Final Review Problems Key, M 273, Fall 2011

1. Show that the equation cot ® = 2cosf + sinf in spherical coordinates describes a
plane through the origin, and find a normal vector to this plane.

Multiply by psin ¢ to get pcos¢ = 2psinpcosf+ psingpsind, i.e., z = 2x+y. A normal
vector is (2,1, —1).

2. Find the length of the path r(t) = (sin 2¢, cos 2¢,3t — 1) for 1 <t < 3.
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3. A force F = (12t + 4,8 — 24t) (Newtons) acts on a 2-kg mass. Find the position of
the mass at t = 2 (seconds) if it is located at (4,6) at t = 0 and has initial velocity (2, 3)

(m/s).
F = ma, so a(t) = (6t + 2,4 — 12t,), v(t) = (2 + 2t + 3t2,3 + 4t — 6t2), r(t) =
(442t +12 +13,6 + 3t + 2t2 — 2t3), r(2) = (20, 4).

4. Find an equation of the tangent plane at P = (0,3, —1) to the surface with equation
ze® + et =y +y — 3.

The equation is a level surface of F(z,y,2) = ze® + e*1 — 2y — y, whose gradient is

VF(z,y,2) = (ze* —y,—x — 1,e* + e**1), so the normal vector is n = VF(0,3, 1) =
(—4,—1,2), and the equation of the plane is -4z —y+2z=—-4-0—1-3+2-(—1) = 5.

5. Find the minimum and maximum values of f(z,y,z) = x — z on the intersection of
the cylinders 22 4+ y? = 1 and 22 + 22 = 1.

Lagrange multipliers give equations 1 = 2 x + 2ux, 0 = 2\y, and —1 = 2uz. The
second equation implies A = 0 or y = 0. The case y = 0 leads to x = +1 and z = 0,
so f(x,y,z) = £1. The case A = 0 leads to 2ux = 1 = —2puz. Dividing by 2u gives
r = —z. Using 22 + 22 = 1 we have the two solutions = 1/v/2 and z = —1/v/2, or
r = —1/v/2 and z = 1/v/2. In either case y = +1/+/2, and the two possible values for
flx,y,z) are i2/\/§ = ++1/2. So the maximum is v/2, the minimum is —v/2.

6. Find the double integral of f(x,y) = 23y over the region between the curves y = 2>

and y = z(1 — x).
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7. Use cylindrical coordinates to find the mass of the solid bounded by z = 8 — z:? — y?

and z = 22 4 32, assuming a mass density of f(z,vy,z) = (2 + y?)"/2.
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8. Calculate the work required to move an object from P = (1,1,1) to @ = (3, —4, —2)
against the force field F(z,y, 2) = —12r~*(x,y, z) (distance in meters, force in Newtons),
where r = y/22 + y2 + 22. Hint: Find a potential function for F.

Potential is V(z,y,2) = 6(2? + y? + 22)~! = 6r~2, so the work required (where C is
any path from P to Q) is W = — [, F-ds = —(V(Q) — V(P)) = V(P) - V(Q) =
V(1,1,1) =V (3,-4,-2) = § — & =52

9. Find the flow rate of a fluid with velocity field v = (2z,y, zy) m/s across the part of
the cylinder 22 4+ y? = 9 where z > 0, y > 0, and 0 < z < 4 (distance in meters).

Parametrization G(6,z) = (3cos#,3sin6,z), with 0 < 0 < 7/2 and 0 < z < 4. Then
Ty = (—3sinfb,3cos0,0), T, = (0,0,1), n = Ty x T, = (3cosh,3sinf,0) (outward-
pointing), and
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10. Use Green’s Theorem to evaluate j(I{ zydy — y? dz, where C is the unit circle in
C

counterclockwise orientation.
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by symmetry. (The integral is the first moment M, of a unit disk with constant mass
density p = 3.)



