
Stability in a Semilinear Boundary ValueProblem via Invariant Cone�elds.Jaroslaw Kwapisz1The Center for Dynamical Systems and Nonlinear StudiesGeorgia Institute of TechnologyAtlanta, GA 30332-0190October, 1996Abstract: We give a geometric proof of stability for spatially nonho-mogeneous equilibria in the singular perturbation problem ut = �2uxx +f(x; u); t 2 R+; �1 � u � 1, with the Neumann boundary conditions onx 2 [0; 1]. The nonlinearity is of the form f(x; u) := (1�u2)(u� c(x)) wherec(x) is merely continuous with a �nite number of zeros. The strength of themethod is in dealing with non-transversal zeros of c, the case escaping theexisting techniques of singular perturbations. The approach is also used forshowing existence of unstable equilibria with one transition layer.
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negative gradient with respect to u of a function with two wells, and thebottoms �1 are stable equilibria | in particular, u = �1 satisfy�2uxx = �f(x; u); ux(0) = ux(1) = 0; x 2 [0; 1]: (2)The problem provides basic testing ground for phenomena occuring ina bistable spatially distributed system: think of x 2 [0; 1] worth of agents,each with a state variable u(x), evolving under the gradient ow ut = f(x; u)while being subject to small di�usive coupling. Without di�usion (� = 0),the states of agents tend to �1 independently, thus accounting for uncount-ably many stable equilibria. On the other extreme, if the preferences of allagents coincide (i.e. c is constant), even small di�usion makes all stable equi-libria spatially homogeneous (equal to �1). Less apparent is the birth ofnonhomogeneous stable equilibria under even the slightest nonhomogeneityof the preferences. A number of papers put this phenomenon on a rigorousground: [11, 12, 9, 2, 1, 14, 7], to name the most closely related; and Section2.6 in [5] or 4.3 in [4] should be consulted for a broader introduction withan overview of the results and some proofs. In showing stability, all theseworks invoke a rather involved and delicate singular perturbation analysis.Our main goal is to achieve an elementary and geometrically clear treatmentof this issue. While at present the scope of the approach is dwarfed by thatof asymptotic techniques (c.f. [7]), certain advantages make it worthwhile.Most notably, it does not require any transversality conditions on c; and,due to its non-perturbative character, it easily reects the e�ects vanishingto all orders in �.u x+1�1 U1 U2U0 �1 �2 1�d�1+dFigure 1: Stable equilibrium with two transition layers, each associated with azero of the preference c.To proceed more systematically, we set o� with a result from [1] (see alsoFigure 1). 2



Theorem 1 ([1]) For small � > 0, if �1 < �2 < ::: < �k are zeros of c alongwhich c changes sign in an alternating fashion (i.e. c(�i+0+)�c(�i+1+0�) > 0,i = 1; :::; k�1), then (1) has an equilibrium u(�) with values u(x) close to �1except for x in the vicinity of the �i's, where u(�) makes a transition between�1 in the direction going against the change of sign incurred by c (c.f. HUdin Section 2).The proof amounts to constructing appropriate upper and lower solutionsfor (1); the equilibrium is trapped between the two (Figure 2). Note thatneither monotonicity of transition layers nor stability are asserted, as bothare established in [1] only under the assumption of transversality of zeros ofc. Also, the more general methods of [7], which yield existence, shape, andstability at the same time, require transversality.Theorem 2 The equilibria in Theorem 1 have monotone transition layersand are exponentially stable with respect to (1).By general results of Matano [10], the stability already implies uniquenessof an equilibrium satisfying the properties in Theorem 1. This enables oneto enumerate stable equilibria of (1) for small � by considering all suitablesets of zeros of c | see [1] for details.
lower solutionupper solutionL0 R0� c<0c>0+1�1

u x +1+1 �1�1Figure 2: Existence. Interpret the ODE (2) as describing a point mass in apotential well with walls of height di�erence 4c=3. For the upper solution (thedotted graph on the left), hold the mass just right from the top of the left walluntil x increases to near � and c(x) > 0, let it swing to the opposite side and breakat the right summit before c turns negative. For the lower solution, invert theorientation of u and the time x.Our argument is essentially a phase portrait analysis of the ODE for theequilibria, (2). The stability of u(�) is inferred from the rotation of the direc-tion tangent to the initial condition manifold fux = 0g under the variational3



ow 	x : T(u(0);ux(0))R2 ! T(u(x);ux(x))R2, x 2 [0; 1]. This method goes backto Pr�ufer in the beginning of this century and more recently was used in[3, 6, 13, 8]. Following Th. 4.3.13 in [4], one identi�es all the tangent planesmaking up T(u;ux)R2 with a copy ofR2 equipped with polar coordinates (�; r)so that �( @@u) = 0 and �( @@ux ) = �=2. The total rotation �� := �(	1( @@u)) ispositive exactly when the equilibrium is exponentially stable. (Furthermore,hyperbolic equilibrium with d-dimensional unstable manifold is characterizedby �� 2 (�d�; (�d+ 1)�).)Direct estimation of �� may be a daunting task and the novel part of ourapproach comes in tying it up with the natural geometry of the problem. Inthe autonomous (or piecewise autonomous [14]) case, there is the foliationinto the phase curves of (2) | which is gone once we pass to the nonau-tonomous (and nonintegrable) setting. What persists though is preservationby the variational ow of a certain cone-�eld | just about enough to lockcontrol over �. This is elucidated by the change of coordinates describedbelow.Let g(u) := u(1� u2) and �(u) := 1� u2 so thatf(x; u) = g(u)� c(x)�(u): (3)Map u 2 (�1; 1) to a new coordinate v 2 (�1;1) with the Jacobian dudv =1 � u2 = �(u) and u = 0 corresponding to v = 0. (Here convenientlyu = tanh(v), but the method works with no modi�cations for any f admitting(3).) Then the ODE for equilibria (2) becomesvyy = u(2v2y � 1) + c(x); vy(0) = vy(1=�) = 0; (4)where y = x=�, y 2 [0; 1=�], is the fast time (as opposed to the slow time x)2.The point is that, if q, p are the variations of v and vy respectively, then theyobey equations with no explicit dependence on time:ddy  qp ! =  0 1(2v2y � 1)� 4vyu ! qp ! : (5)Moreover, the signs of the entries in the above matrix reveal that the positivecone f(p; q) : p; q > 0g is preserved by the variational ow in the region where2I apologize for this non-orthodox terminology but it seems in tune with the mechanisticintuitions behind many arguments, c.f. Figure 2.4



jvyj � q1=2 | which exactly corresponds to the outside of the heteroclinicloop for the autonomous ow with c = 0. (The rotation inside of the loopclearly precludes any cone preservation there.) The stability is establishedby showing that the trajectory of the equilibrium is mostly contained in thisregion. To illustrate the situation, the case of one transition layer is depictedin Figure 3 in Section 3. The scenario that unfolds as x runs through [0; 1] isas follows. Before x reaches L0 | where c > 0 only to vanish at �, Figure 2| we have v � �O(1=�) so that j�j � O(exp(�1=�)) and @@u su�ers virtuallyno rotation under (5). Over L0, c > 0 makes vy quickly raise above q1=2and into the realms of the cone preservation, with the subsequent drop belowq1=2 a priori prohibited as long as c > 0, that is for x < �. For x > �, allthis applies with the time run backwards (and the complementary cones),which completes the description | c.f. Figure 4 in Section 4.Since one of the main strengths of our method is its elementary character,we assumed a rather detailed style of exposition with concrete inequalitiespreferred over compactness arguments. All the estimation is very robustand often much better kept track of by drawing the phase portraits. Themultiple transition layer case reduces to that with a single layer by cuttingu at critical points found between any two consecutive layers | see Section5. Section 3 spells out the features of the shape of one such layer (a lap)in preparation for analysis of the variational ow carried out in Section 4.Finally, the geometry lying behind our arguments should help to deal withother aspects of PDE (1). To illustrate this point, in the last section, we �ndan unstable equilibrium of index one via a simple shooting procedure (Figure5). In this case the trajectory stays between �q1=2, where the clockwiserotation of the variational ow makes unstability totally apparent.Acknowledgments. The author is grateful to Jack Hale for introductionto the problem and encouragement. Special thanks go to Thomas Wannerfor his helpful remarks on the manuscript.2 Technical formulations.To formally describe the class of equilibria u(�) of interest here, along withthe sequence �1 < �2 < ::: < �k of alternating zeros of c (see Theorem 1), wewill �x d > 0, small, and a sequence of open intervals Ui � [0; 1] such that5



Pki=1 jUij � 1� d and 0 2 U0 < �1 < U1 < �2 < U2 < ::: < �k < Uk 3 1: (SeeFigure 1.) We will use the following hypothesis, which describes u(�) fromTheorem 1 somewhat more precisely.(HU)d ujUi 2 Bd(�1) and the sign of u over Ui is opposite to that of c(�i+0+)and c(�i+1 + 0�).As explained in the introduction, the stability assertion in Theorem 2follows via Pr�ufer's method from the following result.Theorem 3 (main result) There are d; �0 > 0 with the following property.If u satis�es (HU)d and solves (2) with � < �0, then the time one map 	1 ofthe variational ow along u maps the positive cone f @@ut + @@ux s : t; s > 0gat (u(0); 0) to the corresponding cone at (u(1); 0) with zero total rotation.As mentioned before, the discussion of the equilibria u(�) satisfying (HU)dis simpli�ed by considering the consecutive "transitions" between �1 sepa-rately. Speci�cally, u(�) must have a critical point ai between any two zeros,and, for small d, one can require that ai 2 Ui, i = 0; :::; k. (Actually, aisits well inside Ui | see Section 5 for technicalities.) The restrictions of uto [ai; ai+1] will be referred to as laps3 of u. Upon rescaling of its domainback to [0; 1], a lap can be thought of as equilibrium given by Theorem 1for a single zero of the appropriate restriction of c (see Figure 2). Fromnow on, we assume that u is such an equilibrium corresponding toa zero � of c (see Figure 2). Also, without loss of generality we can takec(�+0�) > 0. Note that the time one map 	1 of the variational ow for anymulti-transition equilibrium is a composition of the corresponding maps forthe laps. If those maps preserve the cone with zero total rotation so does 	1.Hence, to establish Theorem 3, it indeed su�ces to argue for one lap only.We will extract the basic characteristics of a lap u(�) in explicit de-pendence on some quantitative features of c. Particularly useful will be�; ! 2 (0; 1) for which the following hypothesis holds.(HC)�;! The function c : [0; 1]! (�1; 1) is continuous with a �nite numberof zeros, and(i) 1� jc(x)j � � for x 2 [0; 1] and(ii) cjL0 � ! and cjR0 � �! for certain intervals L0, R0 in [0; 1] such thatL0 � U0; R0 � U1, L0 < � < R0, and jL0j; jR0j � �.3We will prove in the sequel that they are indeed monotone, thus justifying theterminology. 6



Di�erent laps correspond to di�erent c's, but they all will share uniform �and !.3 Shape of a lap.The ow generated by (4) in the (v; vy)-plane is easy to grasp, and we useit here to verify the form of a lap suggested by Figure 2 and Figure 3. Inparticular, we establish the monotonicity of the transition layer asserted inTheorem 2. Recall that x = �y and vx = vy=� = ux ��, where �(u) = 1�u2 =1= cosh2(v).
v(L) v(R) vvyuy u c > 0 c < 0�1 +1

p1=2�p1=2
Ev(I)

Figure 3: On the left, the stable one transition layer equilibrium (a lap) fromFigure 2 with the rotation of the initial vector @@u . On the right, the same lap inthe prefered coordinate; some of the x-independent features of the vector�eld areindicated.Lemma 1 (shape of a lap, see Figure 3) For any 0 < �; ! < 1, thereare �0; d > 0 such that if c(�) satis�es (HC)�;!, u(�) satis�es (HU)d andsolves (2) with � < �0, then ux(x) > 0 for 0 < x < 1 and u is monotonicallyincreasing.Moreover, there are intervals L;R; I � [0; 1], L < � < R, L[R � I, thatdepend only on � and !, such that(i) vy � q1=2 for x 2 I;(ii) vy � q1=2 + !=4 for x 2 L [ R;(iii) vjL � �jLj=(100�) and vjR � jRj=(100�).7



Remark 1 (symmetry) Note that our assumptions and conclusions areunchanged if we replace u; c; x by �u;�c;�x. Thus we will provide onlyarguments for c > 0 most of the time.Proof of Lemma 1.(ii): On the line vy = 0 we have vyy = �u + c. For small d, d < �=2; and,by (HU)d, u(x) < �1+ d for x 2 U0, hence vyy(x) � �(�1+ d)� (1��) ��=2 > 0 there. Since, vy(0) = 0 this shows that vy > 0 over U0. Moreover, forx 2 L0, we additionally have c(x) � ! by (ii) of (HC)�;!, so vy grows therewith a de�nite4 y-speed vyy � (2v2y � 1)u+ ! � !=2, if only 2v2y � 1 � !=2,i.e. vy � q1=2 + !=4. Thus, after �xing any subinterval L � int(L0), wemay �nd �0 so that vy(x) � q1=2 + !=4, x 2 L, as there is O(1=�) worth ofy-time in [inf L0; inf L] for vy to grow. Analogous arguments, with the timerun backwards, give vy(x) > 0, for x 2 U1, and vy(x) � q1=2 + !=4, forx 2 R, where R � int(R0).(i): Set I = [inf L; supR]. For x 2 L [ R, we already have vy(x) > q1=2by (ii). As long as x 2 [supL; �), c(x) > 0, so vy(x) can not cross belowvy = q1=2 where vyy(x) = c(x) > 0. Analogously, as long as x 2 (�; infR],c < 0, so vy can not cross below q1=2 with the time run backwards | (i) isproved.Monotonicity of u: In the proof of (ii) we saw that vy > 0 on U0 and U1,which put together with (i) implies that vy > 0 for all x 2 (0; 1).(iii): We will adjust L, R to get (iii) with (i) and (ii) left intact. Firstcheck that E := f(v; vy) : u � 1=2; vy � 2g is invariant under the ow so that(v(x); vy(x)) 62 E because clearly (v(1); vy(1)) 62 E. As a consequence anyinterval J � L such that ujJ > 0 is short, i.e. of order O(�). Indeed, if x 2 J ,then vy(x) � q1=2 and vyy(x) � (2v2y � 1)u+ c � c � ! by (ii) of (HC)�;!.Thus, for x0 = sup J , we have v(x0) � q1=2jJ j=� and vy(x0) � !jJ j=�. Thisimplies jJ j = O(�) for otherwise we hit E. In this way, by shrinking L andR a bit (of order �), we can get vjL � 0 and vjR � 0. Because v moves fastover L, R, namely vy � q1=2, further shrinking of L and R by 1=50 of theirlength yields (iii). 24We use the word de�nite in reference to quantities of order O(�).8



The complement of L [ R in [0; 1] consists of three intervals: the centralpiece C := I n(L[R) and the two fringes F� := [0; inf L] and F+ := [supR; 1].By monotonicity, the partition of the x-time interval [0; 1] into F� [L[C [R [ F+ maps via x 7! v(x) to a partition of R into v(F�) [ v(L) [ v(C) [v(R) [ v(F+). We need some rough understanding of v over the fringes F�| c.f. Figure 3.Lemma 2 (fringe addendum) The following assertions can be added toLemma 1:(i) vy(x) � minf�y=2;p�=4g for x 2 F�,(ii) vy(x) � minf�(��1 � y)=2;p�=4g for x 2 F+,(iii) jvy(x)j � 10 for x 62 C, i.e. x 2 F� [ L [ R [ F+.Proof of Lemma 2. We show (i); use the mirror argument for (ii).Since � := �(1��=2)=(1��=8) > �1, from (iii) of Lemma 1, we see that�1 < u(x) � minf�;�1=2g, for x 2 L, �0 small; and this is still true forx 2 F� [L by monotonicity of u. As long as vy(x) � p�=4 and x 2 F� [L,we havevyy(x) = (2v2y�1)u+c � (�=8�1)(�(1��=2)=(1��=8))�(1��) = �=2:It follows that vy(x) � �=2 � y before it reaches the cuto� p�=4.Part (iii) is more crude. As noted above, u(x) < �1=2 for x 2 F�[L. So,along the line vy = 10, we have vyy = (2v2y�1)u+c � (200�1)�(�1=2) � �99.This makes it impossible for vy(x) to climb over vy = 10 while x 2 F� [ L.The argument for R [ F+ is analogous. 24 The projective action.As in the introduction, identify the tangent bundle to the (v; vy) plane withR2�R2 via coordinate (v; vy; p; q), where q, p are the variations of v and vycorrespondingly. The variational ow is given by (5), and the signs of theentries on the right side immediately reveal the following properties of thefundamental solution �(y; y0) 2 Gl(R2), y; y0 2 [0; 1=�]:(P1) if jvyj[y0;y]j > q1=2, then �(y; y0) transforms the standard cone � =f(q; p) : pq > 0g strictly into itself;9



(P2) if jvy(y0)j < q1=2, then �(y; y0) moves the vector (1; 0) clockwise out-side of � for small y � y0 > 0;(P3) �(y; y0) moves (0; 1) clockwise inside � for small y � y0 > 0;In fact, (P1) is the prevailing mechanism (along a lap) as expressed bythe following proposition.Proposition 1 For any 0 < �; ! < 1 and � > 0, there are d; �0 > 0 suchthat, if c(�) satis�es (HC)�;! and u(�) satisfying (HU)d solves (2) with � < �0,then �(y; 0)� is contained in the � (projective) neighborhood of � for y 2[0; �=�]. Moreover, �(�=�; 0) maps � strictly into � with zero total rotation(in particular, any vector is rotated by less than �=2).
v(L) v(R)vy

c > 0 c < 0
�+ �� �c�

Figure 4: The cones along a lap. The cone �, while not preserved by the vari-ational ow at all times, is preserved by the (slow) time-one-map. Indeed, weshow that � and �c (its complement and dual under time inversion) have non-overlapping images at c = 0.Proof of Theorem 3 from Proposition 1. From Proposition 1, �+ :=�(�=�; 0)� � � with zero rotation. The mirror version of the propositiongives5 �� := (�(1=�; �=�))�1�c � �c with zero rotation, and so �(1=�; �=�)(��)c =� with zero rotation. Since �+ � � � (��)c, we can "pipeline" as follows,see Figure 4,�(1=�; 0)� = �(1=�; �=�)(�(�=�; 0)�) = �(1=�; �=�)(�+) � �(1=�; �=�)(��)c = �:5The superscript c indicates the complementary cone.10



The inclusion is strict and the total rotation is zero. 2Proof of Proposition 1. One has to look at the boundary of the cone.It su�ces to prove that �(y; 0)(1; 0) stays in the �-neighborhood of � andthat �(�=�; 0)(1; 0) sits strictly inside �. The analogous conclusions for (0; 1)are then immediate from (P3). Clearly only the projective action of � isrelevant so we consider the slope s := p=q, q > 0, for which (5) meanssy = V (s; y) := �s2 + 4vyu � s+ (2v2y � 1)�; (6)with the initial condition s(0) = 0, which is the slope of (1; 0).6Before we go on let us outline the argument. Observe that �(u(x)) =1= cosh2(v(x)), although increasing along L[F�, is extremely small there (oforder 1= cosh2(��1)) by (iii) of Lemma 1, and so is b := (2v2y � 1)� becauseof Lemma 2, (iii). On the other hand a := �4vyu is a de�nite positivequantity over L, by Lemma 1, (i) and (iii). The vector�eld in (6) has astable nearly stationary point near b=a closely followed by s, which mustthen stay extremely close to 0 over F� and eventually get positive over L,where b > 0. The following claim formalizes this description.Claim 1 We have, for small enough d; �0 > 0, that(i) s(x) � �1000 � �(u(inf L))=p�, x 2 F�;(ii) the above bound extends to x 2 (supF�; �) and s(�) > 0.Moreover, the right side in (i) tends to 0 as � shrinks to 0.The following technical lemma is proved in the end of this section.Lemma 3 (comparison) Suppose z(0) = 0 and dzdy = �az + z2 � b, y � 0.If a(y) � 0 and jb(y)j � � with � so small that2q� �min(y;�inft�y a(t)��1) < 1; (7)then z(y) � 2�min(y;�inft�y a(t)��1) ; y � 0: (8)6Note that s(�) can not blow up to +1 by (P3). By Claim 1, it also does not blow upto �1. 11



Proof of the claim, (i). Set z := �s, a = �4vyu and b := (2v2y � 1)�.For su�ciently small �0 and x 2 F�, we have u(x) < �12 by (iii) of Lemma1, and a(x) � 4vy(x) � 12 � 2minf�y=2;p�=4g by (i) of Lemma 2. Part(iii) of Lemma 2, yields jb(x)j � j(2vy(x)2 � 1)�(u(x))j � 200 � �(u(inf L)) =200= cosh2(v(inf L)) =: �, also for x 2 F�.In this way, for x = y� 2 F�, we havemin(y;�inft�y a(t)��1) � minny;minf�y;p�=2g�1o � 2=p�;where we verify the second inequality by inspecting the cases y � 1=(2p�)and y � 1=(2p�). To satisfy the conditions of Lemma 3 we con�rm that2p� � 2=p� < 1. Indeed, v(inf L)! �1 as �0 ! 0 by (iii) of Lemma 1, soalso � ! 0. Now, (i) is a consequence of (8) in Lemma 3:�s(x) � 2�min(y;�inft�y a(t)��1) � 2� � 2=p�; x 2 F�: 2Proof of the claim, (ii). Factor V (s; y) = (s � s�)(s+ � s) where�a = s+ + s� = 4uvy and �b = s+s� = �(2v2y � 1)�. As in (i), forsu�ciently small �0 and all x 2 L, one hasu(x) < �1=2; �(u(x)) � 0:0001p� � 0:0001by (iii) of Lemma 1, and q1=2 + !=4 � vy � 10by (ii) of Lemma 1 and (iii) of Lemma 2. Hence,�!=2 � b � 200� and2q1=2 = �4(�1=2)q1=2 � a � �4 � (�1)10 = 40:Because � < 0:0001 we see that b=a � a and s� < 0 < s+, so:s� = �a� s+ � �a � �2q1=2; s+ = �b=s� � b=a � a � 40;s� = �a� s+ � �2a � �80; s+ = �b=s� � b=2a � �!=280 = �!=160:12



Thus, if x 2 L and s(x) 2 
 := [�1000 � �(u(inf L))=p�; 0], then the �rstand the last inequality yieldsy(x) � ��1000 � �(u(inf L))=p�+ 2q1=2� (s+ � 0) � q1=2 � �!=160:Since supF� = inf L, s(inf L) 2 
 by the already proved (i). From theabove estimate, s(x) increases and leaves 
 by becoming positive and theamount of y-time it needs for that is at most1000 � �(u(inf L))=p�q1=2 � �(u(inf L))!=160 � 160000=(q1=2!�):In this way, if only �0 is small enough to make the right side above dominatedby jLj=�, s exits 
 through 0 and s(x0) > 0 for some x0 2 L. Becausevy(x) > q1=2, for x 2 [x0; �], the property (P1) implies that s(x) stayspositive for those x; in particular, s(�) > 0. 2Proof of Lemma 3. We compare z(�) to (�) that solves y = �a+2�,(0) = 0 and begin with showing that(y) � 2�minfy; (inffa(t) : y � tg)�1g; y � 0: (9)First, (�) � 0 because y = 2� > 0 when  = 0. Hence y � 2� and(y) � 2�y, y � 0. Still, (9) could fail on some interval (y0; y1) in thatj(y0;y1) > 2�= inffa(t) : y0 � t � y1g. Consider such an interval maximalwith respect to inclusion. From the di�erential equation, y(y) < 0 for ally 2 (y0; y1), and so (y) � (y0) there. But then (9) holds at y 2 (y0; y1)because the right side of (9) is non-decreasing in y and (9) holds at y0 by themaximality of (y0; y1). This is a contradiction.We �nish by proving that z � . If E := fy : z(y) > (y)g is nonemptywe take y� := inf E. Clearly z(y�) = (y�) and, also at y�, 0 � y � zy �� � 2, i.e.  � p�. In view of (9), this contradicts the assumption on �. 25 The lap decomposition.In the introduction we promised to show that any equilibrium u(�) satisfyinghypothesis (HU)d can be decomposed into laps. For the decomposition we13



need to know that u(�) has a critical point inside each Ui between two zeros�i and �i+1. To be speci�c assume that ujUi � 1 � d. We actually need toknow that the critical point is in a de�nite distance from the endpoints of Uibecause we want the resulting laps to satisfy the (HC)�;! assumption on cwith uniform � and !. Suppose that a suitable critical point does not exist.Then u would have to be monotone, say increasing, on most of (�i; �i+1) onlyto drop very sharply in the vicinity of �i+1. The following lemma shows thatthis is impossible: it takes O(1) stretch of x before u drops back to mere1� d.Lemma 4 For any 0 < � < 1, there are r; C > 0 with the following propertyfor all su�ciently small d; � > 0 and c satisfying (i) of (HC)�;!. If u solves(2) and u(x) � 1 � d with ux(x) > 0 for all x in some interval [a; b], thenuj[b;b+r] � 1� d or b� a � C�.+1
�1

1�dxu Ui b+rba �iProof of Lemma 4. For small enough d, u � 1 over [a; b], so one can�nd � > 0 such that (2�2 � 1)u + (1 � �) � ��=2 over [a; b]. Consider~J := [a; b� (b� a)=10]. There are two cases.Case 1: vy(x0) < � for some x0 2 ~J . For x with 0 � vy < �, we havevyy � (2�2�1)u+c � ��=2, so vy decreases from vy(x0) to reach vy(x1) = 0for some x1 > x0 with x1 � x0 � ��=(�=2). Since x1 62 [a; b], it follows that(b � a)=10 � 2��=�, that is b � a � C� for C = 20�=�. We may assumethat (b� a) � C� from now on.Case 2: vyj ~J � �. Then v(b) � v(a)+�0:9(b�a)=�. Let x1 > b be maximalsuch that uj[b;x1] � 1� d so that r = x1 � b. Clearly u(b) > u(a) � 1� d =u(x1), so v(b)�v(x1) � v(b)�v(a) and consequently (x1�b)� � �0:9(b�a)=�,with � := supfjvy(x)j : b < x < x1g. Hence, ��r � (b� a)�0:9. The lemmafollows once we observe that � � 2. For x 2 [b; x1], we have u � 1� d � 1=2and, as in the proof of (iii) of Lemma 1, vy � 2 must hold or otherwise vy � 2forever | which is a contradiction. 214



6 Shooting for unstable laps.To give another application of our approach to a problem beyond the graspof present singular perturbation methods, we will exhibit an unstable equi-librium to (1) that changes sign in the same direction as c. Existence of suchequilibria under transversality conditions has been established in [7]. Weassume a rather informal style and restrict to the case of c with one zero.More detailed arguments, similar to those in the previous sections, would beneeded for extension to the many lap case.Proposition 2 Suppose that c(�) has only one zero �, cj[0;�) < 0, and cj(�;1] >0. For su�ciently small � > 0, the problem (1) has an increasing exponen-tially unstable equilibrium u(�).A key fact is that, for u of interest, the velocity ux has to change sign atits zeros.Lemma 5 (no libration) Suppose that c(�) has only one zero � and cj[0;�) <0 and cj(�;1] > 0. For su�ciently small d; � > 0, if u(�) solves (2) withu(0) < �1+d and ux(x) � 0 for all x 2 [0; 1], then ux does not vanish exceptpossibly at x = 0; 1.Consider for a moment c(�) constant and equal to c 2 [�1 + �; 1 � �].Then the vector-�eld Xc = (vy; u(2v2y � 1) + c), u = tanh(v), whose ow �yin the (v; vy) plane generates solutions to (4) and (2), has only one rest pointpc at vy = 0, u = c. This is an elliptic point and the variational equation (5)yields the fundamental solution of the linearized ow:exp y �  0 1�� 0 !! ; � = 1� c2; y 2 [0; 1=�]:The vector�eld Xc is integrable so one has a neighborhood Vc of pc that isan elliptic island | meaning that:(i) Vc is a union of closed trajectories of Xc;(ii) for any p 2 Vc, the angle of the ray from pc to �y(p) increases, and itsy-derivative is greater than p�=C where C > 1 is a constant accounting forthe eccentricity of the orbits.Now, obtain a fast annulus Ac from the elliptic island Vc by cutting out itscenter, i.e. remove from Vc one of the orbits and take for Ac the component15



that does not contain the center pc (see Figure 5). It is clear that one can dothis construction continuously in c; in particular, the size and the rotationspeed of Ac are uniform in c as long as c 2 [�1 + �; 1��].Sketch of proof of Lemma 5. For small d, v(0) is so close to �1 that(v(0); vy(0)) 62 Vc for any c 2 [�1 + �; 1 � �]. On the other hand, sinceall the time vy � 0, if vy(x0) = 0 then vyy(x0) = 0, and (v(x0); vy(x0)) =pc(x0) 2 Uc(x0) from the equation. In this way, continuity forces existence ofx� 2 (0; x0) such that (v(x�); vy(x�)) 2 Ac(x�). If c were �xed and equal toc(x�), this would lead to a contradiction because the motion within Ac is afast rotation leading to vy < 0 in O(1) of y-time. Actually c drifts very slowlyin y-time, j dcdy j = O(�), and we still get a contradiction for small enough �.How small �must be taken does not depend on u(�) but only on the propertiesof our fast annuli | these are uniform. 2
v

vy
v0 Acv+0v�0 p1=2

�p1=2Figure 5: Our trajectories start far from the fast annulus Ac, which spins rapidlywhile drifting slowly to the right. Only inside Ac could vy = 0 without changingsign; and, on traversing Ac radially, vy would have to change sign many times.Sketch of proof of Proposition 2. Let v(�) be a solution of (4) withinitial data v(0) = v0 and vy(0) = 0. We will use shooting to �nd v0 suchthat vy(1) = 0 and vy(x) > 0 for x 2 (0; 1). Observe that, as long as c < 0,vy can not climb over q1=2. Similarly, once vy > q1=2 and c > 0, it staysthat way.Claim 1: For any �xed small � > 0, vy does not vanish except at x = 0for all initial conditions v0 su�ciently close to �1. Let x1 be maximalsuch that vyj[0;x1) � q1=2. As observed, vanishing of vy can happen only on[0; x1]. For v0 � �q1=2 �O(1=�2), we clearly have v(x1) � �O(1=�) so thatu(x1) � �1 + �=2 and consequently uj[0;x1] � �1 + �=2. Therefore vyj(0;x1]16



can not touch vy = 0 because vyy = �u+ c � �=2 > 0 there.Claim 2: For any �xed v0 � �1, vyj(0;1] has a zero for all small enough� > 0. Pick b 2 (0; �) and look at vy over L := [0; b] where vy � q1=2 bythe earlier observation. At �rst vyy > �=2 and vy becomes de�nite positive;however, we will argue that c < �! := sup cjL < 0 over L will soon force vyto get back to 0. One of two things can happen a priori. Either the trajectoryof (v; vy) enters the fast annulus Ac, and then it gets rotated into vy = 0,or (v; vy) stays away from Ac and thus has de�nite vy > O(1) > 0. Thishowever gets (v; vy) into u > 0 where vyy < c � �! quickly pushes vy downto vy = 0 and beyond | all that happening in O(1) of the y-time, that isstill x 2 L, if only the � was small.Let v�0 and v+0 be the initial conditions provided by Claim 1 and Claim 2respectively | see Figure 5. Between v�0 and v+0 there must be the supremumv� of those v0 for which vy is positive for all x > 0. For the correspondingu(�), vy(�), and thus also ux(�), has a zero | and it must be at x = 1 by thelemma. Hence, u(�) is an equilibrium of (1).From our �rst observation, 0 � vy < q1=2 for all times. Using (P2) ofSection 4, one immediately concludes that u(�) is unstable via Pr�ufer method,as explained in the introduction. In fact, the unstable manifold of u is one-dimensional. 2References[1] S. Angenent, J. Mallet-Paret, and L. A. Peletier, Stable transition layersin a semilinear boundary value problem, J. Di�erential Equations 67(1987), 212{242.[2] Ph. Clement and L. A. Peletier, On a nonlinear eigenvalue problemoccuring in population genetics, Proc. Roy. Soc. Edinburgh Sect. A 100(1985), 85{101.[3] G. Fusco and J. K. Hale, Stable equilibria in a scalar parabolic equationwith variable di�usion, SIAM J. Math. Anal. 16 (1985), 1152{1164.[4] J.K. Hale, Asymptotic behavior of dissipative systems, MathematicalSurveys and Monographs, American Mathematical Society, Rovidence,RI, 1988. 17
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