2 ONE-FACTOR COMPLETELY RANDOMIZED DESIGN (CRD)

An experiment is run to study the effects of one factor on a response. The levels of the factor can be

e quantitative (numerical) or qualitative (categorical)

e fixed with levels set by the experimenter or random with randomly chosen levels.

When random selection, random assignment, and a randomized run order of experimentation (when pos-
sible) can be applied then the experimental design is called a completely randomized design (CRD).

2.1 Notation

Assume that the factor of interest has a > 2 levels with n; observations taken at level ¢ of the factor. Let

N be the total number of design observations.

The General Sample Size Case

a ez

Treatments 1 2 3 - a Grand total y.. = Z Z Yij

yuuoo o y21 Y1 o Yal i=lj=1__

Yi2 Y22 Y2 0 Ya2 i 2 Y

Grand mean yj,, = ——5—————

Yis Y23 Yz ' Ya3 Yo

Yin,  Yons  Usns o Yan, Treatment total y;. = Z Yij
treatment totals  yj. Yo. Ys. o Ya Jzzlni i
treatment means ;. Y. Yz -+ Ya Treatment mean 7; = ———~

ny
The Equal Sample Size Case (n; =n for i =1,2,...,a)
Treatments 1 2 3 ... a a n
Y11 Y21 Y31 Yal Grand total y.. = Z Z Yij
Yi2 Y22 Y2 0 Ya2 =
Y13 Y23 Y3z - Ya3 Grand mean y.. = an
n
Yin  Yon  Ysn Yan Treatment total y;. = Z_; Yij
treatment totals  y1. Y2 Y3 0 Y L
treatment means Y. Ty Yz 0 Yg Treatment mean y;. = o

Notation related to TOTAL variability:

e SSr = the total (corrected) sum of squares = 37 ; > 717, (yij — 7.)% = (N —1)s?
where s? is the sample variance of the N observations

e N — 1 = the degrees of freedom for total

Notation for variability WITHIN treatments: (“E” stands for “Error”)

o SSp = the error sum of squares = Y% | >, (yij — 7:.)2 = 38 (n; —1)s?
where 312 is the sample variance of the n; observations for the i*" treatment

e N — a = the error degrees of freedom

SSE

—a

e M SE = the mean square error =

..

N

_ Y

1



Notation for variability BETWEEN treatments:

o SSr4 = the treatment sum of squares = > 2, >, (7;. — 7.)? = 38 ni(y. —7.)?
If all sample sizes are equal (n;; = n), then SSyt =n> ¢ (Ui —7..)2

e a — 1 = the treatment degrees of freedom

SSTrt

e M Sp,; = the treatment mean square = 1
a —

Alternate Formulas

N v Lyl oy
SSp = y2_7 SSrre = L= SSgp =85 — S5+
J N n; N

i=1 j=1 i=1

2
° yﬁ is called the correction factor.

EXAMPLE: Suppose a one-factor CRD has a = 5 treatments (5 factor levels) and n = 6 replicates
per treatment (N =5 x 6 = 30). The following table summarizes the data:

Treatment
A B C D E
7 5 9 6 9
8 4 11 12 6
5 4 6 8 8
9 6 8 5 12
10 3 7 11 13
11 5 8 9 12
. = Yo. = Ys. = Ys = Ys. = Y. =
5
DD U =T+ 845+ 12241224 13° =
i=1 j=1
5 6 9 9
Y- 237
SSp = 2 _ 20— 92091 — = 2091 — 1872.3 =
T Zl ]Zl Yii TN 30
5 9 2 2 2 2 2 2 2
vi y. (50 27 49 51 60 237
5 Zln N_(G 6 "6 6 6 30
= % —1872.3 = 1971.183 — 1872.3 =
SSy = SS;r—SS,; = 218.7—99.53 =
Degrees of freedomdf; =N —1= dfprr =a—1= dfg =N —a=



2.2

Linear Model Forms for Fixed Effects

Assume the a levels of the factor are fixed by the experimenter. This implies the levels are specifically
chosen by the experimenter.

For any observation y;; we can write: y;; = 7;. + (yij — ¥;.). Thus, an observation from treatment ¢
equals the observed treatment mean ¥;. plus a deviation from that observed mean (y;; — ¥;.)-

This deviation is called the residual for response y;;, and it is denoted: e;; = y;; — ¥,..

The linear effects model is Yij = where

p is the baseline mean and 7; is the " treatment effect (i = 1,...,a) relative to .

€ij ~ ITDN (0, 0?). The random errors are independent, identically distributed following a normal

distribution with mean 0 and variance 2.

The linear means model is Yij = where u; = p + 7; is the mean associated
with the " treatment and ¢;; ~ ITDN(0,02).

The goal is to determine if there exist any differences in the set of a treatment means (or effects) in a
CRD. We want to check the null hypothesis that pi, o, ..., te, are all equal against the alternative
that they are not all equal,

Ho:py =po=---=pa  Hy:p;# pyfor somei # j.
or, equivalently, that there are no significant treatment effects,

Hy:m=m=-=1, Hy :7; # 7j for somei # j.

To answer this question, we determine statistically whether any differences among the treatment
means could reasonably have occurred based on the variation that occurs BETWEEN treatment
(M Srr) and WITHIN each of the treatments (MSg).

Our best estimate of the within treatment variability is the weighted average of the within treatment
variances (s?,i = 1,2,...,a). The weights are the degrees of freedom (n; — 1) associated with each

treatment: “ n .
Yo (n — 1)812 B 2 Zjll(yij - ;)
Z?:l(”i - 1) N —a

If €;; ~ N(0,0?), then the MSE is an unbiased estimate of 02. That is, E(M Si¢) = 0.

If the null hypothesis (Hq : g1 = pg = -+ = ji4) is true then the M Sy is also an unbiased estimate
of 02. That is, (F(MSy) = 0 assuming all the means are equal. This implies the ratio:

MST?"t

Fh =
0 MSg

should be close to 1 because the numerator and denominator are both unbiased estimates of o2 when
Hy is true .

If Fy is too large, we will reject Hy in favor of the alternative hypothesis H;.

When Hj is true and the linear model assumptions are met, the test statistic Fy follows an F' distri-
bution with (a — 1, N — a) degrees of freedom (Fy ~ F(a — 1, N — a)).

The formal statistical test is an Analysis of Variance (ANOVA) for a completely randomized
design with one factor.



Analysis of Variance (ANOVA) Table

Source of Sum of Mean
Variation Squares  d.f.  Square F-Ratio p-value

Treatment SSre  a—1 MSpy Fy=MSp/MSg P[F(a—1,N —a) > Fp

Error SSE N—-—a MSg —

Total SSt N—-1 ——  —

EXAMPLE REVISITED: Suppose a one-factor CRD has a = 5 treatments (5 factor levels) and n = 6
replicates per treatment (N =5 x 6 = 30). The following table summarizes the data:

Treatment
A B C D E
7 ) 9 6 9 SSr = 218.7
8 4 11 12 6
5 4 6 8 8 S8 = 99.53
9 6 8 5 12
10 3 7 11 13 SSE = 119.16
11 5 8 9 12

Analysis of Variance (ANOVA) Table

Source of Sum of Mean
Variation Squares d.f. Square [F-Ratio p-value
Treatment 99.53 4 24.883
Error 119.16 25 476 Fy~5.22 .0034
Total 218.7 29

Hypotheses for Testing Equality of Means

Ho:pp=pe=p3=ps=ps  Hi:p # p;for somei# j.

Hypothesis for Testing Equality of Effects

Hy:T1=To=1T3=T4 =15 Hy :1; # 7j for some i # j.

The Steps of the Hypothesis Test

e The test statistic is Fy = 5.22.
e The reference distribution is the F(4,25) distribution.
e The a = .05 critical value from the F'(4,25) distribution is Flo5(4,25) = 2.76.

The decision rule is to reject Hy if Fy > Fo5(4,25) (or p-value < .05) OR
fail to reject Hy if Fy < Flo5(4,25) (or p-value > .05)

The conclusion is to reject Hy because Fy > Fo5(4,25) , i.e. 5.22 > 2.76
(or because p-value .0034 < .05).



2.3 Expected Mean Squares

If we assume the constraint > 7, n;7; = 0, then the expected values of the mean squares are

a (7. 75 )2
a —_—
i i (i — 9)?

E(MSg) =E .

If Hy is true then 7, = 0 for ¢ = 1,2, ...,a. This implies
2y ni-0
a—1
If Hy is not true then 7; # 0 for at least one ¢. This implies

E(MSr,) = o + =0240=0%
E(MSr.t) = 0 + (positive quantity) = E(MSp.) > o
As || increases, the E(M St,¢) also increases. This implies the F'—ratio of the expected mean squares

E(MSt) o+ 3¢ n7i/(a—1)

E(MSEg) o?
. . . - : : M S
increases. This summarizes part of the statistical theory behind using Fj = S to estimate
E
E(MSTrt) .
= ———~ and reject Hy for large values of Fj.
E(MSE J 0 g 0
2.4 Estimation of Model Parameters under Constraints
e For the effects model,  and 7,...,7, cannot be uniquely estimated without imposing a constraint

on the model effects.

e If we assume the linear constraint (i) >.;; ny7; = 0, (i) 7 = 0 (SAS default), or (iii) 71 =0

(R default), then p, 7, ..., 7, can be uniquely estimated from the grand .. and the treatment means
Y1.,---,Y,- The least-squares estimates:
assuming > ¢ n;7; =00 O=7. and Ti=9.—9y. fori=1,2...a
assuming 7, = 0: n=71, and Ti=Y.—9Y, fori=12....a
assuming 71 = 0: =71 and Ti=7.—17, fori=12,...,a
ONEWRY CLASSIFICATION
) — 1=1,2,.-.,0
EFFECTS MODEL:  Yig = A+ T +&; .5

ASSUMPTIONS: (1) iy~ TTON (o, ¢%)

ARE S&T
FFECTS (LEVELS G,Z,.., &
L2> FIxeD E BY ™ME E,Lp [ XAl [V\E)JT"LR)

(3) COMPLET £ RAN DO MITATION)

3

(+) A COOSTRAINT IS PLACRD oN THT T s
10 ALLOW FoR ESTIMATION.

TR S
REGARDIDG W): O OMIGUELY ESTIiMATE, THET axl PAR AN

i o g EQURT\OMS W\TH THT
M’T .. ra. WE Us% The Nowm

l)’ ¥}

ComSTRAMNT TO GRT ESTIMATLS A, Ty /7;

10



EgTiMmaToN oF EFFECTS

THE CRIT TRION FoR ESTUMATIN 6~ EFFLLTS 'S TO MINMIES
™ SQUARLS

g COTHERWSE KNOWN AS THT LWAS

THE S5
o B 'T,, -, Ta

METHOD) . MATHEMATIALLY, WE Wan T

THAT MINALTE

A ~ ~ \2
-5 7 (yy-a-F)
; =1 3=\
A SoLuTion QAN BE Fouprd BY USING THE NORMAL tQUATIONS
WHICH A2 Foord BY EBUAMING THE PART AL DERVWATIVES

To & AND THEM Sowvwe:

iz1 3= iz 3=t T
= Q= NA + iﬂ:;f\”,‘ w
n!
—-—):-' = —Li(%i:\—'M“'T/B:‘O =,2,..,0
@T 3=
n; Y ~
=» i"élj = 2/& + i’l‘?
= 3= 3=
= -.a.“ = ni}l + 0T e 1=1,2,...,0

NOTE Twire ARE Ot! NORMA- CQUATIONS BT THETY ARE MNoT LA amR LY’
A
A ~
U e o A N

o DERPEODENT ¢ "B = MM, v

.
v

v b A
Yoo = Ny O+ Na Ta
in;"ﬁ < WO

=

Y = N Y

S Yok X AND T,‘ we Ng<eo T (MPOSE

T GLT ONMQUE SOLVTION
TExT Books IS

A CORSTRAINT. THZ co»s-nehwr usw IV MY
in ’T =0 For vncaLAL N4

CONSTRAINT| . =
I S 2 =0 For  QUAL Vi

1= [0):3 A —
OSING THIS Cov sTRAMT (vTO ) Y Uuos ‘6 N = ),u'; ‘é

™U S %‘ =N M-\—(\ ’T; BICOMeS %, =nn; (6 0, T,_

Sowmt- For : YieLos \ %— 'é For i=) 2 ‘.. 0

’ 7z

ConsTemnT I
ANOTATR. COMMOL QOPSTRAWT LSLD C‘E.G,J BY SAS) (s 73“ =0

THDO THE WST NomwAL <Qu, ~
IATION = 9 ~
N 100 Ko =X +Na T, BEOMES

~ —
%a,z naM = M"-' O e
MUS  TME  OThaz
H No(zm& LAUaAT™ONS %\.—n-f&+h«$ BeLoms
{ R oM
Y= N Fa F T = Gie= Fa v T

o —_— —
= (ij = %i' _300 Fon '.:\,1' v, O

11



2.5 Sleep Deprivation Example (n; are equal)

A study was conducted to determine the effects of sleep deprivation on hand-steadiness. The four levels
of sleep deprivation of interest are 12, 18, 24, and 30 hours. 32 subjects were randomly selected and
assigned to the four levels of sleep deprivation such that 8 subjects were randomly assigned to each level.
The response is the reaction time to the onset of a light cue. The results (in hundredths of a second) are
contained in the following table:

Treatment (in hours)

12 18 24 30
20 21 25 26
20 20 23 27
17 21 22 24
19 22 23 27
20 20 21 25
19 20 22 28
21 23 22 26
19 19 23 27

Note: subscripts 1, 2, 3, 4 correspond to the 12, 18, 24, and 30 hour sleep deprivation treatments.

—=22.25, 7. = 19.375 Ty = 20.75 Ty = 22.625 7, = 26.25

° .
e Assuming Constraint II: 7, =0 where a =4.

L= Yy =
P o= Jp. — s = 19.375—26.25 =

To = Tog. — Yy = 20.75 —26.25 =
Ty = Ty — Ty = 22.625 —26.25 =
FLo= Ty — U = 26.25 —26.25 =
e Thus, our estimates [i1, iz, i3, and fig under Constraint II are:
L = 0+7 = 26.25—6.875 =
fio = i+7 = 2625550 =
iy = i+7 = 26.25 — 3.625 =
iy = i+7 = 26250 =

4
e What if we assume Constraint I: Zﬁ = 0 (because all n; = 8)? The parameter estimates are:

i=1

n=7. =

T = Y. —¥. = 19.375 —22.25 =
Ty = Ty — 7. = 20.75 —22.25 =
T3 = Y3 — Y. = 22.625 —22.25 =

1= Ty —7. = 2625 —22.25 =
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e Thus, our estimates [i1, ji2, i3, and ji4 under Constraint I are:
i = i4+7 = 22.25—-2875 =
o = i+7 = 2225 —15 =
iy = f+7 = 22.25+0.375 =
fs = +74 = 2225440 =

e Note that both constraints yield the same fi; estimates even though the i and 7; estimates differ
between constraints.

e A function that is uniquely estimated regardless of which constraint is used is said to be estimable.

e For a oneway ANOVA, u+ 7 for i = 1,2,...,a are estimable functions, while individually
W, T, T2 ..., Tq are not estimable.

We will now analyze the data using SAS. The analysis will include

e Side-by-side boxplots of the time response across sleep deprivation treatments.

Distribution of time
28|F 46.56 T
Prob>F <.0001
26 ©
o
24 1
N N
g
22
<&
20
18 1
o
T T T T
12 18 24 30
hours

e ANOVA table with parameter estimates assuming the constraint 74 = 0. This is the default using
SAS.

e A table of treatment means and standard deviations.

e Parameter estimates assuming the constraint Z?Zl 7, = 0. This are calculated using ESTIMATE
statements in SAS.
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SLEEP DEPRIVATION EXAMPLE
CONTRASTS AND MULTIPLE COMPARISONS

The GLM Procedure

Class Level Information

Class

Levels

Values

hours

411218

24 30

Number of Observations Read | 32
Number of Observations Used | 32
The GLM Procedure
Dependent Variable: time
Sum of
Source DF Squares | Mean Square | F Value | Pr > F
Model 31213.2500000 71.0833333 46.56 | <.0001
Error 28 | 42.7500000 1.5267857
Corrected Total | 31 | 256.0000000
R-Square | Coeff Var | Root MSE | time Mean
0.833008 5.553401 1.235632 22.25000
Source | DF | Type III SS | Mean Square | F Value | Pr > F
hours 31213.2500000 71.0833333 46.56 | <.0001
Standard
Parameter Estimate Error | t Value | Pr > |t| | 95% Confidence Limits
Intercept 26.25000000 | B | 0.43686178 60.09 [ <.0001 | 25.35512921 | 27.14487079
hours 12 | -6.87500000 | B |0.61781585 -11.13 | <.0001 | -8.14053841 | -5.60946159
hours 18 | -5.50000000 | B | 0.61781585 -8.90 | <.0001 | -6.76553841 | -4.23446159
hours 24 | -3.62500000 | B | 0.61781585 -5.87 | <.0001 | -4.89053841 | -2.35946159
hours 30 | 0.00000000 B

Note: The X'X matrix has been found to be singular, and a generalized inverse was used to solve the normal equations. Terms whose estimates

are followed by the letter 'B' are not uniquely estimable.
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time
Level of
hours |N Mean Std Dev
12 8119.3750000 | 1.18773494
18 8120.7500000 | 1.28173989
24 8122.6250000 | 1.18773494
30 8126.2500000 | 1.28173989
Contrast DF | Contrast SS | Mean Square | F Value | Pr > F
Linear Trend 1| 202.5000000 202.5000000 132.63 | <.0001
Quadratic Trend 1 10.1250000 10.1250000 6.63 | 0.0156
Cubic Trend 1 0.6250000 0.6250000 0.41 | 0.5275
Standard 95%
Parameter Estimate Error |t Value | Pr > |t|| Confidence Limits
12 hour effect -2.8750000 [ 0.37833340 -7.60 | <.0001 | -3.6499808 | -2.1000192
18 hour effect -1.5000000 | 0.37833340 -3.96 | 0.0005 | -2.2749808 | -0.7250192
24 hour effect 0.3750000 | 0.37833340 0.99 | 0.3301 | -0.3999808 | 1.1499808
30 hour effect 4.0000000 | 0.37833340 10.57 | <.0001 | 3.2250192 | 4.7749808
12 hour mean 19.3750000 | 0.43686178 44.35 | <.0001 | 18.4801292 | 20.2698708
18 hour mean 20.7500000 | 0.43686178 47.50 [ <.0001 | 19.8551292 | 21.6448708
24 hour mean 22.6250000 | 0.43686178 51.79 | <.0001 | 21.7301292 |23.5198708
30 hour mean 26.2500000 | 0.43686178 60.09 | <.0001 | 25.3551292 | 27.1448708
12 vs 18 hrs 1.3750000 | 0.61781585 2.23 ] 0.0343 [ 0.1094616 | 2.6405384
12 vs 30 hrs 6.8750000 | 0.61781585 11.13 | <0001 [ 5.6094616 | 8.1405384
18 vs 24 hrs 1.8750000 | 0.61781585 3.03 | 0.0052 | 0.6094616 | 3.1405384
Linear Trend 22.5000000 | 1.95370527 11.52 | <.0001 | 18.4980162 | 26.5019838
Quadratic Trend | 2.2500000 | 0.87372356 2.58 | 0.0156 | 0.4602584 | 4.0397416
Cubic Trend 1.2500000 | 1.95370527 0.64 | 0.5275 | -2.7519838 | 5.2519838
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e Diagnostic plots of the residuals to assess if any model assumptions are seriously violated. These
include:

— A normal probability (NP) plot and a histogram of the residuals. These plot assesses the
assumption that the errors are normally distributed. The pattern in NP plot should be close to
linear when the residuals are approximately normally distributed while the histogram should be
bell-shaped (assuming there are a reasonable number of residuals. Any serious deviations from
linearity suggests the normality assumption has been violated.

Residual versus predicted (fitted) value plot. This plot assesses the homogeneity of
variance (HOV) assumption that the errors have the same variance for each treatment. The
residuals should be centered about 0 and the spread of the residuals should be similar for each
treatment.

Residual

Residual

Percent

Fit Diagnostics for time
2 _ o o 2 o} ° 2 8
o ° ° o 8
1] ° 1 ° 14
o e} [¢] =
0 0 0
o ° % o ° % 8
o o M [o) ° M 8
-1 ° -1 4 o -14qo0
) ° o ° 8
27, o 245 o 243
1 1 1 1 1 1 1 1 1 1 1
20 22 24 26 20 22 24 26 0.125 0.175 0.225
Predicted Value Predicted Value Leverage
S 28 ° 0.15 -
2 o
O, 26 -
14 o o
24 o (o) 0.10 4
5] o [ R
0 £ »- o /o ”§
° ° O 4
-1 20 - o/ 0.05
% 6 o
-2 18
° ° 0.00 - LT
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-2 -1 0 1 2 18 20 22 24 26 28 0 10 20 30
Quantile Predicted Value Observation
Q Fit-Mean Residual
30
4 - o)
20 2 - && Observations 32
o Parameters 4
0- e ) @@@ Error DF 28
10 o= MSE 1.5268
o S R-Square 0.833
-2 ® Adj R-Square 0.8151
0 - CERID
1 1 1 1 1 1 1 1 1 T T T T 1 )
4-3-2-101 234 0.0 04 08 0.0 04 08
Residual Proportion Less
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2.5.1 SAS Code for Sleep Deprivation Example
DM ’L0OG; CLEAR; 0OUT; CLEAR;’;

0DS GRAPHICS ON;
0DS PRINTER PDF file=’C:\COURSES\ST541\SLEEP.PDF’;
OPTIONS NODATE NONUMBER;

K sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk sk ok sk ok kok sk okk ok

**x Sleep deprivation example *%*x;
sk sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk sk sk koK

DATA in;

DO hours = 12 to 30 by 6;

DO rep = 1 to 8;

INPUT time @@; OUTPUT;

END; END;
CARDS;
20 20 17 19 20 19 21 19 21 20 21 22 20 20 23 19
25 23 22 23 21 22 22 23 26 27 24 27 25 28 26 27

PROC GLM DATA=in PLOTS = (ALL);
CLASS hours;

MODEL time = hours / SS3 SOLUTION CLPARM ALPHA=.05;

MEANS hours ;
* QUTPUT 0OUT=diag P=pred R=resid;

ESTIMATE ’12 hour effect’ hours 3 -1 -1 -1 /
ESTIMATE ’18 hour effect’ hours -1 3 -1 -1 /
ESTIMATE ’24 hour effect’ hours -1 -1 3 -1 /
ESTIMATE ’30 hour effect’ hours -1 -1 -1 3 /
ESTIMATE ’12 hour mean’ INTERCEPT 1 hours 1 O
ESTIMATE ’18 hour mean’ INTERCEPT 1 hours O 1
ESTIMATE ’24 hour mean’ INTERCEPT 1 hours 0 O
ESTIMATE 30 hour mean’ INTERCEPT 1 hours 0 O
ESTIMATE 12 vs 18 hrs’ hours -1 1 0 O;

ESTIMATE ’12 vs 30 hrs’ hours -1 0 0 1;

ESTIMATE ’18 vs 24 hrs’ hours 0 -1 1 O0;

ESTIMATE ’Linear Trend’ hours -3 -1 1 3;
ESTIMATE ’Quadratic Trend’ hours 1 -1 -11;
ESTIMATE ’Cubic Trend’ hours -1 3 -31;
CONTRAST ’Linear Trend’ hours -3 -1 1 3;
CONTRAST ’Quadratic Trend’ hours 1 -1 -11;
CONTRAST ’Cubic Trend’ hours -1 3 -31;

TITLE ’SLEEP DEPRIVATION EXAMPLE’;
TITLE2 ’CONTRASTS AND MULTIPLE COMPARISONS’;
RUN;

17
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2.5.2 R Analysis for Sleep Deprivation Example

R Output for Sleep Deprivation Example

> #———— Treatment means and std dev -———-—--——————----
> tapply(time,hours,mean)

12 18 24 30
19.375 20.750 22.625 26.250

> tapply(time,hours,sd)

12 18 24 30
1.187735 1.281740 1.187735 1.281740

> summary (f1)
Df Sum Sq Mean Sq F value Pr(>F)
factor(hours) 3 213.25 71.08 46.56 5.22e-11 *x%*x*

Residuals 28 42.75 1.53
Signif. codes: O “Hkxkx’ 0,001 ‘*x’ 0.01 ‘%’ 0.05 ‘.” 0.1 ¢ > 1
> summary (£2)
Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 19.3750 0.4369 44.350 < 2e-16 **x*
factor(hours)18 1.3750 0.6178 2.226 0.0343 *
factor(hours)24 3.2500 0.6178 5.260 1.36e-05 **x*
factor (hours)30 6.8750 0.6178 11.128 8.64e-12 ***
Signif. codes: O “*%x’ 0.001 ‘**’ 0.01 ‘x> 0.05 ¢.” 0.1 ¢ ’ 1

Residual standard error: 1.236 on 28 degrees of freedom
Multiple R-squared: 0.833, Adjusted R-squared: 0.8151
F-statistic: 46.56 on 3 and 28 DF, p-value: 5.222e-11

R Code for Sleep Deprivation Example
hours <- c(rep(12,8),rep(18,8),rep(24,8),rep(30,8))

time <- ¢(20,20,17,19,20,19,21,19,21,20,21,22,20,20,23,19,
25,23,22,23,21,22,22,23,26,27,24,27,25,28,26,27)

Hommm Treatment means and std dev —--——--———-—-———---
tapply(time,hours,mean)
tapply(time,hours,sd)

#-——————— Generate ANOVA results -——————————-———-
f1 <- aov(time~factor (hours))

summary (£1)

f2 <- 1lm(time~factor (hours))

summary (£2)

$——m - Generate diagnostic plots ——————————-——-——-

windows ()

par (mfrow=c(2,2))

plot(£1)

windows ()

par (mfrow=c(2,2))

stripchart (time~hours,vertical=TRUE,main="Response Time vs Treatment")
plot(fitted(f1) ,resid(f1) ,main="Residuals vs Predicted Values")
qqnorm(resid(f1) ,main="Normal Probability Plot")

hist(resid(f1) ,nclass=8,main="Histogram of Residuals")
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R Diagnostic Plots
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2.6 CRD Matrix Form Example

Suppose there are a = 3 treatments and n = 3 observations per treatment. The data were:

Treatment

1 2 3 Summary Statistics

4 10 7 y1. =15 yo. =36 y3. =27 y. =78

5 12 8 J.=5 Y. =12 73 =9 7. =78/9=26/3
6 14 12

CONSTRAINTI: >, 7, =0 (equal n; case)

e Model: y;; =p+7+¢; fori=1,2,3andj=1,2,3

e In matrix form y = X'0 +e where 6 = [u,71,72).
e Goal: Find ¢ = [, 71, T2], and assuming > ¢ 7, =0 we will get T3 = —71 — T
KT T2
M1 1 0 7 [ 4 7
1 1 0 )
1 1 0 6
1 0 1 10
X=11 0 1 y = | 12
1 0 1 14
1 -1 -1 e
1 -1 -1 8
S S 12
1 1 07
1 10
1 10
111111111 1 01 900 1 00
X'X=|111000-1-1-1| |10 1] =1]063 X'x)'==-1]0 2-1
00o0111-1-1-1 1 01 036 0-1 2
1-1-1
1-1-1
(1 -1 -1 ]
.
)
6
111111111 10 78 78 Y.
Xy=1111000-1-1-1 12 =] 127| = |12 = | i — s
o0ooo0o111-1-1-1 14 36 - 27 9 Y2. — Y3.
T
8
12 |

20



R L1 00 78 78/9 26/3 m
=(X'X)"'X"y = 5 |0 2 12 | = (-24-9)/9 | = | -11/3 | = | 7
0 -1 2 9 (12+18)/9 10/3 D

~ ~ o~ 1 ~ A ~ ~ ~
Then T3=-7 —T = 3 Because u; = u+ 7, we get up =5, uz =12, and u3 =29,

CONSTRAINT II: 73 =0 (equal n; case) Goal: Find 6 = [fi,71,7] with 73 = 0 because of
the constraint.

T T2
1 1 07 [ 4]
1 1 0 5
1 1 0 6
1 0 1 10
X=1|1 0 1 y = | 12
1 0 1 14
1 0 0 7
1 0 0 8
L1 0 0 ] [ 12 |
933 1-1-1
X'X =1330 X'xX)t=-1-1 21
303 1012
111111111 Y.
Xy=1111000000]|y=|mun
000111000 Y.

. (1/3)(y.. —y1. — y2.)
0=(X'X)"'X'y = | (1/3)(=y.. +2y1. +y2.) | Note: y. =y +y2 +us.
(1/3)(=y.. + y1. + 2y2.)

(1/3)ys. s, 9 9
= | A3y —ys) | = | T.—-¥s. | = | 5-9| = | —4
(1/3)(y2. — y3.) Vo — Ts. 12—-9 3

Then /7:97 7/'\1 :—4’7/:2:3, and %\3:0

pm=p+71=9-4 =5
e The estimates of the 3 means are o =g +72=9+3 =12
i3 = [+ T3 =9

which are the same as those using Constraint I.
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Alternate Matrix Form Solutions

We can retain all a + 1 parameter columns and still find the least squares solutions for u, 7, ...,7, if we
append a row to matrix X and a value c¢ to vector y based on the based on the linear constraint, and then
follow the same procedure as before.

CONSTRAINT I: >7 , 7, =0 (equal n; case) In matrix form E(y;) = X160 where:
BT T2 T3
1 1 0 0] [ 4]
1 1 0 0 )
1 1 0 0 6
1 0 1 0 10 m
I I T R 12 | n
Xi=11 0 1 o0 A V' U
1 0 0 1 7 T3
1 0 0 1 8
1 0 0 1 12
0 1 1 1 | 0|
11007
1100
1100
1111111110 1010 9333 2 -1 -1 -1
' 11110000001 1010  [3411 ' 4 _ 1 ]-1 3 0 0
XX = 0001110001 1010  [3141 (X1X1) 9 |-1 0 3 0
0000001111 1001 3114 -1 0 0 3
1001
1001
1011 1]
A
)
6
1111111110 10 78 Y.
iy — |1 110000001 120 15| |
W= 10001110001 | =~ [36] " |
0000O0OO0C1TT1IT11 7 27 Y3.
8
12
L 0]
2 -1 -1 -1 78 26,3 ii
- B 1-1 3 0 0 15 ~11/3 7
_ / 1y _ = — — 1
I=(0X)" X =351 1 ¢ 3 36 10/3 %
-1 0 0 3 27 1/3 7
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(equal n; case)

=0

T3

CONSTRAINT II:

T2 T3

T2

3
3
3

4
5
3

4 -4 -4 -3
)
4
3

—4
—4
-3

(xX%) 7 = 2 {

N o o<
;MmO n O
[N s e an)
S M Mn M

X} Xo

I |
I

r 1
SO OO oo O A A~ A
OO O A H OO OO
e —H O O O OO OO
— o o o H o~ — O
L ]

oo o A

— O O

— O O

- O O

—_ O A O

— O — O

- O A O

- — o O

— - O O

- — O O

|

..
15 . Y.
36 - Y2.
27 Ys3.

;

10
12
14

7

|

1111111110
1110000000
00011100O00O0

0000O0OO0O1TT1T11

|

(X5X2) ' Xoyo =

X§y2

4
—4
—4
-3

0
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