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Fundamental Theorems of Vector Analysis

@ Green's Theorem j{ F-ds= // curl FdA
oD D
» D plane domain, F = (P, Q)

» curl(P, Q) = ?98 (35

@ Stokes' Theorem j[ F.-ds= // curl F-dS
oS S

» S surface in space, F = (P, Q, R)

- anp.q.;) - (2698 00 00 _0P)

dy 0z Ox’
@ Divergence Theorem / -dS = /// divF dV
ow

» W region in space, F = (P, Q,R)
oP 8Q OR
» div(iP,Q,R) = e + = By +— B2
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Divergence Theorem

Theorem

// F-dS:/// divF dV
)%, w
Remarks

@ W is a region in space.
@ OW is oriented with outward-pointing normal vector
e F = (F1, Fp, F3) is a smooth vector field.

o 0 0
>'<F17F27F3>

o dIVF:VF:<a,@,$

OF; n OF> n OF3
0x dy 0z
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Example |
Example

Verify the Divergence Theorem for the region given by x? + y? + z? < 4,
z >0, and for the vector field F = (y, x,1 + z).

Computing the surface integral

The boundary of W consists of the upper hemisphere of radius 2 and the
disk of radius 2 in the xy-plane. The upper hemisphere is parametrized by

G(¢,0) = (2sinpcos,2sinpsinh,2cosp), 0< ¢ <m/2,0<6<2n.

T, = (2cos¢cosh,2cos@sinb, —2sin @),
Ty = (—2sin¢sinf,2sin¢pcosh,0),
n = TyxTy= (4sin? ¢ cos 0, 4 sin® ¢ sin 6, 4 cos ¢ sin )

n points up, so the orientation is correct.
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Example Il

Example

Verify the Divergence Theorem for the region given by x> + y? 4 z2 < 4,
z >0, and for the vector field F = (y,x,1 + z).

Computing the surface integral

G(¢,0) = (2sin¢cosf,2singsinf,2cosp), 0< ¢ <7/2,0<6<2r.

n = (4sin’ ¢ cosf, 4sin? psin 6, 4 cos Gsin ¢)

F-n = (2singsinf,2sin¢cosf, 1+ 2cos )
(4sin? ¢ cos 0, 4 sin® ¢ sin 0, 4 cos ¢ sin @)
= 165in3 ¢ cosfsin O + 4 cos ¢ sin ¢(1 + 2 cos ¢)

v
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Example Il
Example

Verify the Divergence Theorem for the region given by x2 + y? + z2 < 4,
z >0, and for the vector field F = (y, x,1 + z).

Computing the surface integral

G(¢,0) = (2sin¢cosh,2singsinf,2cosp), 0< ¢ <7/2,0<6<2r.

F-n = 165sin® ¢ cos fsin 0 + 4 cos ¢ sin (1 + 2 cos @)

w/2 2w
// F-dS = / / 16 sin® ¢ cos O'sin 0 d6 do
S1 0 0

w/2 2w
+ /0 /0 4 cos ¢sin (1 +2cos¢) df do
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Example IV
Example

Verify the Divergence Theorem for the region given by x? + y? + z2 < 4,
z >0, and for the vector field F = (y, x,1 + z).

Computing the surface integral

7/2 2w
// F-dS = / / 16 sin3 ¢ cos Osin 6 df d¢
S1 0 0

w/2 2w
+ /0 /0 4 cos ¢psin (1 + 2cos p) df do

w/2
= 0—|—87T/ (cos ¢ + 2 cos? ¢) sin ¢ dp
0

B 1, 2 0% /1 2\ 28
= 87r[—2cos ¢—3cos d)Ls_o =87 2+3 = .
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Example V
Example

Verify the Divergence Theorem for the region given by x? + y? + z? < 4,
z >0, and for the vector field F = (y, x,1 + z).

Computing the surface integral
The disk of radius 2 in the xy-plane is parametrized by

G(r,0) = (rcosf,rsinf,0), 0<r<2 0<6<2r.

T, = (cosb,sind,0),
Ty (—rsin@, rcos,0),
n = T,xTy=(0,0,r)

n points up, so the orientation is incorrect, and we have to change the sign
on n. )




Example VI
Example

Verify the Divergence Theorem for the region given by x? + y? + z? < 4,
z >0, and for the vector field F = (y,x,1 + z).

Computing the surface integral

G(r,0) = (rcosf,rsinf,0), 0<r<2 0<6<2r.

n=(0,0,—r)

2 27
// F.-dS = / / (rsin@,rcosf,1)-(0,0,—r) df dr
Ss 0 0
2 por 2
= / / (—r)d@dr=—2ﬂ'/ rdr = —4n
0o Jo 0
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Example VII

Example

Verify the Divergence Theorem for the region given by x? + y? + z2 < 4,
z >0, and for the vector field F = (y, x,1 + z).

Computing the surface integral
Adding up the results gives

[[ reas— [[ reess [ pas 25 —ar_ 250
ow St S> 3
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Example VIII

Example

Verify the Divergence Theorem for the region given by x> + y? 4 z2 < 4,
z >0, and for the vector field F = (y,x,1 + z).

Computing the volume integral
OF; OF, OF;

dIVF:8X+ —i—aZ:O—i—O—i—l:l.

dy
.3
// dideV:/// 1dv:vo|(w):1.4” 2° _ 16m
w w 2 3 3
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