

Proposition A.8. A diagram of spaces
E——¢&

BB
is a pullback, if and only if for all [b] € moB, there exists some be [b] for which the functor
. /
}’ﬂlg . g‘g — g‘F(E)

is an equivalence.
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Proposition A.9. Consider a pullback diagram in topological spaces

X 25 x

L

y Ly,

If f is an open embedding, then so is g.

There is a technical condition that we need to assume on our target symmetric monoidal co-category V®
in this paper to enable us to compute colimits.

Definition A.10 ([AFI5] Definition 3.4). A symmetric monoidal co-category V® is @-presentable if it is
presentable, and if for each V' € V¥, the functor V ® — : V — V takes colimit diagrams to colimit diagrams.

In particular, V® being presentable means that all colimits exist. We also use that V ® — distributes
over colimits to compute certain colimits in some of our proofs.

Definition A.11. A functor F': C — D between oco-categories is final if for each functor D — £ to another
oo-category the canonical morphism
colim(C 5D &) — colim(D — &)

is an equivalence, provided the colimits exist.

Note that if D has a final object, d, then the inclusion * ﬂ) D is a final functor.

Complete Segal spaces and localization

Complete Segal spaces as developed by Rezk in [Rez01] are one model for the theory of co-categories. Though
we work model independently in this paper, we explicitly use complete Segal spaces to use a theorem of
Mazel-Gee [MGI9] to identify localizations of oo-categories. Here we recall the basics of complete Segal
spaces.

Complete Segal spaces are simplicial presheaves of spaces satisfying two conditions. To describe simplicial
objects, we recall the simplex category.

Definition A.12. The simplex category A is the category of finite nonempty linearly ordered sets and order
preserving maps between them.

We denote objects in A by [p] := {0 < --- < p} for p € Z~y.
Now, we define what we mean by a space.

Definition A.13. The co-category of spaces Spaces is the category of topological spaces that admit a CW
structure localized on the weak homotopy equivalences.

Definition A.14. A simplicial space is a functor A°®? — Spaces. The simplicial space represented by an
object [p] € A°P is denoted simply

[p]: A°® — Spaces , [q] — HomA([q], [p]) )
There is a special class of simplicial spaces called the Segal spaces

Definition A.15. A simplicial space, F' : A°® — Spaces is a Segal space if for every integer p > 1 the
diagram
Flp| ————— F{p—-1<p}

! |
Flo<.---<p—1} —— F{p—1}

is a pullback of spaces.
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Given a Segal space, there is a subspace of [1]-points that have both left and right inverses. We call these
[1]-points equivalences.

Definition A.16. Let F : A°® — Spaces be a Segal space. An equivalence in F' is map between simplicial
sets
i
T

such that dashed arrows in the following two diagrams among simplicial sets exist

{0 <1} ;
[ X
[2] -------3 y F (38)

{1<2} ;
[ X
] — y F (39)

We denote the subspace of equivalences by FeUV[1] C F[1].

The diagram in equation asserts that f has a left inverse, and the diagram in equation asserts
that f has a right inverse.

Let F': A° — Spaces be a Segal space. The unique map from [1] — [0] induces a map F[0] — F[1] that
uniquely factors through the equivalences F*9V. This maps the [0]-points to degenerate [1]-points.

Definition A.17. A complete Segal space is a Segal space F' : A°® — Spaces for which the map F[0] —
FeauV[1] is an equivalence of spaces.

The Segal condition says that the [0]-points and [1]-points determine the [p]-points. This is useful for
identifying two complete Segal spaces, as codified in the following observation.

Observation A.18. Two complete Segal spaces C and D are equivalent if there is an equivalence between

[0]-points and [1]-points.

Central to the proof of the Theorem [4.1] is the identification of the localization of an oco-category via
Theorem [A.26] below. We define localizations using classifying spaces, or oo-groupoid completions. The idea
of localization of an co-category C is to formally invert a specific class of morphisms in C. If we simply invert
only the isomorphisms, then we obtain the original co-category C. On the other hand, if we invert every
morphism in C, then we obtain the classifying space, or co-groupoid completion of C.

Definition A.19. As developed in [Lur(9], there exists a left adjoint to the inclusion
B

—
Cat(oo,1) +— Spaces

of the oco-category of spaces into the oco-category of oo-categories. For C an oco-category, we call the value of
the left adjoint BC the classifying space of C.
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Remark A.20. If one takes complete Segal spaces as a model for co-categories, then the classifying space of
a complete Segal space C : A°P — Spaces is given by the colimit BC := colim C. If one takes quasicategories
as a model for oo-categories, then the classifying space of a quasicategory C : A°® — Set is given by the
geometric realization |C|.

Observation A.21. Let C be an oco-category. If C possesses an initial object, then its classifying space BC
is contractible. Dually, if C possesses a final object, then its classifying space BC is contractible.

Proposition A.22 ([MG19] Corollary 1.28). An adjunction between co-categories induces an equivalence
between their classifying spaces.

Using the notion of a classifying space, we can now define the localization of an co-category.

Definition A.23. Let C be an oo-category and let W C C be an oco-subcategory that contains all the
equivalences in C. The localization of C at W is defined to be the pushout

We———¢C

|

BW —— cw1].

Example A.24. If we take W = C™ to be the maximal co-subgroupoid of C, then C[C~] =~ C. At the other
end of the spectrum, if we localize C on all morphisms, then we obtain the classifying space of C. That is,
Cclc' ~BC.

Proposition A.25 ([AF20a] Proposition 5.13). A localization of co-categories is both final and initial.

Theorem A.26 ([MGI9] Theorem 3.8). Let C be an co-category, and let W C C be an oo-subcategory that
contains the mazximal co-subgroupoid of C. If the classifying space BFunW([O],C) is a complete Segal space,
then there is an equivalence of co-categories

BFun([e],C) ~CIW™1] .

Here, FunW([o], C) denotes the simplicial category whose [p]-points are defined as the following pullback
of co-categories

Fun"([p],C) —— Fun([p],C)
| |
Fun([p]~, W) —— Fun([p]~,C)
where [p]™ denotes the maximal co-subgroupoid of [p].

Observation A.27. Note the [0]-points are equivalent to W. Also, the [1]-points are given by natural
transformations whose morphisms are drawn from W.

oo-operads

We use the theory of oo-operads as developed by Lurie in §2 of [Lurl?]. The notion of oo-operad is an
oo-categorical analog of a multicategory, or colored operad. We now recall the basic definitions and notation
of this theory.

Colored operads can be thought of as symmetric monoidal categories where the symmetric monoidal
product is not actually representable. The category of based finite sets is used to organize oo-operads.

Definition A.28. Let Fin, denote the category of based finite sets with based maps between them.

Typically, we will denote objects of Fin, by I, where [ is a finite set and + is a disjoint basepoint. There
are several special classes of morphisms in Fin,.
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Definition A.29. A morphism 7, ER J4 in Fin, is called
e inert if f=1(j) ~ * for all j € J;
e active if f71(+) = {+}.

Observation A.30. The inert and active morphisms form a factorization system on Fin.. By this we mean
that every morphism I, — J; in Fin, can be uniquely factored as the composition Iy — I — Jy of an
inert morphism followed by an active morphism.

Definition A.31. Let F' : C — D be a functor between categories. A morphism f in D is called F'-
coCartesian if there exists an initial filler for each solid diagram of categories

We will denote the lift of f by fi.

Definition A.32. Given a functor F' : C — D and an F-coCartesian morphism in D, f : D — D’, we can
consider the coCartesian monodromy functor of f

fri €, —C,
that sends C' € C),, to fi(C), the coCartesian lift of f evaluated at C'.
Definition A.33. A functor F' : C — D is a coCartesian fibration if every morphism in D is F-coCartesian.

Proposition A.34. Let E — B be a coCartesian fibration. For each b € B, the canonical functor
B, = E,
is a right adjoint.

Definition A.35. Let E — B be a coCartesian fibration. For b L ' in B, the coCartesian monodromy
functor is defined via the left adjoint to the above right adjoint:

E‘b fffff > E‘b,
[0
E,, — E;

Definition A.36. A functor F' : C — Fin, is called inert-coCartesian fibration if each inert morphism in
Fin, is F-coCartesian.

Definition A.37. An co-operad is an oo-category C and a functor F': C — Fin, such that
1. F is an inert-coCartesian fibration;
2. for all I, € Fin,, the canonical functor
clr. L2 Tl
iel

is an equivalence of co-categories;
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3. for every f: I, — Jy in Fin, and every O € C|;, and P € C|;, , the canonical map between spaces

(e (O)o—)jes

Mapc (O, P)] s [ Mapc (O, P))lc,of

jeJ
is an equivalence of oco-categories.

Say an co-operad C - Fin, is unital if the fiber co-category F=1(1;) ~ {0} is a singleton, call it (), and this
object () € C is initial.

We now make precise the idea that co-operads generalize ordinary colored operads, or multicategories.

Construction A.38. Let O be a multicategory. There exists a category O® = Fin, over the category of

O_
non-empty based finite sets. An object in O® is a pair (I, I — obj(O)) consisting of a based finite set I,
and a map O_ : I — obj(0), i — O; € O that selects out an object of O for each i € I. We might suppress

o_
notation and refer to an object, (I,I — obj(O)), as the list (O;);er or even just (O;). A morphism of
objects

(I, = obj(0)) = (J1,] ~= obj(0))
consists of a map of based finite sets, I ER J, and for each j € J, a multimorphism g; € O((O;)scf-1(5); Pj)-

Observation A.39. Given a multicategory O, the functor o from Construction [A-3§]is inert coCartesian.

Namely, for f: I, — J; an inert morphism, and (14,1 9o, obj(0)) € 0%, we have

0,
I T 2= 0bj(0)) = (T4, T ——25 0bj(0)).
That is, fi((Os)ier) =~ (Of-1(;))jes. Furthermore, Construction actually produces an oco-operad.
An extremely important example of Construction [A-38]is the following.

Example A.40. Let X be a topological space. Let open(X) denote the poset whose objects are open sets in
X with partial order given by inclusion of open sets. This can be thought of as a multicategory by declaring
that the collection of multimorphisms from a list of opens (U;);cs to another open V' is a singleton if U; C V
for each i € T and U; NU; = ) for each ¢ # ¢’ € I, and otherwise the collection of multimorphisms is the
emptyset. Construction produces an oo-operad open(X)®. We can think of an object of open(X)®
as an I indexed list of open sets in X. We will typically denote such objects by (I.,(U;)). Note that a

morphism (I, (U;)) EN (J4+,(V;)) is a map of based finite sets I ER J4 satisfying the condition that for
each j € J, the collection (U;)s-1(;) is a pairwise disjoint collection of open sets of V.

Observation A.41. Note that open(X)® ~ open(X).

[y
There is a special class of oco-operads that play an important role in our arguments.

Definition A.42. A symmetric monoidal co-category is an co-operad O® = Fin, for which 7 is a coCarte-
sian fibration.

Remark A.43. Ordinary symmetric monoidal categories can be thought of as multicategories where the
collection of multimorphisms is given by the collection of maps out of the tensor product. In this way, one
can again use Construction to produce a symmetric monoidal co-category from an ordinary symmetric
monoidal category.
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Tensor products and bifunctors

As mentioned in the introduction, one of the key ideas underlying the proof of general additivity is that the
oo-category of co-operads possesses a tensor product with the property that

Fun®(open(X)®, Fun®(open(Y)®, V®)) ~ Fun®(open(X)® ® open(Y)®, V) .
The defining feature of the tensor product of co-operads is such that there is an equivalence of co-categories
Fun®(open(X)® @ open(Y)®, V®) ~ BiFun(open(X)®, open(Y)%; V?®) .
We now spell this out a little more, and in particular, define the co-category
BiFun(open(X)®, open(Y)®; V¥)

of bifunctors between oo-operads. We refer the interested reader to §2.2.5 of [Lurl7] for details.
Define the smash product functor of based finite sets as follows:

Fin. x Fin. 2 Fin,
Iy, Jy = I ANJ = x )4
and for f: I, — K, and g : Jy — L4 based maps, define the based map
fAhng:IaNJy > KL NLy

given by
(f(),9(3)) ,  if f(u) # + and g(v) # +

(FAg)uwv) = {+ , otherwise.

Definition A.44. Let O®,P®, and Q% be oc-operads. A bifunctor of co-operads is a functor
0% x P¥ 5 Q¥

such that

1. the following diagram commutes

0% x PP —— Q¥

| |

Fin. x Fin, —~— Fin,.

2.  takes pairs of inert coCartesian morphisms to inert coCartesian morphisms.

Definition A.45. Let O%, P®, and Q% be co-operads, and let ¢ : O%® x P® — Q% be a bifunctor. The
bifunctor ¢ ezhibits Q¥ as a tensor product of O and P® if for any oc-operad, C®, the functor

Fun®”(Q®,C®) — BiFun(0O®, P%;C®)
given by precomposition with ¢ is an equivalence.

We attempted to directly work with the tensor product, but even for the relatively simple co-operads
like open(X)® and disk(X)®, we encountered trouble explicitly identifying the tensor product. The tensor
product of oo-operads as given above should be a generalization of the Boardman-Vogt tensor product of
ordinary operads. This is another interesting aspect of the tensor product that we have yet to unravel.
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Left Kan extension

We use left Kan extensions in a variety of contexts throughout the body of this work. In this section we
recall the basic definitions of ordinary left Kan extension and operadic left Kan extension. Additionally, we
provide basic results that we utilize.

Ordinary left Kan extension

Given a diagram of categories
c—rt>Dm
P )

&

one might wish for an extension of F. That is, a functor F : £ = D that fills the above diagram. Often,
such a filler will not exist. However, a left Kan extension is a natural approximation to a filler arrow. In
fact, it is the initial approximation.

Definition A.46. Given a diagram of categories

c L5 p

le ,

&

the left Kan extension of F along p is a functor pF : £ — D and a natural transformation ¢ : F —
mF o p. This data satisfies the following universal property: given another functor G : £ — D and natural
transformation 8 : F' — G o p, there exists a unique natural transformation o : piFF — G such that the
following diagram commutes

F =5 pFop

N

Gop.

Example A.47. Let F' : C — D be a functor. If it exists, the left Kan extension of F' along the unique
functor C — * is given by colim F'.

The following proposition tells us that when they exist, left Kan extensions compose.

Proposition A.48. Assume we have a solid diagram of co-categories
A—LoD
la
B
¢
C .
If the left Kan extensions cv F' and (f o a) F' exist, there is an equivalence of functors
(BoahF ~Bi(aF) .
The following proposition is useful for working with left Kan extensions along coCartesian fibrations, such

as projections. It tells us that the left Kan extension along a coCartesian fibration evaluates as a fiberwise
colimit.
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Proposition A.49 ([Lur09] Proposition 4.3.3.10). Given a diagram of oco-categories

c—-Lts¢

|7

D

for which 7 is a coCartesian fibration, if the left Kan extension mF of F' along 7w exists, then for all D € D,
the left Kan extension evaluates as

mF(D) ~ colim (C|D £, 5)
a colimit indexed by the fiber over D.

Proposition A.50. Consider a commutative diagram of co-categories
# V
, |r

-2 . B.

o

on— &

Provided that for all e € £, the canonical morphism in B
. (cohm(go PR V)) = ple) (40)

is an equivalence, then the diagram

ey

%

canonically commutes. If, in addition, V = B is a coCartesian fibration, then for all e € &, there exists a
canonical equivalence

ng(e) ~ colim (€O/e — So/p(e) i> V/p(e) Q V|p(e)> .

Proof. For the first statement, recall that for e € &, the left Kan extension is given by pF(e) =
colim(&y /e — &o RN V). Observe the commutative diagram

N

Eo/pe) — V/p(e)

gO/e

. f o
Since Vp(e) iy preserves and detects colimits, we see that

colim (£oe = o /p(e) = Vip(e)) = (01 F(e), m(pF(e)) — ple)) -

The inclusion V|,ey < V/p(e) is fully faithful with image consisting of those objects whose morphism to p(e)
is an equivalence. Thus, the hypothesis of equation guarantees that piF'(e) € V|p(), which completes
the first statement.

Now, since 7 is a coCartesian fibration, Proposition tells us that

R
V‘b — V/b
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is a right adjoint. Now, the first part of this proposition showed that pF(e) € V| ., =~ im(R), and thus
piF(e) = R(e') for some e’ €V . By definition of an adjunction, the following diagram commutes

R(e/) ™5 RLRe’

& lR(counit)
Re’ .

Note that the right vertical arrow is an equivalence since R is a right adjoint. Since R is fully faithful, this
implies that the unit
pF(e) = RLpiF(e)

is an equivalence. Since left adjoints preserve colimits, we see that
. F )N
wf@ﬁmmw%w*&maﬁvmaLLWm07

which completes the proof. O

Operadic left Kan extension

Central to several of our proofs is an operadic version of left Kan extension. The general theory of operadic
left Kan extension is detailed in section 3.1.2 of [Lurl7]. In this subsection we establish a colimit formula
for computing operadic left Kan extensions within the context of this paper. Namely, we prove the following
formula:

Proposition A.51. Let v : D% < OF be a fully faithful functor between oo-operads with D® unital. Given
a morphism of co-operads, F : D® — V| with target a ®@-presentable symmetric monoidal co-category, the
operadic left Kan extension of F along v evaluates as

/T 0 /1 /1

Fy
uF((I4,(0;)) =~ colim <D®m Jot, D, BELNS VSN V“? ) e VS’Jr .
N

Proof. We first prove the first statement concerning values of uF. Proposition 4.3.2.17 in [Lur(09]
establishes the adjunction of functors over Fin, :

Lt FunFin* (D®,V®) <:> FunFin* (O®,V®) A

It remains to check that 1 F takes inert-coCartesian morphisms to inert-coCartesian morphisms. Let f :

I+ — Ji be an inert morphism and consider (I, (0;)r) EiR (J+,(0j)) the coCartesian morphism in O%.
Consider the diagram

D%ct D@;ct V%ct V®|I+
(I4.(04)) Iy Iy
lf! lf} lf! J{f‘
%u:t ’D%ct V%ct V®|J+ .
(J4:(95)) J+ J4

Since f is inert, each of the vertical functors is a projection. Further, the leftmost vertical arrow is final, as
justified through Quillen’s Theorem A, which we have recorded as Theorem To invoke this theorem,

we must show that for each (K, (D)) = (J4, (0;)) in D%q : the classifying space of the undercategory
J4.(05)
. (K4,(Dk) = (7+:(03))/
( /?ﬁ,(om)

48



is contractible. Since f : I, — J, is inert, f~1(j) is a singleton for each j € J. This defines a section

o:Jy — Iy of the map I ER Jy. This enables us to canonically consider (K, (D)) = (J4,(0;)) as an

object of D, via the coCartesian lift along o
(I4.(0;)

(K, (Dy)) = (J+,(05)) == (L+, (Uy)
where U; := O, if f(i) = j and U; := (), the initial object of D®, otherwise. This implies the undercategory
. (K4 (DR) D (J4.,(0;))/
( ?ﬁ«oi)))
has an initial object, and thus by Observation its classifying space is contractible. Therefore,
uF (L4, (0:))) = uF(Jy, (05))

~ colim | D&, D%, =5 VE., VP
/J+ |J+

T4.(0;)) Ty
~colim (Df.. DRV, 5 VE L8
(I1.(04) Iy /1+ Iy J+

~ f [ colim | D%.. =DV = Vi — V‘® .
/T 0 /35 I Tt

where the last equivalence follows because the projection
f!:VJ:V|® Ve ~ P!
I+ 1y

preserves colimits.

Cosheaves

Factorization algebras are functors that satisfy a local-to-global property. This is codified in the idea of a
cosheaf.

Informally, equipping a category, C, with a Grothendieck topology specifies a notion of ‘cover’ for the
objects in C. This enables us to make sense of particular coherent systems of data on C, namely (co)sheaves.

Definition A.52. For C € C, a sieve is a fully faithful functor & — C,c such that for each (D ER C)eld
and (E % D) € C(E, D), we have (E % D L ¢) e u.

Intuitively, we think of a sieve as specifying the allowable ways of accessing the object C.

Observation A.53. Let C be a category. Let C € C be an object. Let {U, — C} be a collection of objects
in the overcategory C,c. Consider the full subcategory {U,} C C/¢ consisting of those D ER C such that

there exists a factorization
D L
3 /

Ua

c

for some U, € {Ua}. This full subcategory {Ua,} C C/¢ is a sieve.

Definition A.54. A Grothendieck topology, T, on C is
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e for each C € C, a collection of covering sieves for C, denoted 7(C),
such that

1. for each C' € C, C/¢ < C/c is in 7(C);

2. ford € 7(C), and f: D — C a morphism in C, we have f*U € 7(D);

3. if U is any sieve on C € C such that the sieve

U{f:D=C| fuerd)}er(0),

D
then in fact, U € 7(C).

For 7 a Grothendieck topology on C, say a collection of objects {Us — C} C C/¢ is a cover in the T-topology
if the sieve {U, } of Observation is a covering sieve.

Example A.55. Let X be a topological space. There is a standard Grothendieck topology on open(X) the
poset of open sets in X where for O € open(X), asieve Y = {Uy — O} € 7q(open(X)) is a cover iff for each
x € O there exists some U, containing z. Thus, the covering sieves are precisely the (complete) standard
open covers.

A category can be equipped various different Grothendieck topologies, similar to how a set can be endowed
with various distinct topologies. For example, consider the following family of topologies on open(X).

Example A.56. Let X be a topological space and consider the category open(X). For each integer r > 0
there is a topology on open(X) called the J.-topology, let us denote this by 7; . Given an open set O €
open(X), if a collection of open sets U = {U,} is a cover of O in the J,.-topology on open(X), then for each
subset S C O with cardinality at most r, there exists some U, € U that contains S. As an example of the
distinction between these topologies, consider the collection U := {(—o0, 1), (—1,00)} of open subsets of R.
This is a Jy-cover since it is an ordinary open cover, however it is not a Ja-cover. To see this, consider the
cardinality 2 subset S = {—2,2} of R. Note that S is not contained in either element of I.

Definition A.57. Let (C,7) be a site. A basis, B, is a full subcategory of C with the property that every
C € C admits a 7T-covering by objects in B.

Example A.58. Let X be a topological n-manifold. The full subcategory disk(X). C open(X) consisting
of those U € open(X) for which U =2 R" is a basis for the standard topology on open(X). However, disk(X)c
is in general not a basis for any J.-topology on open(X) when r > 1. Rather, consider disk(X) C open(X)
the full subcategory consisting of those U € open(X) for which U = ], ... R™ is homeomorphic to a finite
disjoint union of open disks. Then disk(X) is a basis for every J,.-topology on open(X).

Recall the right cone of a category, U, is given by
u=ux{0,1} ] =
Ux{1}

For U C C/¢, observe the functor

us — C/C
given by sending the cone point to (C , (), and sending each morphism (C' — C) L5 % to the obvious
square.
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Definition A.59. Let (C, 7) be asite. The category of (S-valued) cosheaves (w.r.t. T) is the full subcategory
cShv’ (C) C Fun(C,S)

consisting of those functors that have the property that for all C' € C and all covering sieves U C C,¢, the
composite

f -
w—Ceechs
is a colimit diagram.

Remark A.60. The right cone in the above definition allows us to keep track of the map that is part of
the data of an object in C/c. Note that there is a terminal object in the above diagram, namely F(C), and
by the diagram being a colimit, we mean that this terminal point is the colimit of the diagram with the
terminal point removed.

Quillen’s theorems

Quillen’s Theorem A is a useful tool for computing (co)limits, as it provides a way to check if a functor is
final or initial. This is relevant for us because we often must analyze colimits via the colimit formula for
(operadic) left Kan extension. We refer the reader to [AF20al for more information on an oo-categorical
treatment of Quillen’s Theorems A and B.

Theorem A.61 (Quillen’s Theorem A). Let F : C — D be a functor between oo-categories. The functor F
is final if and only if for each D € D, the classifying space

B(CP/) ~ «

is contractible. The functor F' is initial if and only if for each D € D, the classifying space
B(C / D) x

1s contractible.

Quillen’s Theorem B is designed precisely to check if the classifying space of a fiber sequence is again a
fiber sequence.

Theorem A.62 (Quillen’s Theorem B). Let F : C — D be a functor between oco-categories. If for each

morphism D — D' in D, the functor C;p — C/p: induces an equivalence between classifying spaces B(C,p =
B(C/p, then for each D € D the diagram of classifying spaces

B(C/p) — BC
J J
* —><D> BD
is a pullback.

Lemma A.63 ([Cepl9] Lemma 4.3.1). Let

E—— &

o

B—— B

be a pullback of oco-categories. If ©' satisfies the hypotheses of Quillen’s Theorem B, then so does 7.

51



Miscellaneous

In this subsection we compile a collection of miscellaneous facts that we reference in this paper.

Theorem A.64 ([Lurl7] Theorem A.3.1). Let X be a paracompact Hausdorff topological space and let

uty open(X) be a functor from a poset into the poset of open sets in X. For each x € X, consider the full
subcategory
U, ={Ueld|zeFU)}CU.

If for oll x € X, the classifying space
BU, ~ x

is contractible, then the map
hocolim (Z/{ EiN open(X) — Top) =S X

is a weak homotopy equivalence. Furthermore, if F(U) ~ x for each U € U, then
BU <= hocolim (Z/{ EiN open(X) — Top) =X
Theorem A.65 ([Kis64]). The inclusion
Homeo(R") < Emb(R",R"™)

of the space of self-homeomorphisms of R™ into the space of self-embeddings is a homotopy equivalence.
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