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1.2, Lengths and Dot Products 19

Problem Set 1.2

1 Calculate the dot products ¢ - v and & - w and # « (v + w) and w, - v:

v — —.6 o 3 |8
| 8 |4 =16l
2 Comypute the lengths |z]| and ||v| and ||w|| of those vectors. Check the Schwarz

inequalities |# - v| < |luf} |v| and |v - w| < v} [jw]-

'3 Find unit vectors in the directions of © and w in Problem I, and the cosine of the
angle 8. Choose vectors a, b, ¢ that make 0°, 90°, and 180° angles w1th w.

4 Yor any unif vectors v and w, find the dot products (actual numbers) of
(a) vand —v b v+wandv—w ©) v—2wandv+ 2w
._: 5 Find unit vectors xy and w; in the diréétions of ’U...: 3, and w = (2, L, 2).
Find unit vectors 7 and U, that are perpendicular to iy and u».

{(a) Describe every vector w = (w1, w,) that is perpendicular to v = (2, —1).

(b) The vettors that are perpendicularto V = (I,1,1} lieona

(c) The vectors that are perpendicular to (1, 1, 1) and (1,2,3) lieon a
Find the aﬁgle'g. (ffmﬁ its coéine) between these pairs of veetors:

1 . _1 | | b .2

(a)'v:[ﬁ] and w:[o] by w»-= _j and w = —;

1 —17 - 3] —1
(c)'v-—[ﬁ} and wf[\/g] (d) v—.[1:| and w.—I:_2:|.
True IOr false (giife a'.reas'o'n if true or a counterexample if false): :

(a):':if u .is.'pérpéndi'éular.(i'n three dﬁnénsibﬁs‘) to v and w, those vectors v and w
- are parallel. - :
(b) Ifuis perpendlcular to v and w, then & is perpendicular to v+ 2w,
(¢) Tf u and v aré perpendicular unit vectors then ||z — v|| = +/2.
The slopes of the arrows from (0, 0) to (vy, v2) and (wy, wy) are vo /Uy and wy/wy.

Suppose the product vyw,/v,w; of those slopes is —1. Show that v - w = 0 and
the vectors are perpendwular

Draw arrows from ©,0) fo thie points v = (1,2) and w = (-2, 1). Multlply their
slopes, That answer is'a signal that v - w = 0 and the arrows are

11 If v - w is negative, what does this say about the angle between v and w? Draw a
3-dimensional vector ' (an arrow), and show where to find all w’s with v - w < 0.
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Chapter 1. Introduction to Vectors

With v = (1, 1) and w = (1,5) choose a number ¢ so that w — cv is perpendicular
to »v. Then find the formula that gives this number ¢ for any nonzero v and w.
(Note: cv is the “projection” of w onto v.)

Find two vectors v and w that are perpendicular to (1,0, 1) and to each other.
Find nonzero vectors #, v, w that are perpendicular to (1, 1,1, 1) and to each other.

The geohietric mean of ¥ = 2and ¥y = 8is' /xy = 4. The'arithmetic mean is larger:

3 (x +y) = . This would come in Example 6 from the Schwarz inequalily
forv = (v/2,/8) and w = (+/8, \/_) Fmdcos@ for this v and w.
How long is the vector v = (1, 1 1) in 9 dimensions? Find a unit vector & in

the same dlreetmn asvanda umt vector w that is perpendwular to v.

: What are the cosines of the angles «, 8, 8 between the vector (1,0, 1) and the unit

vectors i, _; k along the axes? Check the formula cos® o + cos?® +cos2 0 = L.

Problems 18—31 lead to the main facts about lengths and angles in tr[angles.

The parallelogram w1th 51des = (4 2)and w = (—1,2) isa rectangle Check the
Pythagoras formula a’ + b? = ¢ which is for right triangles only:

- (Rules for dot pfoduets) These equations are simple but useful:

fl)b-w__:w-v ;(Z)u-(v—kut_):u-v.w‘ru-w 3 (cv)-w=clv w)

'__Use 2) Withu?'w v + w toprove [ + wlZ=v-v + 20w + w-w.

_ The “Law of Cosmes comes from (v — w) w—wy=v-v-2v-wtw w

COSlneLaW llo—w ﬂ —IEv||2 2Ilﬁllilufll(:iJsf9+IIWII2

I 9 < 00 show that ﬂ'v||2 + ﬁwﬁ is larger than ||v — uz (the third side).

The tnangle mequahty says (length of v + w) < (length of v) + (length of w).

Probleni 19 found ||v + w||2 = ||v||* + 2v- w + ||w]|?. Use the Schwarz inequality
vow s |Iv|§ [Ewl{ to show that Hsrde 3|t can not exceed ||side 1}| + [|side 2||:

If'v + "»‘llz = (Ilvli + Hwil)2 or

The S'chWarz lnequality |'v wE < .||v i ||w || by algehra instead ef ﬁigonometry:

(a) Muluply eut both 31des of (V1w + v2w2)2 = (v? Ly )(w1 + wl)

. (b). Show that the dlfference between those two sides equals (vlwz ~ vowy)?.
. This canmiot be niegative since it is a square—so the inequiality is true..
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2. Lengths and Dot Preducts 21

v+ w = (w1, w2)

]

ol v = (010)

Yo

" The figure shows that cosee = vy /|lw| and sine = vy/||v|. Similarly cos 8 is
' and sin g is . The angle # is 8 — «. Substitute into the trigonemetry
~formula cos 8 cos + sin f sina for cos(f — o) to find cos € = v+ w/||v] |w].

One-line proof of the Schwarz inequality | - U | < 1 for unit vectors:

t¢1+U12+u2+U2 1—|—1
o Put (uy,12) = (.6;.8) and (U1, Us) = (.8, .6) in that whole line and find cos 6.

e U] < Jua| [UL] + u2| Uz <

a Why is | cos 8| never greater than 1 in the first place?

26 Tfv = (1,2) drawall vectors w = (x, y) mthe xy plane with - w=x+ 2y =S5.
“" 'Which is thie shortést w?

(Recommended) 1f {|v]| = 5 and ||w|| = 3, what are the smallest and largest values
of |jv — w||? What are the smallest and largest values of v - w?

Challenge Problems

. Can three vectors in the xy plane have u-v < 0 and v-w < 0 and'a - w < 07
‘I'don’t know how many vectors in xyz space can have all negative dot products.
(Four of those vectors in the plane wouid certalnly be impossible . . .).

) Ptck any numbers that add to x —|— y —f— 7 =0 Fmd the angle between your vector
v = (x,¥,z) and the vector w .= (z,x,). ChaHenge question: Explam why
"v w/||'v|| lw] is always — L

: 30 | How could you prove 3/Xyz < L 3 (x—l— Y -l-z) { geometnc mean < anthmetlc mean ) ?

<31 Fmd four perpendwular unit vectors with all components equal to 5 Of m%

32 Usmg v = randn(3 1) in MATLAB, create a random unit vector & = v/ ||'u|| Usmg
V = randn(3, 30) create 30 more random unit vectors U;. What is the average size
of the dot products |u U; |7 In calculus, the average fo |cos 81d0/m = 2/,



