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2.2C  Use elimination to reach upper triangular matrices U/, Solve by back substitution
~ or explain why this is impossible. What are the pivots (never zero)? Exchange equations
* when necessary. The only difference is the —x in the last equation. .

Success x+y+z=7 x+y+z=7
then x+y—z=5 ' x+y—z=5

Failure X—y+z=3  —x—y+z=3

Solution  Forthe first system, subtract equation 1 from equations 2 and 3 (the multipliers
are £33 = 1 and £3; = 1). The 2, 2 entry becomes zero, so exchange equations:

K _ x+y+z= 7 x+y+z= 7T
" Success: © 0y —2z == =2 “exchangesinto  —2y + 0z = —4
: —2y+0z=-4 L 2z=-2

Then back substitation gives z = 1 and y = 2 and x’ = 4. The pivots are I, —2, —2.
For the second system, subtract equation 1 from equation 2 as before. Add equation 1
‘to equation 3. This leaves zero in the 2, 2 entry and also below:

Ve e x+y+tz=.7 There is ro pivot in column 2 (it was — column 1)
. Failure Jy—-2z=-2 A further elimination step gives 0z = 8
i 0y +2z = 10  The three planes don’t meet

‘Plane 1 meets plane 2 in a line. Plane 1 meets plane 3 in a parallel line. No solution.

If we change the “3” in the original third equation to “—5" then elimination would lead
160 = 0. Thereare infinitely many solutions! The three planes now meet along a whole line.
Changing 3 to —5 moved the third plane to meet the other two. The second equation
‘gives z = 1. Then the first equation leaves x + y = 6. No pivot in column 2 makes y
free (it can have any value). Thenx =6~ y.. *

Problem Set 2.2
-Problems 1-10 are about elimination on 2 by 2 systems.
N i ‘What muttiple £5; of equation 1 should be subtracted from equation 27
2x + 3y = L
10x + 9y = 11.
Afier this elimination step, write down the upper triangular system and circle the two
pivots. The numbers 1 and 11 have no influence on those pivots.

Sol{fé thé triangular systerﬁ of Problem 1 by back substitution, y before x. Verify
that x times (2, 10) plus y times (3, 9) equals (1 11): If the right side changes to
(4, 44), what is the new solution?



52

10

Chapter 2. Solving Linear Equations

What multiple of equation 1 should be subtracred from equation 27
2x —dy =6
—x+ 5 =0.

After this elimination step, solve the triangular system. If the right side changes to
{(—6, 0), what is the new solution?

What mulﬁple 2of equation 1 should be subtracted from equation 2 to remove ¢?
ax +by = f
cx +dy = g.

The first pivot is a (assumed nonzero). Elimination produces what formula for the
second pivot? What is y? The second pivot is missing when ad = bc: singular.

Choose a right side which gives no solution and another right side which gives in-
finitely many soluhons What are two of those solutiong?

3x+2y.m 10

Smgular s_ysl:em - 6x + 4y -

Choose a coefficient b that makes this system singular. Then choose a right side g

" that makes it solvable. Find two solutions in that singular case. --

- 2x+by =16
o 4x+8y—g :

B For whlch numbers a does ehrnmahon break down (I) permanently (2) temporarrly'?

a3y =3
dx + 6y = 6. - o
Solve for X and y after ﬁxmg the temporary breakdown by arow exchange

For which three numbers &k does elimination break down? Which i is fixed by a 10w

iiexchange?' In each case, is the number of solutions 0 or 1 or 00?

3x—§—ky =

_— What test on b1 and b2 dec1des whether these two equatlons allow a solution? How
- many solutions will they have? Draw the column picture for b = (1,2) and (1, 0).

3)6-.—2_? = bl
6)6 4_)2—52

_In the xy plane draw the hnes x —I— y = S and x + 2y 6 and the equahon
SUy=rl o Uthat comies from elimination; The line’ Sx - 4y =¢ wrll go through the

o -"solutlon of these equatlons ife c=_
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Problems 11-20 study elimination on 3 by 3 systems (and possible failure). .

(Recommended) A system of linear equations can’t have exactly two solutions. Why?

(a) If (x, y,z) and (X, Y, Z) are two sclutions, what is another solution?
{b) If 25 planes meet at two points, where else do they meet?

Reduce this system to upper triangular form by two row operations;
2x+3y+z = 8
dx + 7y + 52 =20
2y 42z= 0.
Circle the pivots. Solve by back substitution for z, y, x. _
Apply elimination (citcle the pivots) and back substitution to solve
2x —3y = 3
dx -5y + z=17
2x — y—3z =5.

times row from row

List the three row operations: Subtract

Which number d forces a row exchange, and what is the triangular system (not sin-
gular) for that 7 Which d makes this system singular (no third pivot)?
' 2x+5y+z=0
4x tdy +z=2
O y—z=3,
Which number b leads later to a row exchange? Which b leads to a missing pivot?
In that singular case ﬁnd_a nonzero solution x, v, z.

x -+ by =0
x—=2y —z =0
y+z=0

(a) Construct a3 by 3 system that needs two row exchanges to reach a triangular
- form and a solution,

(b) Construct ':a 3 by 3 system that nieeds a fow exchange to keep going, but breaks

“down later, '
If rows 1 and 2 are the same, how far can you get with elimination (allowing row
exchange)? If columns 1 and 2 are the same, which pivot is missing?

Equal 2x—y+z=0
rows 2x—y4z=0
dx+y+z=12

2x+2y+z=0 Equal
4x +4y+z=0 columns
6x + 6y +z=2.
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18  Construct a 3 by 3 example that has 9 different coefficients on the left side, but
rows 2 and 3 become zero in elimination. How many solutions to your system with
b = (1,10, 100} and how many with & = (0,0,0)?

19  Which number ¢ makes this system singular and which rlght side t gives it infinitely
many solutions? Find the solution that has z = 1.
~x+4y—2z=1
x+7y—6z=6
Iy 4 gz =1
20 Three planes can fail to have an intersection point, even if no planes are parallel. The

system is singularif row 3of Aisa _____ of the first two rows. Find a third equation
that can’t be solved together with x -I— ¥ +z=0andx —2y—z = L.

21  Find the pivots and the solution for both systems (Ax = band Kx = b):

2x+ y =0 2%~ ¥ =0

x+2y+.z =0  —x+2y— =z =0

y 422+ t=0 y 42— i =0
z+2r—5 e 2= 50

22 :If you extend Problem 21 following the’ 1 2.1 pattern orthe —1,2, =1 pattern what
is the fifth pivot? What is the nth pivot? K is my favorite matrix. '

23 Tfelimination leads to x + y = 1 and 2 y = 3, find three possible original problems.
24  For which two numbers ¢ will elimination fail on 4 = [22]?
25  For which three numbers @ will elimination fail to give three pivots?

A= a 4 |"is singular for thiree values of a:
a a

&8 8

26 T.ook for a matrix that has row sums 4 and 8, and column sums 2 and s:

Matrix.— a b athb=4 a+c=2
_ - e d | c+d-—8 b—|—d_s
: The four equatlons are soivable only 1f 5= Then ﬁnd two different matrices

. _ that have the. correct row and column sums. Extra credit; Write down the 4 by 4
‘system Ax = b withx = (a, b, ¢, d) and make A triangular by ehmmatlon

27  Elimination in the usual order gives what matrix U and what solution to this “lower
tnangular” system'? We are realiy solvmg by forward subsrztutzon

- 3x . =3

6xtly. =8

9 =2yt z=9
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28  Create a MATLAB command A{2, : )} = ... for the new row 2, to subtract 3 times row
1 from the existing row 2 if the matrix A is already known.

- Challenge Problems -

' Find experimentally the average 1st and 2nd and 3rd pivot sizes from MATLAB s

[L, U] = lu(rand(3)). The average size abs(U(1, 1)} is above % because Ju picks

the largest available pivot in column 1. Here A = rand{3} has random entries
between 0 and {. :

If the last corner entry is A(5, 5) = 11 and the last pivot of 4 is U(5,5) = 4, what
different entry A(5, 5) would have made A singular?

Suppose elimination takes 4 to U without row exchanges. Then row j of U is a
. combination of whichtows of A7 T Ax =0,isUx =07 I Ax = b,isUx = b?
-~ If A starts out lower triangufar, what is the upper triangular U 7
Start with 100 equations Ax = 0 for 100 unknowns x = (x'l,'.'.' , ¥100). Suppose
elimination reduces the IOOth equation to 0 = 0, so the system is “singular”.
(a) _-Ehrmnatlon takes 1mear oombmatlons of the rows. So thls smgular system has
_' the smgular property Some linear combmatlon of the 100 rows is

(b) S}ngular systems Ax = Ohave mﬁmtely many solutions. This means that some
Imear combination of the 100 columns is

: (c) Invent a 100 by 100 singular matrix with no 770 entnes

) 'For your matnx descnbe in words the row picture and the column plcture of
: Ax = 0 Not necessary to draw 100-dimensional space



