8 Chapter 1. Introduction to Vectors

Problem Sef 1.1
Pfol)iems 1-9 are about addition of vectors and linear '.co.'nlbi.natioﬁs.
1 Describe geometrically (line_:, plane, or all of R*) all linear combinations of
1 31 1 07 T2 0] [2
(@) |2 ]and| 6 {b) Ofand| 2 {©) Ojland | 2 | and | 2.

3 9 0 3 0 2 3
: -1 4 =2 : . :
2 Draw v=]. 1 and w= 9 and v+ w and v—w in a single xy plane.
5 R B
3 Fovtw= 1 andv —w = 5 , compute and draw v and w.
4 From » = 1 and w = 2 | find the components of 3v + w and cv + dw.

5  Compuicz + v + w and 2u + 2v + w. How do you know u, v, w lie in a plane?

_ . : . 1 -3 2
In a plane u=121, v= I}, w=|-3
3 -2 -1

6 Every combination of v = (1,-2, 1) and w = (0, 1, —1) has components that add
to Findcanddsothatcv+dw =(3,3,—6).

7 In the xy plane mark all nine of these lmear combmations

c[ﬂwkdl:l] w1th c_012 and d—0,1,2

8 The. parallelogram in F1gure 1 1 has d1ag0nal v + w., What is its other diagonal?
What is the sum of the two dlagonals'? Draw that vector sum.

9 If three corners of a parallelogram are 1 1), (4,2), and (1 3) what are all three of
- the poss1ble fourth corneis? Draw two of them. - :

Probiems 10—14 are about spec:al vectors on cubes and clocks in Flgure 1 4. o

10 Wh1ch pomt of the cube is i+ _] j 7 Wh1ch pomt is the vector sum’of ¢ =(1,0,0)
and j = (0,1,0) and k = (0 0, 1)? Describe all points (x, y, z} in the cube.

11 Four corners of the cube are (0, 0, 0); (1,0, 0), (0, 1,0), (0,0, 1) What are the other
four corners? Find the coordinates of the center point of the cube. The center points
of the six faces are sy

12 ..How many corners does a cube have n 4 dimensions? HOW many- 3D faces?
+ - How miany edges? A typical corner is(0; 0, 1;0). A typical edge goes to(0;1,0,0).
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1.1. Vectors and Linear Combinations
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Figure 1.5: Problems 15-19 in a plane

k=(0,01) j+k

=010

Notice the illusion
Is {0, 0,0) atop or
a bottom corner?

' F;gure 1.4: Unit cube from i, J, kand twelve clock vectors.

(a) What is the sum ¥ of the twelve vectors that go from the center of a clock to
the hours 1:00, 2:00, ..., 12:007

{b) If the 2:00 vector is removed, why do the 11 remaining vectors add to 8:007
(c) What are the components of that 2:00 vector v = (cos 8, sin 8)?

_ Suppose the twelve vectors start from 6:00 at the bottom instead of (0,0) at the
center, The vector to 12:00 is doubled fo (0 2) Add the new twelve vectors.

Problems 15—19 go further Wlth ]Jnear eombmatlons of v and w (Flgure 1.5a).

Figure 1 Sa shows 20+ 5 w Mark the points 5 3p —|— w and 1 3v+3 w ‘and v + w.

Mark the point —v + 2w and any other combination cw + dw with¢c +d =
Draw the line of all combinations thathave c +d = 1.

Locate 30 + w and fv+ 3 w The eombmatlons cv + cw fill out what line?
Restricted by O <c=<land0 =< d =1, shade in all combinations cv + dw.

Restricted only by ¢ > 0 and d > 0 draw the “coie™ of all combinations cv + dw.

(b)

_ Problers 20-25 in 3-dimensional space
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Cow =, 5)'that produce & = (0, 1). Slightly delicate question: If I take any three
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Chapter 1. Introduction to Vectors

Problems 20-25 deal with «, v, w in three-dimensional space (see Figure 1.5b).

Locate + U T 3 v + 3 Lwand 1 s+ 3 w in Figure 1.5b. Challenge problem: Under
what restnct1ons on c d,e, w111 the combmahons cut + dv -+ ew fill in the dashed
triangle? To stay in the triangle, one requirement is ¢ > 0,d > 0,¢ = 0.

The three sides of the dashed triangle are v — # and w — v and ¥ — . Their sum is
. Draw the head-to-tail addition around a plane triangle of (3, 1) plus (-1, 1)
plus (-2, =2).

Shade in the pyrarmd of combm.mons cu+dv+ewwithe >0,d >0,e > 0and
¢+ d +e < 1. Mark the vector 3 L + v + w) as inside or outside this pyramid.

Ifyou look at all combmatlons of those u, v, and w, is there any vector that can’t be

produced from cH —I— dv+ ew'? leferent answer if &, v, w are allin _
Wh1ch vectors are combmatlons of & and v, and also combinations of v and w?

- Draw vectors i, v, w so that their' combinations cu + dv + ew fill only a line.

Find vectors #, v, w so that their combinations c# + dv + ew fill only a plane.

What combmatlon ¢ [ﬂ Fd [1} produces [lg}’? Express this question as two

equations for the coefficients ¢ and d in the linear combination.

Review Question In xyz space where is the plane of all linear combinations of
£ —(IOO)andl+] ~(1 1 O)”

_ Challenge Problems
Fmdvectorsv and w sothat'v + w = (4 5 6) andv —w = (2, 5 8). This is a
quiestion with - - . . “ypknown tumbers, and an equal number of equations to find
thosenumbers T

'Fmd two d1fferent combmations of the three vectors u = (1,3) and v = (2, 7} and

vectors #,.v, w. in the plane, will there always be two different combinations that

'-_.produce b= (O 1)‘? :

The hnear combmatmns of v = (a b) and w = (c, d) fill the plane unless

"Find four vectors #, 0, w, z with four components each so that their combma’uons

cu + dv—+ ew Y+ fzproduce all vectors (b1, by, b, bs) in four-dimensional space.

Wnte down three equations forc,d,e sothatcn -t dv+ew = b. Can you somechow
ﬁndcdande‘? S '

R -1 0 1
= —1I v = 2 w = -1 b= 0




