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Math 333 First Exam (19 Oct 2010) —

Naine:

If you use a theorem indicate what it is.
instructed otherwise).
Good Luck!
Zr‘g oatia 0. Circle True or False without explanation:
or I} Everv linearly independent set in 1
{ w F ) RY and My, are isomorphic.
(T orf/F)) It T oS is one-to-one then sois 7.
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Show all work (unless

] 1o a basis of V.

are subspaces then so is their union U U 1.

(@ or F ) Any linear T : P, — P, that is one-to-one is onto.
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Y {5:‘1 2. Carefully verify that the set of all even runctions on R,

W:={feF: flx)= f(—x) for all 2 € R},

is a subspace of F.

H \
Satlor ‘v}\ .

g\"ﬁﬁ?f*‘x: XM%QH\"] owd €1

4 x) (’x\) fi&,; ¥(x\>
Now () = (~¥*—+Q(~Y3 R “+ 4
Cg 5 = AN t,w)‘a o\\\— aud %_ t_ oui OL +

"~ dol ol 4
(C i\ (-¥) = ¢~ 5;(—97/\5 - ¢ i(:ﬁ = ( _S) (x)

~~

/g\Nv\ &*ﬁ € M’ ook (‘E g‘\g‘,\f (vaj{&? *\/\fg &w;‘xd{:r’ﬁ‘_,

1003% 3. Suppose that T : V' — W is linear and {T'(v1),...,T(v,)} is a linearly in-
dependent set. Prove that {vy,...,v,} is linearly independent but the opposite
implication may fail.
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4. Let T 2Py — P, he given by T'(p) := p"” (the second derivative).
» 1) Describe kernel(T) and compute nullity(77).
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) Write out the matrix of 7" in the standard basis {1,
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6. Suppose that {vy,v9,v3} is a basis (of some V).
[1 ﬁg} a) Show that B = {v; — v, vy — v3,v3 — v1} Is not a basis.
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C &A@ b) Show that B = {v; + vy, vy + v3,v3 + v1} is a basis.
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spans all of V' but fails to do so it one
removes any of its vectors. Prove that A is independent.
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()’% 8. Show that {e. ¢ "} is lincarly independent (in F).
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9. A certain binarv code sends a message 7 = (a7.19)" to b:= Gur where the code

cenerating matrix G s
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QV&S a) Find the conditions (“check™) for (by.by.b3.by) to he an uncorrupted message

(i.e. b= Gur for some x).
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Math 333 Second Exam (30 Nov 2010)

Name:
Show all work (unless instructed otherwise). Good Luck!

0. Circle True or False without explanation: Below vectors are in a finite dimen-
sional vector space V', (-|-) denotes an inner product, and || - || its associated norm.

(@or F ) (ulv) = ||ul|/||v]| only if one of u and v is a scalar multiple of another.
(T or@ Every norm on V' comes from an inner product.

(@or F ) 7 := A%b is a least squares solution to Az = b.

(T of F DFor any square matrix A, the SVD gives a diagonalization of A.

I,k 1. Suppose that u, v, w are vectors in an inner product space and
' ~ ]
(ulv) = =3, (ulw)= -6, (vjw)==56

lull = 3. ol = V5, [lw] = V8.
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iﬂi,ﬁ j b) Determine by computation if u + v is perpendicular to w.
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% IO/LQ 4. Let ||A]| be a matrix norm of a square matrix A compatible with a vector norm
L= [[z]|. Show that if X is an eigenvalue of A then

| Al > [Al.
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a) Compute the semi-axis ‘of the ellipse that is the image of the unit circle under
the linear transformation T4 of the plane R? induced by A.
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b) What is the value of the operator norm [|Al| := maxy,|=; |[Az||? (Here |z|| is

the ordinary Euclidean norm.) e
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8. Consider the matrix A = [é

¢)* Sketch the image of the square {(z,y) : =1 <z < 1,—1 <y < 1} under Th
and guess-sketch the ellipse (from a)). A ovle fhe Sermi—oxes




K

| S ~ T T

22/

[io [0 [ro [19 [0 fio [i15 [0 [is [0 [l

© Math 333 Final Exam (15 Dec 2010)

Name:
Show all work (unless instructed otherwise). Good Luck!

0. Circle True or False without explanation. Below V is a finite dimensional

vector space.

ﬂ\n F ) V is isomorphic to R" provided n = dim(V).

@o F ) Any two bases of V have the same number of elements.

r F ) For orthogonally diagonalizable A, the singular values are eigenvalues.
r F ) For A >0, A® > 0 implies that A is irreducible.

1. V is an inner product space and ||z|| := /(z|z) is the associated norm.
a) Demonstrate the Parallelogram Law:

lu+ || + |Ju — v||* = 2|ju||? + 2|jv||* for all u,v in V.
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2. The following graph describes the flow of wealth in a partnership of two agents
61 and €g.
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a) What is the asymptotic ratio of the wealth of e; to the wealth of e,
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b) Compute the growth rate A;. Is this pa.rtners}up going to prosper 'or’ﬁzzle out?
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3. Let ||A|| be a matrix norm of a square matrix A compatible with a vector norm
lz||. Suppose there is z with ||z|| = 1 such that

|Az||=2 and ||A%z| =9.
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b) Find a basis of Wp for the specific B given by B = [

f-\:[

solid ellipse (i.e., the oval area bounded by the ellipse).

b) What is the rank(A)?
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4. For a 2 x 3 matrix A, the image of the unit sphere under T, is the depicted

a) What are the singular values of A? sz»i of st axes - ({2 1 2" = JZ = 2-
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¢) What is the U is in the SVD A=UXVT?
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9. Suppose that B is a fixed 2 x 2 matrix.
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6 Let A be n x m with independent columns and QR- decomposition A = QR.
(HeItesnXmand Rismxm.)
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a) Give an idea why C(A) = C(Q).
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4 b/ I\ b) Write the formula for the projection of b € R™ onto C(A) in terms of Q and b.
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- 8. Consider T : P, — P, given by T(p(z)) = zp/(z).

! ob a) What polynomials p(z) make up the kernel(T")?
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b) Find the matrix [T] of T with respect to the standard basis {1, z, z*}. .
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¢) What is the rank(7)? (Use a).)

couk ) = vouke ([T1)= 2
’i L d) Show that S = I +T is invertible. (Here [ is the identity so S is explicitly given

by S(p(z)) = p(z) + zp'(z); although, you may just use [S] in your solution.)
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[O E% /9. Construct an orthogonal basis of Pg with the inner product (p|q) :

fo (z)q(z
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10. In Crystallographic Restriction Theorem, a rotation matrix Ry = [cos 0 —sind

sinf cos6
preserved some lattice I in R?, RyI' = I'. Explain why trace(Ry) = 2cos# had to
be an integer.

Al { M
Upon dusosins, o st«"iﬁ {/u ) \/i o i M, Ve | we Wq ( Lwi"‘
Q G

/Q (/\zﬁ)”.' afl/tal«/%k/ K: ’\/ >;~ CAl »g-dﬁ/ | /@ﬁ,, gwﬁméé C} A f’f—:

J

(/qu ﬁécmfge . f}i (%)& [ WJ ; imwﬂ\/ aQCZ,
pATIS y’ Ry (\1)

' | '» fvocle. ;—;““' = 4@(’ éZ
ILORN IR@T: [@ ﬂ[j $o %Yocc«;?% = uf/eg Q |



