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Math 333 Second Exam (20 Nov 2012)

Name:
Show all work (unless instructed otherwise). Good Luck!
0.[8pts] Circle True or False without explanation:

T or F ) For the identity matrix I and any matrix norm, ||| =1.

T or F ) A has rank 10 iff A has (exactly) 10 non-zero singular values.

T or F ) The pseudo-inverse A" is an invertible matrix.
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(T or F) For any u, v in an inner product space, we have (u|v) < ||ul||jv]|.

1.[15pts| Suppose that u,v are vectors in an inner product space such that
e
lull ="lofl and  (ufv) = 3.

Use the properties of the inner product (not just specific examples) to solve:
a) Bvaluate [|u+ |2 = lu —v|2 = ... <mav]jusvd> — <u-vl m—v>
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b) Show that u + v and u — v are perpendicular.
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2.[20pts] For u,v € R?, define (u,v) := 4uyv; + u1vs + Ugvy + 4ugvy.
a) Verify that (u,u) > 0 for all u € R2.
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b) Give the matrix A with (u,v) = uT Av. |
i
A= [ [1

c) Find the lengths of the semi-axes for the unit circle (for this inner product).
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d) Find the slopes of the semi-axes for the unit circle (for this inner product).
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3.[15pts] Consider the space of polynomials with the inner product

/f 1—x2

Chebyshev polynomials arise. from the Gram-Schmidt process applied to {1, x, 22, ...}.
The first, three, unnormalized, are

T()(.’L’) = 1, Tl((L‘) =2, TQ(ZE) = 21‘2 - 1.

Using the following: f_ll
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a) find the norms
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b) without computing any anti-derivatives, justify (z|1) = 0 and {x|22) = 0;
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¢) find the projection of 3 onto span{1, z, z%}. (Indicate the formula used.) 5 c I
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4.[10pts] Carefully prove that N(ATA) = N(A) for any rectangular matrix A.
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5.[15pts] For A = [Z ﬂ , compute the following matrix norms
\\ O 2"[“ L, 3 + '—1 _ é
lAlli = ... (max CoQ $owa = (l/uay ,3+l=

. ) | P _
1Al = ..\(W"°>‘ vou 5“‘”‘ = (W.QVEEQ-Q-S/ Q.H\} =S

||A||F=...J 224354yt = J4+ D+t



6.[10pts] Certain n x n mét;rix A has \; =5 and A, = 1/4 as its eigenvalues
a) W'hat can you say about the operator norm |[A|| '= MaX|q)=1 || Az||? Explain
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b) What can you say aboilt the condition number cond(A) of this A? Explain
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7.[10pts] The normal equation, AT Az = ATb is an expression of perpendicularity
of a certain vector to the column space C(A). What vector is this? Draw a figure

and reproduce the logical steps that yield A” Az = ATb.
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11 0] , find the following:

a) the operator norm || A := maxyg|=1 || Az| were ||z|| is the ordinary length of .
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8.[10pts] For A = [

ngLe\{ '
b) the image of the unit-etrete under T4 (which sends z to Az).
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9.[10pts|] Prove that if a non-zero X is an eigenvalue of AAT then ) is also an
eigenvalue of ATA. (This is a part of the argument that A and AT have the same
singular values, #30 page 632.)
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