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Definition 2.8. An bounded operator T : H — H is Hilbert-Schmidt if it has finite
Hilbert-Schmidt norm defined as

ITl7zs = D I TenllE = ) (en, T*Ten) = Te(T°T). < 0
n>1 n>1

In particular, 7" is Hilbert-Schmidt if and only if 7*7T is of trace class.

Lemma 2.9. If T is Hilbert-Schmidt, then T is compact.
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Theorem 3.8 (Equivalent characterization of Weil-Petersson quasicircles). The curve

is a Weil-Petersson quasicircle if and only if one of the following equivalent conditions

holds:

£

o [y |V Re(log f/ ()7 |dz]?> = [fy |£"(2)/f'(2)]*|dz]? < oo

b ff]D)* |9H(z)/gl(z)|2 |dz\2 < 00; \_)

o [fpIS(HI? p~2(2)]dz|* < o0; 4
(e [y 1S p2(2)|dz[? < oo;

e g has quasiconformal extension to C, whose complex dilation u = 0g/dg, supported

*p=g
log ¢ belongs to the Sobolev space HY/?(S1).

in D, satisfies

//D |1(2)? p?(2)|dz]? < oo

Lo flg1 is absolutely continuous with respect to the arc-length measure, and

In the above, p(z) = 1/(1 — |z|%).
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Lemma 3.10. If ¢(2) = 3505 anz7 "2, 1(2) = 3505 bz "2, then

/ &(2) (2 (2)|dz|? = 27 Z(n3 —n) " Lapb,.

t:>£ | Sep | * ey praeyide ™ = Fao Z&‘ “e)
w30

wam

= s 4 2
£ Joy kZ(k ) S wine D mn Dow
=2

Wrtri=\e, math 2 b

= "(2,7] Z lev:

m,n 7/]
=lyin T,{G\”*Gq)
= 27 n&,\\LS Z oo YD),
S(g,z,() — g,(Z g/(g) _ 1 5 =- i mnbmn(g)z—m—lc—n—l

m,n=1

-oq 2 é,m\emw) enl )

hnns, )



M €, 0= QML?:):‘W_ >
T

e on onND of A" (oY) [ L~ mkmub
&zyncm hol . —P,,W\—m N D 3

We wae Had ol +o W@ "H/L%kw\.
PW rnstnog

// S(g,2,O)C " A2 = 7'/ 1/2// S(g, % Q) dC 2
— _3/2,-1/2 ().
Pl
Therefore,
TG6) = X1 Y Quienl? =77 Yo // (/[ stonzci g JasP
n=zl m= 1 n>1
(./L//r\ \L

Grool  Show o cao

M P
Z—n—1 2 g\z)o0g n—1
J[ (9,207 Ma S o= //D o e A

|‘D*t~3 \p)
(j Q/b‘}*tqcue)\ s 1D
with f J,\Lfl < d9>
¢t 3¢ el |dz\2
V-4 V\ﬁ@

hoge Aol o o o
1 2
"Hdnf?| |dw|®

Lr‘-e,r\oq Mb Tﬂmdlol;\. \flu]/vu\_,




IR Y M‘Y\ﬂ s Jee o gau\ (g Y
// didm (gowh?/ D/_? L ( C)
= [[ o w)le™ (w) [

" S .
C Je el =T // 09| — |<99|2’ ‘

—_2 |N— M—2| 1 ~12
™ o T el

Tr(Cv*Gl) <xt S ff O pe2iace

n>1
1 |1(¢ m=2|4,12
s (C)P;nm ¢
| |M )2 2n—2 2
S TR e

_1//1—||u||2 T Y

<oo.=)@ -

e
Finally, [TT06, Ch.I1.2] shows that the singular values (A, ),>1 of the Grunsky operator

G of g coincides with the Fredholm eigenvalues associated to a quasicircle, defined as the
eigenvalues of classical Poincaré-Fredholm integral operator. This result was first proved
by Schiffer [Sch81] for C? curves.

Theorem 5.11 (Takhtajan-Teo [TT06]). Let Detp(7y) denote the determinant of I — G*G,
namely, [],>1(1 — A\2). We have

It (y) = —12log Detp(v),

where 1 1
140) = — [ 1010+~ [ 16"19' + 410g]£/(0) /g (o0)

is the universal Liowville action (and the Loewner energy) of .
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