8.6 Jonckheere-Terpstra Test for Ordered Alternatives

In some applications of parametric statistical procedures, it is appropriate to test the
null hypothesis of equality among population means (y;s)

CHotpy =gy ==

against an alternative in which order is specified—say,

Hyipy < pp <00 < gy

(where at least one of the inequalities is strict; that is, at least one population mean is
less than at least one of the other population means). This alternative is sometimes

more meaningful than the alternative
H,: Not all y’s are equal

‘which merely negates at least one of the equalities in H,. Analogous situations arise
when the application of nonparametric statistical procedures is appropriate and the
location parameters of interest are medians.

In a study of the efficacy of some drug, for example, the mvesugator may wish to
know whether the sample data indicate that increased response accompanies
increased dosage. An educator may wish to know whether levels of distraction
varying from none to moderate to excessive during an examination result in scores
in the reverse order of magnitude. A sociologist may be interested in knowing
whether people in low, middle, and high socioeconomic groups possess low, middle,
and high knowledge of certain current events. Alternatlve hypotheses of this type
are referred to as ordered alternatives.

In the two-sample case involving location parameters, we achieve the objectives
of an ordered alternative by using a one-sided alternative instead of a two-sided
alternative. When the data available for analysis consist of three or more samples of

~ observations, however, the distinction between one-sided and two-sided tests is not
maintained. Consequently we need a procedure that specifically allows for ordered
alternatives in the k-sample case.

Terpstra (T36) and Jonckheere (T37) have proposed a test that can be used when
an ordered alternatlvc 1s appropriate.

Assumptions

A. The data for analysis consist of k random samples of sizes ny,n,,...,n,
from populations 1,2,...,k, with unknown medians Ml, Mz, M,

or unknown meww": My, Hz,oony M
B. The observations are independent, both within and among samplcs
C. The variable of interest is continuous.
D. The measurement scale is at least ordinal.

E. The sampled populations are identical cxcept for a possible difference
location parameters.
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Hypotheses
Ho: M1=M2="‘ Mk
Hi: M <M, <--- < M,, with at least one strict inequality.

or ’
l‘}'o" M] = M = o
A T :
He & Mat oo <y with o Yeast one stmek
' fe \W&%uc.‘- vb‘:}

If the expected direction of inequality is not as specified ‘in this alternative
hypothesis, relabel and reorder the samples to achieve conformity.

Test Statistic

The test statisticis  J.= ) Uj;
i<j

where Uj;is the number of pairs of observations (a,;b) for which X, is less than Xj,. In
other words, we compare observations in all pairs of samples. We compare each
observation in the first sample in the pair of samples with each observation in the
second sample in the pair, and if the observation from the first sample is less than the
observation in the second sample, we record a score of 1. We record a score of 0 if
the observation from the first sample is greater than the observation from the

second sample.

Decision Rule

Reject H, at the a level of significance if the computed J is greater than or equal to
the critical value of J for o, k, and ny,n,,...,n, given in Table A.13. The critical
values for J given in Table A.13 for k = 3 are tabulated for sample sizes of
n; < n, < ny. Because the distribution of J has certain symmetry properties,
‘however, we may obtain critical values for configurations not in that order by
rearranging the three sample sizes so that they are in order of increasing size before
we enter the table. For example, if we wish critical values for sample sizes n; = 5,
n, = 7,n; = 3, we enter Table A.13atn; = 3,n, = 5,n3 = 7.

;» record a score of 1/2 for each case where X, = X,,, In
other words, each time a tie is encountered when comparing observations, record a
score of 1/2 rather than 1. :

Ties In computing U,

_Largg-ngpIe A{)proximation For large sémple sizes, J is approx}mately nor-
mally distributed with mean 0 and variance 1. When we use the normal approx-
imation, we compute _ ‘ ’

- -

J — [(N* - =k, n})/4] -

z =
- VIN2@2N + 3) — ZE_ n2@2n, + 3)]/72

(6.6)

ar}tc)i' compare it for significance with tabulated values of the standard normal dis-
tribution '
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Jonckheere-Terpstra Test Example

Nappi (E12) investigated the changes occurring in the haemocytes of larvae of
Drosophila algonquin during parasitization by the hymenopterous parasite (parasit-
oid) Pseudeucoila bochei. Twenty-seven hours after parasitization of Drosophila

- algonquin larvae, differential counts (%) of plasmatocytes were made on three
groups: host larvae in which reaction was successful (S), those in which the reaction
was unsuccessful (U), and those in which there was no visible host reaction (N). The
results are shown in Table 6.16. We wish to test the null hypothesis of no difference
among the three groups against the alternative that the differential counts of
plasmatocytes (%) decrease in the three groups from group N to group S.

Differential plasmatocyte counts, percent from larvae of '

Drosophila algonquin 27 hours after parasitization by
Pseudeucoila bochei (host age 91 hours when parasitized)

Successtul Unsuccesstul No visible

host reactions (S) host reactions (U) host reactions (N)

54.0 79.8 98.6

67.0 82.0 . 995

47.2 : 88.8 . 95.8

711 _ . 79.6 , 93.3. TABLE 6.16
62.7 : 85.7 98.9

448 ‘ 81.7 91.1

67.4 88.5 94.5

80.2

Source: A, J. Nappi, “Celiular Inmune Reactions of Larvae of Drosophila
algonquin,” Parasitology, 70 (1975), 189~194: published by Cambridge
University Press.

EXAMPLE 2.

Davis (E14) investigated the performance of hard-of-hearing school f:hlldren ona tasl.< in-
volving knowledge of 50 basic concepts considered necessary for satisfactory academic
achievement during kindergarten, first grade, and second grade. The raw scores made fby
24 hard-of-hearing school children (kindergarten to third grade) on the Bgehm Te§t of
Basic Concepts (E15) are shown in Table 6.18 by age. Do these data provide sufﬁcxentl evi-
dence to indicate that, on thie average, scores tend to increase with age? Find the £ value.

Raw scores for 24 hearing-impaired children by age groups

Age 6 .
Raw scores 17 20 24 34 34 38

Age 7

Raw scores 23 25 27 34 38 47

Age &

Raw scores 22 23 | 26 32 34 34 36 38. 38 42 48 50

Source: Julia Davis, “Performance of Young Hearing-Impaired Children on a Test of Basic Concepts,"”
J. Speech Hear. Res., 17 (1974), 342-351.
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R code for Jonckheere-Terpstra Test

# Jonckheere-Terpstra Test
library(clinfun)

# Example 1
group <- c(rep(3,8),rep(2,7) ,rep(1,7))

space <-c(54.0, ,44.8,67.4,80.2,

79.8,82.0,88.8,
98.6,99.5,95.8,

jonckheere.test(space,group,alternative="decreasing")

# Example 2
age <- c(rep(1,6),rep(2,6),rep(3,12))

score <-c(17,20,24,34,34,38,23,25,27,34,38,47,
22,23,26,32,34,34,36,38,38,42,48,50)

jonckheere.test(score,age,alternative="increasing")

R output for Jonckheere-Terpstra Test
> # Example 1

Jonckheere-Terpstra test

data:
JT = 2, p-value = 7.29e-09

alternative hypothesis: decreasing

> # Example 2
Jonckheere-Terpstra test

data:
JT = 118, p-value = 0.06416

alternative hypothesis: increasing
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8.7 A Permutation (Randomization) F-Test

e The data setup is the same as the Kruskal-Wallis Test. That is, we have k groups with n;
observations from the i** group.

Groups
Levels 1 2 3 . k
T11 Z21 x31 Tt Lal
T12 T22 x32 T Ta2
T13 T23 T33 T La3
xlnl x?ng x3n3 e xknk
means T To fg st T
: 2 2 2 2
varliances 8] s5 S3 - St

Let N=mny+ny+---+ngand T = (1/N) Z inj is the mean of the entire data set.
i=1 j=1

If the k groups represent samples from k populations in an observational study, then we
will be performing a Permutation F-Test.

If the k groups represent k treatments from a randomized experiment, then we will be
performing a Randomization F-Test.

Without loss of generality (WLOG), in the notes I will just refer to a Permutation F-test.

In the traditional analysis of variance (ANOVA) F-test we are testing the null hypothesis
of equality (no differences) in treatment means

Ho: pn = pg =+ =
against the alternative hypothesis
H, : not all means are equal or, equivalently,

Hy: pi # p; for somei # j

e To compare k >3 treatment means, the test statistic is

SSQ’"OUPS/(k B 1) _ MSgroups
SSE/(N — k) MSE

F =

k = the number of groups,
N = the total number of observations in the data set, and
n; = the number of observations for group .

— The sums of squares for groups

ng

k
SSgroups = Y > (@i —7)* = Y ni(@ —T)°
s j i=1

=1 j5=1

and M Sg,oups is called the mean square for groups.
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The

The sums of squares for error

k  n;

SSE = 3> (o —7)* = Y _(m—1)si

i=1 j=1
and MSFE is called the mean squared error.

If the data within each group were samples from normal distributions with equal variances,
then the test statistic ' has an [F-distribution with & — 1 degrees of freedom for the
numerator and N — k degrees of freedom for the denominator.

In this case, the experimenter compares the F-statistic to the F'(k—1, N — k) distribution
to determine a p-value for the test.

However, if the assumptions are violated, (for example, the data within each group were
not samples from normal distributions with equal variances), then a Permutation F-test
may be appropriate.

Steps in the Permutation F-Test (Monte-Carlo Approach)

Calculate the F-statistic from the original data. Call this F,,.

Generate a large number FP,., of permutations of the data with respect to the groups.
Thus, a permutation is a random assignment of the N observations to the k£ groups while
preserving the group sample sizes ny, no, .. ., Nk.

For each permutation, calculate the F-statistic.

Find the proportion of this set of P,., permutation F-statistics that are > Fi;s. This is
the p-value for the Permutation F-test.

Example 1 from Introduction to Modern Nonparametric Statistics, J. Higgins.

The data consist of three groups with n; = ny = ng = 5 observations per group.

Group1l  Group 2  Group 3

6.08 30.45 32.04
22.29 22.71 28.03
7.51 44.52 32.74
34.36 31.47 23.84
23.68 36.81 29.64

The test can be performed using the perm package in R.

In this example, I set the number of permutations F,., = 50000.
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e The seed is set to 109285 which means that every time you run this R program you will
get the same random sample of permutations. If you change the seed, it will generate a
different set of permutations.

e The actual F-statistic calculated from the data is F,,s = 3.781445. In this example,
2530/50000 = .0506 of the permutations produced F-values > F,,s. Thus, the p-value =
.0506.

R code for Permutation F-test for Example 1
library(perm)

# Enter the number of permutations to take
Prep = 50000
Prep

# Enter vector of responses
y <- ¢(6.08,22.29,7.51,34.36,23.68,
30.45,22.71,44.52,31.47,36.81,32.04,28.03,32.74,23.84,29.64)

y

# Enter the number of observations for each treatment
nvec <- c(5,5,5)

# Create treatment vector
group <- as.factor(c(rep(1l,nvec[1]),rep(2,nvec[2]),rep(3,nvec[3])))

group

permControl=permControl (nmc=Prep,seed=109285,p.conf.level=.99)
permKS(y,group, control=permControl)

R output for Permutation F-test for Example 2

> # Enter the number of permutations to take

[1] 50000
>

> # Enter vector of responses
>y

[1] 6.08 22.29 7.51 34.36 23.68 30.45 22.71 44.52 31.47 36.81 32.04 28.03
[13] 32.74 23.84 29.64

> # Create treatment vector
> group
(1] 111112222233333
Levels: 1 2 3
K-Sample Exact Permutation Test Estimated by Monte Carlo

data: y and group
p—value = 0.0506

p-value estimated from 50000 Monte Carlo replications

99 percent confidence interval on p-value:
0.04808852 0.05315745
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Example 2: Reconsider the data from the study of the spacing in the cells of muscles in the
heart using the “tracer method”. The data for this study are:

Group 1 Group 2 Group 3

175 169 194
185 176 195
185 179 204
A87 183 209
188 185 219
194 189 219
197 193 233
209 195 234

e Warning! In this example, n; = ny = ng = 8. For these values, the default in the perm
package switches to an asymptotic approximation.

e You can request monte-carlo estimation using the exact.mc option.

e The actual F-statistic calculated from the data is F,, = 13.9736. In this example,
18/50000 = .00036 of the permutations produced F-values > F,,s. Thus, the p-value =
.00036.

R code for Permutation F-test for Example 2
library(perm)

# Enter the number of permutations to take
Prep = 50000

# Enter vector of responses

y <- c(.185,.187,.209, .194,.175,.197,.188, .185,
.189,.193,.176,.195,.169,.183,.185, .179,
.219,.204,.219,.234,.233,.194,.209, .195)

y

# Enter the number of observations for each treatment
nvec <- c(8,8,8)

# Create treatment vector
group <- as.factor(
c(rep("Group1",nvec[1]),rep("Group2",nvec[2]),rep("Group3",nvec[3])))

group

# For (8,8,8) the default method is asymptotic approximation
permControl=permControl (nmc=Prep,seed=10928,p.conf.level=.95)
permKS (y,group, control=permControl)

# You can request monte-carlo estimation using the exact.mc option
permKS(y, group, control=permControl ,method="exact.mc")
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R output for Permutation F-test for Example 2

> # Enter vector of responses
>y

[1] 0.185 0.187 0.209 0.194 0.175 0.197 0.188 0.185 0.189 0.193 0.176 0.195
[13] 0.169 0.183 0.185 0.179 0.219 0.204 0.219 0.234 0.233 0.194 0.209 0.195

> # Create treatment vector
> group

[1] Groupl Groupl Groupl Groupl Groupl Groupl Groupl Groupl Group2 Group2
[11] Group2 Group2 Group2 Group2 Group2 Group2 Group3 Group3 Group3 Group3
[21] Group3 Group3 Group3 Group3
Levels: Groupl Group2 Group3

K-Sample Asymptotic Permutation Test
data: y and group
Chi Square = 13.1322, df = 2, p-value = 0.001407
> # You can request monte-carlo estimation using the exact.mc option
> permKS(y,group,control=permControl,method="exact.mc")

K-Sample Exact Permutation Test Estimated by Monte Carlo

data: y and group
p-value = 0.00036

p-value estimated from 50000 Monte Carlo replications
95 percent confidence interval on p-value:
0.0001980746 0.0005443173
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8.7.1 Alternative (Quicker) Permutation F-Test

To save computational time, you do not actually have to compute the F-statistic for each
permutation. All we need is an “equivalent statistic”. That is, find a statistic that has
the same order in its permutation distribution as the order for the F-statistic.

The total sum of squares, denoted S Sy, is defined as
k n;
SStotal = ZZ(%J —7)* = (N —1)s
i=1 j=1
where s? is the sample variance of the N responses.
Note that S5, does not change from one permutation to the next.
It is known that SSiptar = SSgroups + SSE which implies that SSE = SSiotai — SSgroups-

Thus, we can rewrite the F-statistic as

SSgroups/<k - 1) o Ssgroups/(k - 1)

r= SSE/(N—a)  (SSita — SSyroups)/ (N — a)

This makes F' an increasing function of SSg,oups. Thus, a Permutation Test based only on
SSgroups 18 equivalent to the Permutation [-Test based on the F-statistic.

Alternative 1: Therefore, you can just calculate SSg.oups for each permutation and
determine the proportion of permutations yielding SSy,oups > observed S'Sg oups-

To simplify the computational demands even further, it can be shown that the formula
for SSgroups can be rewritten as

k
SSgroups = (Z niff) — N72.
=1

But, Nz? does not change from one permutation to the next. So, it can be ignored.

Alternative 2: Therefore, you can just calculate

k
SSX =) nT
i=1

v

for each permutation and determine the proportion of permutations yielding SSX
observed SSX.
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