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ABSTRACT

The goal of this thesis is to solve a class of optimization problems which origi-
nate from the study of optimal source coding systems. Optimal source coding sys-
tems include quantization, data compression, and data clustering methods such as
the Information Distortion, Deterministic Annealing, and the Information Bottleneck
methods. These methods have been applied to problems such as document classifi-
cation, gene expression, spectral analysis, and our particular application of interest,
neural coding. The class of problems we analyze are constrained, large scale, non-
linear maximization problems. The constraints arise from the fact that we perform
a stochastic clustering of the data, and therefore we maximize over a finite condi-
tional probability space. The maximization problem is large scale since the data sets
are large. Consequently, efficient numerical techniques and an understanding of the
bifurcation structure of the local solutions are required. We maximize this class of
constrained, nonlinear objective functions, using techniques from numerical optimiza-
tion, continuation, and ideas from bifurcation theory in the presence of symmetries.
An analysis and numerical study of the application of these techniques is presented.



CHAPTER 1

INTRODUCTION

The goal of this thesis is the solution of a class of optimization problems which
originate from the study of optimal source coding systems. A problem in this class is
of the form

max (G(q) + 8D(q)) (1.1)

geEA

where 3 € [0,00), A is a subset of R", the usual n dimensional vector space on the
reals, and G and D are sufficiently smooth real valued functions.

Source coding systems are those which take a set of K objects, Y = {y;} 5,
and represent it with a set of N < K objects or classes, Yy = {v;}X,. Examples
include data compression techniques (such as converting a large bitmap graphics file
to a smaller jpeg graphics file) and data classification techniques (such as grouping
all the books printed in 2002 which address the martial art Kempo). Both data
compression and data classification techniques are forms of data clustering methods.
Some stipulations that one might require of any such method is that the clustered
data, {v;}, represents the original data reasonably well, and that the implementation
of the method runs relatively quickly.

Rate Distortion Theory [17, 35] is a mathematical framework which rigourously
defines what we mean by "representing the original data reasonably well” by defining
a cost function, D(Y,Yy), called a distortion function, which measures the difference
between the original data Y and the clustered data Yy. Once one has a distortion
function, and a data set, the method of Deterministic Annealing (DA) [61] is an algo-
rithm that could be implemented to cluster the data quickly. The DA method is an
approach to data clustering which has demonstrated marked performance improve-
ments over other clustering algorithms [61]. The DA method actually allows for a
stochastic assignment of the data {y;}X, to the clusters {1;}Y,. That is, the data
y; belongs to the i cluster v; with a certain probability, ¢(v;]y;). Observe that we
may view g as a vector in some subspace A of RVX. The subspace A is the space of
valid discrete conditional probabilities in RV, The DA algorithm finds an optimal
clustering, ¢*, of the data by maximizing the level of randomness, called the entropy
H(q,C), at a specified level of distortion, D(q,C) = D(Y,Yxn). We have written H
and D as functions of ¢ and of the centroids of the clusters C' = {¢;}Y,, where ¢; is
the centroid (or mean) of cluster v;. This optimization problem can be written as

maxcqen H(q,C)  constrained by (1.2)
D(Q7 C) < D07

where Dy > 0 is some maximum distortion level.
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The Information Distortion method [22, 20, 29] uses the DA scheme to cluster
neural data Y = {y;}2£ | into classes {v;}¥, to facilitate the search for a neural coding
scheme in the cricket cercal sensory system [29, 25, 24]. The neural coding problem,
which we will describe in detail in the next section, is the problem of determining the
stochastic correspondence, p(X,Y"), between the stimuli, X = {z;}, presented to some
sensory system, and the neural responses, Y = {y;}, elicited by these stimuli. One of
the major obstacles facing neuroscientists as they try to find a coding scheme is that
of having only limited data [37]. The limited data problem makes a nonparametric
determination of p(X,Y’) impossible, and makes parametric estimations (using, say,
Poisson or Gaussian models, which we describe in the next section) tenuous at best.
For example, it is extremely difficult to estimate the covariance matrix Cxy when
fitting a Gaussian model to neural data. One way to make parametric estimations
more feasible is to optimally cluster the neural responses into classes {v;}, and then
to fit a Gaussian model to p(X|v) for each class v. This yields p(X,Yy), by

p(X =z,Yy =v) =p(z|v)pv),

which is an approximation to p(X,Y’). This is the approach used by the Information
Distortion method to find a neural coding scheme [29, 25, 24]. The optimal clustering
¢*(Yn|Y) of the neural responses is obtained by the Information Distortion method
by solving an optimization problem of the form

maxgen H(q) constrained by (1.3)
Di(q) < Dy

where Dy > 0 is some maximum distortion level, and the distortion function Dj is
the information distortion measure. Before explicitly defining Dy, we first explain the
concept of the mutual information between X and Y, denoted by I(X;Y'), which is
the amount of information that one can learn about X by observing Y (see (2.4) for
an explicit definition). The information distortion measure can now be defined as

Di(q) = I(X;Y) = I(X; Yy).

Thus, if one were interested in minimizing D;, one must assure that the mutual
information between X and the clusters Yy is as close as possible to the mutual
information between X and the original space Y. Since I(X,Y) is a fixed quantity,
then if we let D,y := I(X,Yy), the problem (1.3) can be rewritten as

maxg,en H(q) constrained by
Degs(q) = Io

where Iy > 0 is some minimum information rate. Using the method of Lagrange
multipliers, this problem can be rewritten as

max (H(q) + 6Dess(q)) , (1.4)

geEA
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for some 3 € [0, 00), which is of the form given in (1.1).

As we have seen, Rate Distortion Theory provides a rigorous way to determine
how well a particular set of clusters Yy = {v;} represents the original data Y = {y;}
by defining a distortion function. The basic question addressed by Rate Distortion
Theory is that, when compressing the data Y, what is the minimum informative
compression, Yy, that can occur given a particular distortion D(Y,Yy) < Dy [17]7
This question is answered for independent and identically distributed data by the
Rate Distortion Theorem, which states that the minimum compression is found by
solving the minimal information problem

mingea I(Y;Yy) constrained by (1.5)
D(Y;Yyn) < Dy
where Dy > 0 is some maximum distortion level.
The Information Bottleneck method is a clustering algorithm which has used
this framework for document classification, gene expression, neural coding [64], and

spectral analysis [70, 78, 69]. The information distortion measure D; is used, so that
an optimal clustering ¢* of the data Y is found by solving

mingea I(Y;Yy) constrained by
D; < Dy.

As we saw with the Information Distortion optimization problem, we rewrite this
problem as

maxgea —I(Y;Yn) constrained by
Deys > I,

Now the method of Lagrange multipliers gives the problem

I&EX(—](Y; Y) +ﬁDeff<Q>’ (1.6)

for some 3 € [0, 00), which is of the form given in (1.1).

A basic annealing algorithm, various forms of which have appeared in [61, 22,
29, 78, 70], can be used to solve (1.1) (which includes the cases (1.4) and (1.6)) for
3 = B, where B € [0,00).

ALGORITHM 1 (ANNEALING). Let

qo be the mazimizer of max G(q) (1.7)
g€

and let By = 0. For k > 0, let (qx, Bx) be a solution to (1.1). Iterate the following
steps until B = B for some K.

1. Perform (3-step: Let (11 = Pr + di where dj, > 0.
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2. Take qlggzl = qx + 1, where 1 is a small perturbation, as an initial guess for the
solution qxy1 at Briq.

3. Optimization: solve
max G(q) + Br+1D(q)

to get the maximizer qxy1, using initial guess q,(gzl.

The purpose of the perturbation in step 2 of the algorithm is due to the fact that
a solution qxy1 may get "stuck” at a suboptimal solution g;. The goal is to perturb
q,(ﬁzl outside of the basin of attraction of ¢.

To illustrate how Algorithm 1 works, we now examine its results when employed
by the Information Distortion method to solve (1.4). We consider the synthetic data
set p(X,Y’), shown in figure 1(a), which was drawn from a mixture of four Gaussians
as the authors did in [22, 29]. In this model, we may assume that X = {x;}%,
represents a range of possible stimulus properties and that Y = {y;}22, represents a
range of possible neural responses. There are four modes in p(X,Y’), where a mode
of a probability distribution can be thought of as the areas in the space (X,Y") which
have high probability. Each mode corresponds to a range of responses elicited by
a range of stimuli. For example, the stimuli {z;}}2, elicit the responses {y;}?%5,
with high probability, and the stimuli {z;}3%,, elicit the responses {y;}3%,, with high
probability. One would expect that the maximizer ¢* of (1.4) will cluster the neural
responses {y;}22, into four classes, each of which corresponds to a mode of p(X,Y).
This intuition is justified by the Asymptotic Equipartition Property for jointly typical
sequences, which we present as Theorem 13 in Chapter 2.

The mutual information I(X,Y’) is about 1.8 bits, which is comparable to the
mutual information conveyed by single neurons about stimulus parameters in several
unrelated biological sensory systems [21, 41, 58, 72|. For this analysis we used the joint
probability p(X,Y) explicitly to evaluate H(q) + SD.ss(q), as opposed to modelling
p(X,Y) by p(X,Yy) as explained in the text. The annealing algorithm (Algorithm
1) was run for 0 < 5 < 2.

The optimal clustering ¢*(Yn|Y) for N = 2, 3, and 4 is shown in panels (b)—(d) of
figure 1. We denote Yy by the natural numbers, Yy = {1,..., N}. When N =2 as in
panel (b), the optimal clustering ¢* yields an incomplete description of the relationship
between stimulus and response, in the sense that responses {y;}12; U {y;}7254 are in
class v; = 1 and responses {y;}32 5 are in class v5 = 2. The representation is improved
for the N = 3 case shown in panel (c¢) since now {y;}12, arein class v; = 1, and {y; }22,,
are in a separate class, v = 2. The responses {y; }3%,5 are still lumped together in the
same class v3 = 3. When N =4 as in panel (d), the elements of Y are separated into
the classes correctly and most of the mutual information is recovered (see panel(f)).
The mutual information in (f) increases with the number of classes approximately as
log, N until it recovers about 90% of the original mutual information (at N = 4), at
which point it levels off.
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Figure 1. The Four Blob Problem from [22, 29]. (a) A joint probability for the relation
p(X,Y) between a stimulus set X and a response set Y, each with 52 elements.
(b—d) The optimal clusterings ¢*(Yn|Y) for N = 2, 3, and 4 classes respectively.
These panels represent the conditional probability ¢(v|y) of a class v being associated
with a response y. White represents ¢(v|y) = 0, black represents ¢(v|y) = 1, and
intermediate values are represented by levels of gray. In (e), a clustering is shown
for N = 5. Observe that the data naturally splits into 4 clusters because of the
4 modes of p(X,Y) depicted in panel (a). The behavior of the effective distortion
D.sr = I(X;Yy) with increasing N can be seen in the log-linear plot (f). The dashed
line is 1(X;Y'), which is the least upper bound of I(X;Yy).

It has been observed that the solutions (g, 3) of (1.1), which contain the sequence
{(qk, Br)} found in step 3 of Algorithm 1, undergo bifurcations or phase transitions
as B — B [61, 22, 29, 78, 70]. (see Figure 2). The explicit form of some of these
solutions about bifurcation points for the Information Distortion problem (1.4) are
given in Figure 3.

The behavior of D.ss as a function of 3 can be seen in the top panel. Some
of the solutions {(qx, Bx)} for different values of ) are presented on the bottom row
(panels 1 —6). One can observe the bifurcations of the solutions (1 through 5) and the
corresponding transitions of D.fr. The abrupt transitions (1 — 2, 2 — 3) are similar
to the ones described in [61] for a different distortion function. One also observes
transitions (4 — 5) which appear to be smooth in D.s; even though the solution
from g, to qry1 seems to undergo a bifurcation.

The bifurcation structure outlined in Figure 3 raises some interesting questions.
Why are there only 3 bifurcations observed? In general, are there only N — 1 bi-
furcations observed when one is clustering into N classes? In Figure 3, observe that
g € R = R Why should we observe only 3 bifurcations to local solutions of
H + BD.s¢ in such a large dimensional space? What types of bifurcations should
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Figure 2. Conceptual bifurcation structure of solutions (¢*, 3) to the problem (1.1)
as a function of the parameter 3. In this instance, the first solution is denoted as qs,

the clustering of the data such that ¢(Yy|Y) = + for every v € Yy and every y € Y.
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Figure 3. [22, 29] Observed bifurcations of the solutions (¢*, 5) to the Information
Distortion problem (1.4). For the data set in Figure la, the behavior of D.sy =
I(X;Yy) (top) and the solutions ¢(Yy|Y) (bottom) as a function of f.
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we expect: pitchfork-like, transcritical, saddle-node, or some other type? At bifur-
cation, how many bifurcating branches are there? What do the bifurcating branches
look like: are they subcritical or supercritical (sometimes called first order and sec-
ond order phase transitions respectively)? What is the stability of the bifurcating
branches? In particular, from bifurcation of a solution, is there always a bifurcating
branch which contains solutions of the original optimization problem?

For problems of the form

max F'(q, §), (1.8)

geEA

where
F(q,8) = G(q) + BDess(q),

which include the problems posed by the Information Distortion (1.4) and Information
Bottleneck (1.6) methods, we have addressed these questions. We considered the
bifurcation structure of all stationary points of (1.8), which are points ¢ € RVE
that satisfy the necessary conditions of constrained optimality, known as the Karush-
Kuhn-Tucker Conditions (see Theorem 16). In this way, we have been able to answer
many of the questions about the bifurcation structure just posed.

The foundation upon which we have relied to effect these answers is the theory
of bifurcations in the presence of symmetries [33, 34, 71]. The symmetries in the
case of (1.8) are based upon the observation that any solution (¢*(Yn|Y),3) to (1.8)
gives another equivalent solution simply by permuting the labels of the classes of Yy
(see chapter 6). This symmetry can be seen in Figure 1 in any of the panels (a)—(e).
Permuting the numbers on the vertical axis just changes the labels of the classes
Yn = {1,..., N}, and does not affect the value of the cost function G(q) + 5D.sr(q)
(this is proved rigorously for the problem (1.4) in Theorem 73). For example, if P
and P, are two K X 1 vectors such that for a solution ¢*(Yy|Y), ¢*(1|Y) = P, and
q¢*(2|Y) = P,, then the clustering ¢ where §(1|Y) = P, ¢(2|Y) = P;, and ¢(Yn|Y) =
¢*(Yn|Y) for all other classes v, is also a maximizer of (1.8), since F(§, 8) = F(q*, 3).

We will use Sy to denote the well known algebraic group of all permutations on
N symbols [8, 27]. We say that F'(q,3) is Sny-invariant if F(q,3) = F(o(q), 3) where
o(q) denotes the action on ¢ by permutation of the classes of Yy as defined by the
element o € Sy. Now suppose that a solution ¢* is fixed by all the elements of S;; for
1 < M < N. A bifurcation at f = * in this scenario is called symmetry breaking if
the bifurcating solutions are fixed (and only fixed) by subgroups of Sy;. Under some
generic conditions (Assumptions 81), we are able to use the Equivariant Branching
Lemma [34] (Theorem 47) and the Smoller-Wasserman Theorem [71] (Theorem 49)
to show that if there is a bifurcation point on a solution branch that is fixed by Sy, for
1 < M < N, then symmetry breaking bifurcation occurs. The Equivariant Branching
Lemma in this instance gives explicit bifurcating directions of the M bifurcating
solutions, each of which has symmetry Sy;_;.

The theory of bifurcation in the presence of symmetries gives us the following
answers to the questions posed above. There are only N — 1 bifurcations observed
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when one is clustering into NV classes because there are only N —1 symmetry breaking
bifurcations along certain paths of bifurcating branches. In particular, there are N —1
subgroups of Sy in the partial lattice or ”chain of subgroups”

1< Sy <...<Sy_1 < Sy.

The first solution branch, (qo, 5), where g is the uniform distribution ¢ 1, has sym-
metry of the full group Sy. When bifurcation occurs on this branch, the symmetry
dictates that there are at least N bifurcating branches, each with symmetry Sy_;
(Corollary 111 and the Equivariant Branching Lemma). Each of these branches un-
dergoes symmetry breaking bifurcation at some point later on, with at least N — 1
bifurcating branches, each with symmetry Sy_s (Theorem 110 and the Equivariant
Branching Lemma), and so on. Once we are on a solution branch where there is
no symmetry (in other words, symmetry S;), then we have shown that, generically,
further bifurcations are not possible (Theorem 114).

We have shown that all symmetry breaking bifurcations from Sy, to Sy;_; are
pitchfork-like (Theorem 120 and see Figures 16-24). Furthermore, we have ascer-
tained the existence of other types of bifurcating branches from symmetry breaking
bifurcation which we did not expect (see Figure 25).

In fact, we have shown that the observed bifurcation structure given in Figure 3,
although qualitatively correct, is ”shifted” in 3 (see Figure 20 and Remark 152).

We have derived a condition, called the bifurcation discriminator, which predicts
whether all of the branches from a symmetry breaking bifurcation from Sy, to Sy;_1
are either subcritical or supercritical (Theorems 127 and 128). We have confirmed this
result numerically for the subcritical bifurcations that occur, for example, from the
q1 solution branch for N > 3 for the Four Blob Problem (see Table 3 and Figures 16,
17 and 24). We have also numerically confirmed that subcritical bifurcations occur
on other branches as well (Figure 22).

It is a well known fact that subcritical bifurcating branches are unstable (Theorem
127). We have also provided a condition which ascertains the stability of supercritical
branches (Theorem 128). We have shown that, in some instances, unstable branches
can not contain solutions to (1.9) (Theorem 129). For example, the subcritical bifur-
cating branches in Figure 16 contain stationary points which are not solutions of the
problem (1.8). Thus, we have shown that a local solution to the optimization problem
(1.8) does not always persist from a symmetry breaking bifurcation. This would ex-
plain why, in practice, solving (1.1) after bifurcation incurs significant computational
cost [29, 61].

Symmetry breaking bifurcations are not the only bifurcations. The existence of
subcritical bifurcating branches implies that saddle-node bifurcations or folds may
occur. We have confirmed numerically that these "non-symmetry breaking” bifur-
cations do indeed exist (Figures 16, 17, 22, and 24). Furthermore, we show that,
generically, saddle-node bifurcations are the only type of non-symmetry breaking
bifurcations. We also give necessary and sufficient conditions for the existence of
saddle-node bifurcations (chapter 8).
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Although we had (1.8) in mind as we developed the mathematical framework in
this thesis, we have been able to generalize the theory so that it applies to a class of
optimization problems. We conclude this section by giving the form of a problem in
this class, which is

max F(q, ), (1.9)
where
F(q,B) = G(q) + BD(q), (1.10)

and ¢ is a discrete conditional probability ¢(Yx|Y'), a stochastic map of the realizations
of some random variable Y to the realizations of a random variable Yy. The space A
is the linear constraint space of valid conditional probabilities,

A= {Q<YN|Y) 1) alvly) =1 and g(v]y) > 0Vy € Y} : (1.11)

The goal is to solve (1.9) for 8 = B € [0,00). Further assumptions on the functions
G and D are the following.

ASSUMPTION 2.

1. G and D are real valued functions of q(Yn|Y'), which depend on Yy only through
q, are invariant to relabelling of the elements or classes v of Yy. That s, G
and D are Sy-invariant.

2. G and D are sufficiently smooth in q on the interior of A.
3. The Hessians of G and D are block diagonal.

As we have seen, similar problems arise in Rate Distortion Theory (1.5), Deter-
ministic Annealing (1.2), the Information Distortion method (1.4), and the Informa-
tion Bottleneck method (1.6).

Neural Coding

The motivating factor for the work presented in this thesis is the efficient im-
plementation of the Information Distortion method [22, 20, 29]. The objective of
the Information Distortion is to allow a quantitative determination of the type of
information encoded in neural activity patterns and, at the same time, identify the
code with which this information is represented. In spite of the fact that the explicit
objective of the method is deciphering the neural code, the method could be applied
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to cluster any system of pairs of the inputs and outputs. This versatility has already
been exhibited by the Information Bottleneck method [70, 78, 69].

This section is organized as follows. First, we describe in detail the neural coding
problem, first with words, then by building the mathematical framework. We continue
by surveying some of the methods used to determine coding schemes in many different
sensory systems. This prepares the reader for the following section, which provides
an overview of how the Information Distortion method searches for an answer to the
neural coding problem.

We begin with Dimitrov and Miller’s formulation of the neural coding problem
[22].

The early stages of neural sensory processing encode information about sen-
sory stimuli into a representation that is common to the whole nervous sys-
tem. We will consider this encoding process within a probabilistic framework
[4, 41, 59].

One of the steps toward understanding the neural basis of an animal’s be-
havior is characterizing the code with which its nervous system represents
information. All computations underlying an animal’s behavioral decisions
are carried out within the context of this code.

Deciphering the neural code of a sensory system means determining the cor-
respondence between neural activity patterns and sensory stimuli. This task
can be reduced further to three related problems: determining the specific
stimulus parameters encoded in the neural ensemble activity, determining the
nature of the neural symbols with which that information is encoded, and fi-
nally, quantifying the correspondence between these stimulus parameters and
neural symbols. If we model the coding problem as a correspondence between
the elements of an input set X and an output set ), these three tasks are:
finding the spaces X and ), and the correspondence between them.

Any neural code must satisfy at least two conflicting demands. On the one
hand, the organism must recognize the same natural object as identical in
repeated exposures. On this level the response of the organism needs to be
deterministic. On the other hand, the neural code must deal with uncertainty
introduced by both external and internal noise sources. Therefore the neural
responses are by necessity stochastic on a fine scale [19, 86](see Figure 4).

In this respect the functional issues that confront the early stages of any bio-
logical sensory system are similar to the issues encountered by communication
engineers in their work of transmitting messages across noisy media. Thus,
tools from information theory can be used to characterize the neural coding
scheme of a simple sensory system.



11 Yo O o
UL UL
UL L)
WL UL
LS

Figure 4. The neural response to a static stimulus is stochastic. Presenting an
identical stimulus, X (7) = x, four separate times to a biological sensory system
produces four distinct neural responses, Y = y1, y2, Y3, Ya.
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One can model the input/output relationship present in a biological sensory sys-
tem as an optimal information channel (X,Y’) [68], where X, is a random variable of
inputs

X:Qx — &, (1.12)

and Y is a random variable of outputs
Y:Qy =Y (1.13)

(see Figure 5).

When translating the structure of an information channel to neural systems, the
output space Qy from (1.13) is usually the set of activities of a group of neurons,
which is potentially an infinite dimensional space, since we assume that the neural
response is some function of the voltage at each point in physical space of the cell’s
membrane, for each cell in the group, at each instance of time. Instead of considering
the membrane potential at every instance of time, it is common practice to assume
that the spikes (the sharp modes of the neural responses in Figure 4) are the only
relevant features of the neural response. If the neural response is divided up into k
time bins, and if we let a 1 indicate the presence and 0 indicate the absence of a
spike in a particular time bin of the neural response, then we let Y represent {2y as
the finite dimensional measurable space ) = {0,1}*. Thus, each neural response is
modelled as a sequence of k zeroes and ones, Y = Z* where Z € {0,1}, so that
only the temporal patterns of spikes is taken into account. For the physiological data
presented in this thesis, the length of a time bin is on the order of 100us and k£ = 100.
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Thus, a neural response of length 10 ms is represented by Y as a sequence of 100
zeros and ones.
Another common representation of the neural response, called the firing rate, is
given by
Y Y=, (1.14)

where Y is the space of real numbers R. Y represents either the number of spikes
which occur in some window of time which is large with respect to the time bins which
contain the individual spikes, or it is the mean firing rate, an average of the spike
count over several time bins. These time windows ranges anywhere from 10 — 500ms
in the neurophysiological literature [59, 67].

The input space 2x can be sensory stimuli from the environment or the set of
activities of another group of neurons. It is also potentially an infinite dimensional
space. Elements of the space of visual stimuli, for example, would represent the visual
scene at different locations in physical space at each instance in time. Many times
when the input is sensory stimuli from the environment, one assumes that X = R¥,
where RtX is the K dimensional vector space on the real numbers. If we let K = km
for some positive integers k and m, then we have that X = R = (R™)*. In this
context, X can be written as X = W* where W is a random variable

W:QXH%m,

and interpreted as an m dimensional representation of the stimulus X € X at time
k.

The correspondence between stimuli and responses, the joint probability p(X,Y),
is called a coding scheme [22, 73]. The input X = W¥ is produced by a source with
a probability p(X). The output Y = Z* is produced with probability p(Y). The
encoder p(Y'|X) is a stochastic mapping from X to ). From the point of view of
information theory, the designation of spaces X and ) as an input and output space
is arbitrary. Thus we can choose to characterize the same information channel as a
source Y with probability p(Y') and a decoder stochastic mapping p(X|Y) from ) to
X (see Figure 6).

Neural Coding through the Ages

We continue by surveying some of the methods used to determine coding schemes
in many different sensory systems. These methods can be partitioned into two cate-
gories. Neural encoding methods find approximations of the encoder p(Y|X). Neural
decoding methods find approximations to the decoder p(X|Y).

Neural Encoding. Perhaps the simplest description of neural encoding is spike
count coding, commonly called rate coding, first observed in the classic early work
of Adrian and Zotterman [2, 3] in 1926. Adrian and Zotterman hung weights of
different masses from a muscle, and measured the activity of a stretch receptor neuron




14

encoder: P(¥1t) | X(7))

decoder: PEX(D| ¥1t))

Figure 6. Probability framework, showing the spaces produced by X(7) and Y (¢),
and the stochastic mappings p(Y'|X) and p(X|Y') between them. Discovering either of
these mappings defines a dictionary between classes of stimuli and classes of responses,
where the classes are defined by p(X,Y’) as in Figure 5B. We use two different time
variables, 7 and ¢, to make the distinction that the stimuli X may occur during
different intervals of time than do the neural responses Y.

embedded in the muscle [59]. They found that the firing rate, Y as defined in (1.14),
of the stretch receptor cell increased with increasing stimulus strength (weights with
more mass). This common relationship, called the response tuning curve, (Figure TA)
is evidenced in many sensory systems [59]. For example, moving a static pattern
across the visual field of a blowfly [59] and recording from the fly’s motion sensitive
neuron H1, also yields a response tuning curve as in Figure 7TA. In this case, the
stimulus amplitude is the average velocity of the pattern, over a 200ms window.
Similarly, blowing wind with uniform intensity from many different directions across
a cricket yields the directional tuning curve when recording from the four interneurons
of the cricket cercal sensory system [48] as in Figure 7B.

Figures 7A and 7B suggest that, even in this simple encoding regime, neural
encoding is not a linear process.

To estimate the encoder p(f/|X ), an experimenter could, in principle, repeat each
stimulus z € X many times, giving the density depicted in Figure 8.  Since the
experimenter controls p(X = x) (the probability of observing a realization of the
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Figure 7. A: The response tuning curve. In spike count or rate coding, the response
amplitude is Y, which we define as the number of spikes present in some time window.
The stimulus amplitude is represented by some scalar. B: The Directional Tuning
Curve. Another example of spike count coding. The response or directional tuning
curves for the 4 interneurons in the cricket cercal sensory system, where the stimulus
amplitude is given by direction of the wind with respect to the cricket in degrees, and
the response amplitude is Y. The preferred directions, (the center of mass or modes
of the tuning curves) are orthogonal to each other [48].

Figure 8. An estimate of the encoder p(Y|X), using spike count coding, by repeating

each stimulus z € X many times, creating a histogram for each 7|X, and then
normalizing.
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stimulus X = z), one can then calculate

Bayes Rule [28] then yields the decoder
(¢13) = P(il)p(e)
p\riy p\y|r)p p(g)

Spike count coding does seem to describe some sensory systems well [59], and
is an attractive method due to its simplicity, especially when the stimulus space
is small (i.e. a few dimensions), as in the case of coding direction in the cricket
cercal sensory system [48, 63]. There are at least three points arguing why spike
count coding is not a feasible way to describe an arbitrary sensory system. First,
counting spikes per unit of time neglects the temporal precision of the spikes of the
neural response, which potentially decreases the information conveyed by the response
[52, 53, 66, 62, 57, 56]. In the visual system, it has been conjectured that firing rates
are useful for gross discrimination of stimuli, while a temporal code is necessary for
more subtle differences [57]. Secondly, the known short behavioral decision times (for,
say, defensive maneuvering of a blowfly or of a cricket) imply that these decisions are
made based on the observation of just a few spikes (1 or 2 in a 10-30ms window in
some instances [59, 77]) from the sensory system which instigates the decision, and
not on some large window of time. The third reason is that many sensory systems,
such as the visual, auditory and olfactory systems, respond to stimulus attributes
that are very complex. In other words, (2x, the space of possible stimuli for some
systems, is a very large space, which is not clearly representable by a small space
X to be presented in an experiment. Hence, it is not feasible to present all possible
stimuli in experiment to estimate p(Y|X).

Another way to describe neural encoding , first used by Fatt and Katz in 1952
[79], is by fitting a Poisson model [28] to the data

- e ANY
p(Y = g|X = x) = Poisson(\) := -
7!

for some rate A\. This model presupposes that the spikes are independent from each
other given a stimulus X = z. Determining A for a given realization X = x of the
stimulus is straightforward. One starts by computing the peristimulus time histogram
(PSTH), r(t|X = z), the normalized histogram of the neural responses Y|z over many
repetitions of the stimulus X = z (see Figure 9A). The PSTH r(t|X = x) gives the
probability per unit time of observing a spike given that X = x occurred [79, 59].
The Poisson rate is

A= /r(t\X = 2)dt,
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Figure 9. Both panels are from [1]. A: Examples of a peristimulus time histogram for
three different stimuli x, x9, x3, not shown. Below each PSTH is the raster plot of
associated neural responses Y|z; over many repetitions of the stimulus X = z;. The
PSTH is the normalized histogram of the raster plot. B: Testing to see if the firing
rate given a particular realization of a stimulus, 37|X = x is not a Poisson process.
A true Poisson process has population mean equal to population variance, and so by
the large Law of Large Numbers, for a large enough data size, the sample mean and
sample variance must be very nearly equal.

which is the average number of spikes given that X = x. Thus
p(Y|X = x) = Poisson (/r(t]X = x)dt) : (1.15)

The relation (1.15) yields an explicit form of p(Y'|X = z), which is alluring since
a Poisson process is a basic, well studied process. But when is the assumption that
the spikes are independent met? One way to test whether a process is not a Poisson
process is to test whether the sample mean is equal to the sample variance. Such a
test for neurological data is shown in figure 9B.

Rieke et al. contend that if the refractory period of a neuron is small compared
to the mean interspike interval (ISI), then a Poisson model may be appropriate [59].
Berry and Meister have proposed a variant of the Poisson model which deals with the
refractory period and its implications regarding the independence assumption [5].

Another shortcoming of the Poisson model as posed in (1.15) is that it only
considers the neural response as the firing rate Y. In order to model a spike train
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Y = Z¥, Rieke et al. suggest a ”Poisson-like” model [59]. If ¢; is the beginning of
one of the N time bins which define Y = y, and T is the total length of time of the
neural response Y = y, then

T
p(Y =yl X =12)= %Hﬁvlr(m}( = x)exp (/ r(t|X = x)dt) :
: 0
In this case, the implicit assumption is that the neural responses Y are independent.

Other Poisson-like processes which dispense with the independence assumption
are the so called Inhomogeneous Poisson Gaussian and Inhomogeneous Poisson Zernike
models used by Brown et al. to model the encoder p(Y|X) [11]. These models use
a generalization of the Poisson rate parameter A which is history dependent and so
independence of the neural responses is not necessary.

The strongest argument posed against the spike count coding model applies here
as well: since the space of possible stimuli for some systems is a very large space, it
is not possible to present all possible stimuli in experiments to estimate 7(¢|X) (and
hence to estimate p(Y]X)).

The last neural encoding model which we investigate here employs the celebrated
Wiener/Volterra series. The Volterra series, discovered by Volterra in 1930, is a series
expansion for a continuous function, such as Y (t), provided that Y (t) = G(X (7)) for
some functional G that satisfies some regularity conditions [85, 59, 80]. The series is
given by

Y(t)=fo + [ filn)X(t—1)dn

+ [ [ fr, )X (t — )X (t — m)dridr + .. (1.16)

Wiener in 1958 reformulated the Volterra series in a way such that the coefficient
functions or kernels f; could be measured from experiment [59, 87, 80]. The first

Wiener kernel is
B XxY

fi="g—
where X %Y is the convolution of X and Y, and Sy = X %X is the power spectrum of
X [59]. f1is proportional to the spike triggered average. Rieke et al. (as well as many
others) have satisfactorily used just the first Wiener kernel, and hence only the first
term of (1.16), to approximate Y'|X. The benefits of encoding in this fashion is two-
fold: computing the first Wiener kernel is inexpensive, and not much data is required
to compute it. On the other hand, there are many instances (the cricket cercal sensory
system for example [24, 25]) where this practical low order approximation, does not
work well [60, 32]. Although it is theoretically possible to compute many terms in
the Wiener series to improve the encoding approximation [42, 59|, such computations
can be quite costly, and they are rarely done in practice. The necessity of higher
order terms in the approximation of ?\X is another indication that neural encoding
is not a linear process. To deal with this deficiency, van Hateren and Snippe use the
Wiener filter in conjunction with various nonlinear models to estimate the response
of the photoreceptor cells in the blowfly [81].
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Another issue is that the Wiener/Volterra series is an expansion for a continuous
function, which is appropriate for neural responses modelled as the firing rate Y.
But how does one construct a Wiener /Volterra series to model the discrete spiking
of neurons Y7

Furthermore, the result of calculating Y using a Wiener series approximation
gives a specific Y (t)| X (7). Since we view encoding within a probabilistic framework,
we wish to determine an approximation to p(Y|X), the encoder. In principle, one
could repeat realizations of the stimulus to estimate p(Y|X). But now one is once
again faced with fact that the space of possible stimuli for some systems is a very
large space. Thus, it is not feasible to present all possible stimuli in experiment to
estimate p(Y'|X).

Neural Decoding. We now turn our attention to the problem of estimating the
neural decoder p(X|Y’). This problem may be more tractable than the task of deter-
mining the encoder p(Y|X) since it is easier to estimate p(X|Y") over an ensemble of
responses, since ) := {0, 1}* is in many cases a much smaller space than the space
of stimuli X

The Linear Reconstruction Method, espoused by Rieke et al in 1997 [59], considers
a linear Wiener/Volterra approximation of X |Y

X(t) = /Kl(T)Y(t—T)dT (1.17)

The last equation follows if one models a spike train as a sum of delta functions
Y(t)=> 6(t—t)

where the i spike occurs at time ¢;. To determine K;, one minimizes the mean
squared error [59]

2
min x(t) — Kt -t dt |,
iy (£, (0 - -]

which has the explicit solution [59]

K <<f<X<w>> >, >y> | s,

(122575 ])y

Here, (-)y indicates averaging over the values of y € J, F indicates a Fourier Trans-
form, and w is frequency. The numerator of (1.18) is the Fourier transform of average
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stimulus surrounding a spike, and the denominator is the power spectrum of the spike
train.

This method deals with one of the problems from the Wiener/Volterra series
method of encoding by modelling Y'(¢) as a delta function, and so the temporal
structure of spikes is considered. This does not violate the continuity assumption of
the Wiener series as in the encoding regime because in decoding, we need only assume
that X () is a continuous function, not Y'(t).

Computing only one kernel (from (1.18)), which is computationally inexpensive,
presupposes that decoding is linear. Furthermore, this method yields only a point
estimate of X|Y. To estimate p(X|Y'), one would need to continue an experiment
for a long period of time in the hope of producing many instances of the same neural
response for each observed y € ). Unfortunately, as pointed out in [37], the amount
of data needed to support non-parametric estimates of coding schemes which contain
long sequences of length 7" across N neurons grows exponentially with 7" and N. For
some systems, the required data recording time may well exceed the expected lifespan
of the system.

The linear reconstruction method models a single neuron, and it is not clear how
the regime can be extended to account for populations of neurons. Although there is
evidence that neural coding is performed independently by single neurons [49], coding
by a population of neurons has been shown to be important in some sensory systems
[55, 77], as well as from a theoretical point of view [45, 77]. Other linear methods
have been developed which do model populations of neurons, but, unfortunately, for
each of the ones that we introduce here, the neural response is assumed to be spike
counts in a time window, Y. Georgopoulos et al. in 1983 proposed the Population
Vector Method [30] which decodes a stimulus using a convolution similar to (1.17) to
estimate XY

X(t) =) YiC.

Here, C; is the preferred stimulus for neuron i. Abbot and Salinas in 1994 [63]
proposed their Optimal Linear Estimator (OLE), which decodes by

X(t) =Y YD

where D; is chosen so that

«f (x@)—zm) ).

the mean squared error averaged over all stimuli and all neural responses observed
in experiment, is minimized. As in (1.18), {(-)x and (-)y indicate averaging over the
spaces X and ) respectively. The analytic solution for such a D; is given by [63]

D; = Z Qi L
J
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where L; is center of mass of the tuning curve for cell i (see Figure 7B), and Q);; is
the correlation matrix of 171 and }7]

There are other linear methods for decoding as well, which use either a Maximum
Likelihood Estimator or a Bayesian estimator instead of the OLE [63].

To get a good sampling of points § € ), Abbot and Salinas advocate presenting a
randomly chosen, continuously varying stimulus X, such as a Gaussian White Noise
(GWN) stimulus, to the sensory system. This enables an experimenter to take a
"random walk” through the stimulus space, thereby eliciting a wide range of neural
responses from ) [63, 47, 74].

The Population Vector Method is inexpensive to implement, and is ideal when the
tuning curve is a (half) cosine as in the case of the cricket cercal sensory system (Figure
7B). Furthermore, small error (difference of the estimated stimulus from the true
stimulus) is incurred when decoding {Y;} if the preferred stimuli {C;} are orthogonal.
The OLE in fact has smallest average mean squared error of all linear methods over
a population of neurons [63]. For the Population Vector Method, however, it is
not always obvious what the preferred stimulus C; is for generic, complex stimuli.
Furthermore, the method does not work well if the preferred stimuli {C;} are not
uniformly distributed, and it requires a lot of neurons in practice [63]. Neither of
these linear methods give an explicit estimate of p(X|Y).

A parametric approach, in which a particular probability distribution is assumed,
could yield an explicit form of p(X|Y) as is the case when one considers Poisson en-
coding models. Such a model for decoding was proposed by de Ruyter van Steveninck
and Bialek in 1988 [59]. In experiment, they let X (¢) be a randomly chosen and con-
tinuously varying stimulus. p(X|Y) is then approximated with a Gaussian with mean
E(X]Y) and covariance Cov(X|Y') computed from data as in Figure 10.

In this regime, the temporal pattern of the spikes is considered and one has an
explicit form for p(X|Y). But why should p(X|Y) be Gaussian? This choice is
justified by the following remark.

REMARK 3. Jayne’s mazximum entropy principle [36] states that of all models that sat-
1sfy a given set of constraints, one ought to choose the one that mazximizes the entropy,
since a maximum entropy model does not implicitly introduce additional constraints in
the problem. Rieke et al. show that over all models with a fixred mean and covariance,
the Gaussian is the mazimum entropy model [59].

However, an inordinate amount of data is required to obtain good estimates of
Cov(X|Y = y) over all observed y € ), which requires one to continue an experiment
for a long period of time. Another way to deal with the problem of not having enough
data is to cluster the responses together and then to estimate a gaussian model for
each response cluster.

The last approach we study here is the Metric Space Approach of Victor and
Purpura (1996) [84, 83], which actually constructs an estimate of the joint probability
p(X,Y). From the previous decoders we have examined, we see that we are in search
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Figure 10. Estimating p(X|Y) with a Gaussian. Examples of three spike trains
recorded from the H1 neuron of the blowfly and the corresponding conditional means
of the stimuli (velocity of a pattern) which elicited each of these responses. These

conditional means, as well as conditional variances, are used to construct a Gaussian
decoder p(X|Y') of the stimuli [59].

of a decoding method that estimates p(X|Y), takes the temporal structure of the
spikes of the neural responses Y (¢) into account, and deals with the insufficient data
problem. The Metric Space Approach satisfies all these goals, and without assuming
a distribution on X |Y" a priori, as was necessary for the Poisson and Gaussian models
we have examined. Instead, as the name implies, a metric is assumed on ). Choosing
some scalar > 0 and given two spike trains, Y; and Y; , the distance between them
is defined by the metric

Dlr](Y;,Y}), (1.19)

which is the minimum cost required to transform Y; into Y; via a path of elementary
steps (see Figure 11):

1. Adding or deleting a spike has a cost of 1.
2. Shifting a spike in time by At has a cost of r|At|.

The quantity % can be interpreted as a measure of the temporal precision of the
metric. The metric

Dlr = 0](Y;, Y;)
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Figure 11. Computing the Spike Train Metric [84]. One path of elementary steps
used to transform a spike train Y; into a spike train Yj..

is just the difference in the number of spikes between the spike trains Y; and Y.
Coding based on this measure is just counting spikes since no cost is incurred when
shifting spikes in time. The metric

Dlr = o0](V;, Y)

gives infinitesimally precise timing of the spikes.

Unfortunately, the Metric Space Approach suffers from the same problem that
all of the encoders that we have investigated do: the stimuli, z1, xs, ..., xc must be
repeated multiple times, a problem when X" is large. The Metric Space Approach is
described by the following Algorithm.

ALGORITHM 4 (METRIC SPACE METHOD). [84] Choose r > 0 and an integer z.
Suppose that there are C' stimuli, x1,%o,...,xc, presented multiple times each, all
of which elicit a total of K neural responses yi,vs,...,yx. Initialize C, the C' x C'
classification matriz, to zeros, and let vy, vs, ..., Vo be C abstract response classes.
Start the algorithm with i = 1.

1. Suppose that y; was elicited by x,. Assign y; to response class vg if

1
<D[7’] (yla Q)Z>§ elicitedby zg

1s the minimum over all xy for k=1,...,C.
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A B
V1 Vg V3 Vg Vs 124} 1] Vs Uy Vs
31113 (2|1 | 25 .44 11 | 17 | 043 | x4
51101 3 |2 0 | x A2 1400 11 A7) 0 | 2o
11 1151 ] 2 | a3 08 |.04| .56 | .08 | .08 | z3
110 42|13 2y 081 0 |15 ] 17| .54 | 24
201312 5] 8 |uws A7 1121 .07 | 42| 33 | x5

Table 1. A: An example of the Metric Space method for clustering data where K =
100 neural responses were clustered into C' = 5 classes. Observe that there were 20
neural responses elicited by each C' = 5 stimulus. B: The ¥ column of the normalized
matrix C gives the decoder p(X|y;). In this example, any of the neural responses which
belong to vy are decoded as the stimulus x5 with certainty .42. Any of the neural
responses in class v3 are decoded as the stimulus x3 with certainty .56.

2. Increment the component [Clag of the matriz C by 1.

3. Repeat step 1 and 2 fori=2,...,. K

One normalizes the columns of the matrix C to get the decoder p(X|v) (see Table
1). Decode a neural response y and the certainty of the assignment p(X |y) by looking
up its response class v in the normalized matrix C (see Table 1B). The responses
are clustered together to obtain p(X|v), an estimate of p(X|Y) given the available
amount of data.

Minimizing the cost function D[r] in step 1 of Algorithm 4 is intuitively a nice
way to quantify jitter in the spike trains. As we have seen, in Rate Distortion Theory,
this type of cost function is called a distortion function. The values for ¢ and z that
Victor and Purpura recommend to use in Algorithm 4 are those that maximize the
transmitted information from stimulus to response [84].

The Information Distortion

The brief survey in the last section gives insight into what types of characteristics
that an encoding/decoding algorithm ought to have. First, the algorithm ought to
produce an estimate of X|Y (or of Y|X) as well as a measure of the certainty of
the estimate, p(X|Y") (or p(Y|X)). The temporal structure of the spike trains of the
neural responses need to be considered. Assumptions about the linearity of encoding
or decoding ought not to be required. Presentation of all stimuli must not be required.
Rather, X () ought to be randomly chosen and continuously varying. A population
of neurons ought to be able to be considered. And lastly, the algorithm needs to deal
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with the problem of having limited data, perhaps by clustering the neural responses.
The Information Distortion method [22, 20, 29| satisfies these prerequisites.

It searches for approximations of the decoder p(X|Y') by quantizing the neural
responses Y to a small reproduction set of N classes, )y, by defining the random
variable

YNZQy%yN.

The random variables
X—-Y —->Yy

form a Markov chain [22]. The quantization or stochastic assignment [17, 35] of the
elements of ) to Vy is defined by the quantizer ¢(Yy|Y)

q(YnlY): Y — In. (1.20)

The Information Distortion method computes an optimal quantizer ¢*(Yy|Y') that
minimizes an information-based distortion function, called the information distortion

measure,
D;(Y,Yy),

which is defined in (2.11). Applying the information distortion measure to neural
data, which is equivalent to maximizing the information transmission between the
stimulus space and quantized neural responses, has theoretical justification [9, 20, 22,
37, 51, 59, 64, 72, 83, 84]. Such a ¢*(Yy|Y) for a fixed N produces the Gaussian
distribution p(X|Yy), which is an approximation to the decoder p(X|Y) (see (2.26)).
Recall that the choice of a Gaussian is justified by Remark 3. These approximations
p(X|Yx) can be refined by increasing N, which increases the size of the reproduction
Yn. There is a critical size, Nyax, beyond which further refinements do not signif-
icantly decrease the distortion D;(Y, Yy, . ) given the amount of data. Thus, given
sufficient data, one chooses the optimal quantization ¢*(Yx,,,.|Y) at this size Nyax,
which in turn gives the Gaussian p(X|Yx,.,, ), an estimate of the decoder p(X|Y").

Outline of Thesis

The goal of this thesis is to solve problems of the form (1.9),

max(G(q) + 8D(q)),

qgeEA

where Assumption 2 is satisfied, and ¢ is a clustering or quantization of some objects Y’
to some objects Y. To motivate why we are interested in the problem, we require the
language of information theory. To study solution behavior of the problem, we need
ideas from optimization theory, bifurcation theory, and group theory. The purpose of
this section is to further elucidate the details of how the chapters that follow present
these ideas.
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In chapter 2, we introduce the notation and develop the mathematical tools that
will be used throughout the rest of this thesis. The tools we develop here include the
rudiments of Information Theory, a formal introduction to instances of the functions
D(q) and G(q) which compose the terms of (1.9), and finally a formal exposition of
the information distortion measure which we introduced earlier in this chapter. The
latter objective is necessary since optimizing this measure is a key ingredient to both
the Information Distortion [22, 20, 29] and the Information Bottleneck [70, 78, 69|
methods, our two main problems of interest.

In chapter 3, we use tools from constrained optimization theory to rewrite (1.9)
in terms of its Lagrangian

L\, 0): RVE X RE xR — R (1.21)

Later, in chapter 9, we examine optimization schemes, such as the implicit solution
22, 29] and projected Augmented Lagrangian [29, 50] methods, which exploit the
structure of (1.21) to find local solutions to (1.9) for step 3 of algorithm 1.

We wish to pose (1.9) as a dynamical system in order to study the bifurcation
structure of these local solutions for 5 € [0, B]. To this end, we consider the equilibria
of the flow

< ! ) — VL@ ) (1.22)

*

for 5 € [0, B] and some B < 0. These are points ( g\* ) where V,\L(q*, \*, 3) = 0 for

some 3. The Jacobian of this system is the Hessian A, yL(q, A, ). Equilibria, (¢*, \*),
of (1.22), for which AF(¢*, 3) is negative definite on the kernel of the Jacobian of the
constraints, are local solutions of (1.9) (Remark 27).

In chapter 4 we explore the pivotal role that the kernel of A, L plays de-
termining the bifurcation structure of solutions to (1.9). This is due to the fact
that bifurcation of a branch of equilibria (¢*, \*, 5) of (1.22) at § = [* happens
when ker A, \L(¢*, \*, 3*) is nontrivial (Theorem 24). Furthermore, the bifurcating
branches are tangent to certain linear subspaces of ker A, \L(¢*, \*, 8*) (Theorem
110). More surprisingly perhaps is that the block diagonal Hessian AF' (Assumption
2.3) plays a crucial role as well. We will derive explicit relationships between these
Hessians in this chapter, and we will show that, generically, there are only three types
of singularities of A, £ and AF' which can occur. Furthermore, we explain how these
singularities dictate the bifurcation structure of equilibria of (1.22) (Figure 12). In
particular, the singularity types show that, generically, only two different types of
bifurcation can occur: symmetry breaking bifurcation and saddle-node bifurcation.

In chapter 5, we present the general theory of bifurcations in the presence of
symmetries, which includes the Equivariant Branching Lemma (Theorem 47) and
the Smoller-Wasserman Theorem (Theorem 49). We are able to extend some of the
results of Golubitsky [33, 34] to determine the bifurcation structure of pitchfork-like
bifurcations for equilibria of a general dynamical system with symmetries.
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In chapter 6 we apply the general theory of bifurcations in the presence of sym-
metries to the dynamical system (1.22). When an equilibrium (¢*, \*, 3*), which is
fixed by the action of the group Sj;, undergoes bifurcation, then the Equivariant
Branching Lemma ascertains the existence of explicit bifurcating solutions in one di-
mensional subspaces of ker A, yL(q*, \*, %) which are fixed by special subgroups of
Sy (Theorem 110). Such symmetry breaking bifurcations are always pitchfork-like
(Theorem 120). Further information about the bifurcation structure of solutions to
(1.9) can be garnered using the symmetry of F. In the sequel, we show that every
singularity of A, L yields bifurcating branches when G is strictly concave (Corol-
lary 108), which is the case for the Information Distortion problem (1.4). We also
provide conditions which determine the location (Theorem 80), type (Theorem 120),
orientation (i.e. supercritical or subcritical), and stability (Theorems 127 and 128)
of bifurcating branches from certain solutions to (1.9). In some instances, unstable
branches can not contain solutions to (1.9) (Theorem 129).

In chapter 7, we introduce continuation techniques which allow us to confirm the
theory of chapter 6 by numerically computing the bifurcation structure of stationary
points of the Information Distortion problem (2.34). There are two types of bifurca-
tions which we observe numerically: symmetry breaking bifurcations and saddle-node
bifurcations. See Figures 16-24 and 25.

In chapter 8 we show that bifurcations that are not symmetry breaking bifurca-
tions are generically saddle-node bifurcations. We also give necessary and sufficient
conditions for the existence of saddle-node bifurcations (Theorems 135 and 141).

In chapter 9, we introduce two numerical optimization schemes [40, 50] which
can be used in step 3 of the annealing algorithm (Algorithm 1) to find solutions
of the problem (1.9): the Augmented Lagrangian Method (Algorithm 149) and an
implicit solution method (9.20). Another optimization scheme, which does not use
the method of annealing, can be used to solve (1.9) when D(q) is convex and B = oo,
as is the case for the Information Distortion method. This vertex search algorithm is
a greedy search over the vertices of A (Algorithm 155). Each of these algorithms has
its advantages and disadvantages, and we rate their performance on synthetic and
physiological data sets (Tables 4-5 and Figure 27).

One of the purposes of this thesis is to introduce methodology to improve Algo-
rithm 1 and to minimize the arbitrariness of the choice of the algorithm’s parameters.
Thus, we conclude with an algorithm (Algorithm 157) which shows how continua-
tion and bifurcation theory in the presence of symmetries can be used to aid in the
implementation of Algorithm 1.
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CHAPTER 2

MATHEMATICAL PRELIMINARIES

In this chapter we introduce the notation and develop the mathematical tools
that will be used throughout the rest of this thesis as we study solutions of (1.9),

r;lefg(G(Q) + 3D(q)),

where ¢ is a clustering or quantization of some objects Y to some objects Yy. To
motivate why we are interested in problems of this form, we present the rudiments of
Information Theory, introduce the functions D(q) and G(q) which compose the terms
of (1.9), and give a formal exposition of the information distortion measure which
we introduced in chapter 1. The latter objective is necessary since optimizing this
measure is a key ingredient to both the Information Distortion [22, 20, 29] and the
Information Bottleneck [70, 78, 69] methods, our two main problems of interest.

Notation and Definitions

The following notation will be used throughout the sequel:

|H| := the number of elements of the set H, differentiated from ”the absolute value
of” when the argument is a set.

Y := arandom variable with realizations from a finite set ) := {y1,y2, ..., yx }-

K :=1)Y| < o0, the number of elements of ), the realizations of the random variable
Y.

Yy := arandom variable with realizations from the set of classes Yy := {1,2,..., N}.

N :=|Yu]|, the total number of classes.

p(X) := the probability mass function of X if X is a discrete random variable. If X
is a continuous random variable, then p(X) is the probability density function
of X.

q(Yn]Y) := the K x N matrix, p(Yy|Y), defining the conditional probability mass
function of the random variable Yy|Y', written explicitly as

a(Uy)  q(ly)  a(llys) .. a(1lyk) q(1[y)”
alyr)  aly2)  alys) . a(2lyk) q(2[Y)”

«(Nly) a(Nlw) ¢(Nlgs) - a(Nlyx) G(N|Y)T
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q" := q(v|Y), the transpose of the 1 x K row of ¢(Yx|Y') corresponding to the class
vV E YN-

q := the vectorized form of ¢(Yy|Y)T, written as

qur. = q(Yn = v|Y = yy), the component of ¢ corresponding to the class v € Yy
and the element y;, € Y.

. . lifa;=a; Vi,j
da;..ay = ascalar function on the natural numbers {a; }!" , with range { 0 ozther vf/ s J
logz :=log, x, the component-wise log base 2 operator of the vector z.
In z :=log, x, the component-wise natural log operator of the vector z.

" component of the vector x

[.'1:]@ = it
[A];; := the (i, 7)™ component of the matrix A
A~ := the Moore-Penrose generalized inverse of the k x m matrix A.

det A := the determinant of the matrix A.

peigenspace(A) := the vector space spanned by the eigenvectors corresponding to
the positive eigenvalues of the square matrix A.

A ® B := the Kronecker product of the p x ¢ matrix A and the r x s matrix B is
defined as the pr x gs matrix C, such that the (i, 7)™ block of C is [C];; =

<v,w >, = v Aw = > ]iAijlwl;, an inner product with respect to A if A is
positive definite.

<v,w> = <v,w>r= ), . [v]i[w];, the Euclidean inner product.

llv]| := \/<wv,v >, the Euclidean norm.

Z(v,w) := the angle between the vectors v and w, measured in radians.
I, := the k x k identity matrix.

e; :=i'" column of the identity I.

Exf(X) = [,y f(x)p(x)dz, the expected value of scalar function f(X) with re-
spect to the distribution p(X).

Y(z)|q = the vector valued function v restricted to the space 2.
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0z1 = Jacobian of the vector valued function v with respect to the vector z

021 := three dimensional array of second derivatives of the vector valued function
1) with respect to the vector x

951 (2o)[v,w] := the vector defined by the multilinear form 37, . %(mo)[v]i[w] i

where 9 (z) is a vector valued function.

I (zo)[uw,v,w] = the vector defined by the multilinear form

5?2
2; 3[$]18[m2]ia[m]k (@o)lullo]; e,

where 1(z) is a vector valued function.
V.f = gradient of the scalar function f with respect to the vector z.

Vi@,p) = Vaf(x ).

Az f := Hessian of the scalar function f with respect to the vector x.

1 if f(x) >0
sgn f(z) = 0 if f(x)=0
1 f(z) <0

O(z™) :="big oh” of ||z||™. By definition, if f(z) = O(z™), then there exists n > 0
such that || f(z)|| < n|lz||™ if ||z| is sufficiently small.

< :=is a subgroup of, differentiated from ”is less than or equal to” when the argu-
ments being compared are sets.

< :=is a proper subgroup of, differentiated from ”is strictly less than” when the
arguments being compared are sets

(G : H] := & the index of H in G, when H < G and |G| < co.

~[HP
& .= is isomorphic as a group to
(g) := the cyclic group generated by g, where g is an element of some group G

lg| := the order of the element g in the group G, which is equivalent to |(g)].

Sy := the abstract group of M! elements of all permutations on M objects.
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An n x n symmetric matrix A is positive definite if x7 Ax > 0 for all z € R" and is
negative definite if z7 Az < 0 for all x € R". The symmetric matrix A is non-positive
definite if x7 Az < 0 for all x € R" and is non-negative definite if x7 Az > 0 for all
T eN".

A square matrix A has a singularity, or is singular, if at least one of its eigenvalues
is zero. The space spanned by the eigenvectors corresponding to the zero eigenvalues
of A is called the kernel or nullspace of A, denoted by ker A. Thus, A is singular if
and only if ker A # () if and only if det A = 0.

A vector space B is called a normed vector space if there a norm defined on the
elements of B. The vector space B is said to be complete if every Cauchy sequence
converges to a point in B. A complete normed vector space is a called a Banach
space. A vector space B is called an inner product space if there is an inner product
(or dot product) defined on the elements of B. A complete normed inner product
space is called a Hilbert space.

A stationary point z* of a differentiable function f(z) is a point where

Vef(z") =0.

A Lie group is any continuous group. In this thesis, if G is a Lie group, then we
use the matrix representation of G, which has the form

G ={g € R™ x R"|g is invertible},

together with the binary operation of matrix multiplication.

Information Theory

The basic object in information theory is an information source or a random
variable (measurable function)

X :(2,0)— (X,B), (2.1)

where X is the probability space of symbols produced by X, a representation of the
elements of the probability space £2. O and B are the respective g-algebras. A source
X is a mathematical model for a physical system that produces a succession of symbols
{X1, X, ... , X,,;} in a manner which is unknown to us and is treated as random
(17, 35]. The sequence {X;}, is said to be i.i.d or identically and independently
distributed if X; are mutually independent

p(Xi, X;) = p(Xi)p(X;)
for i # 7, and if the probability density of X;, is the same for every 7 and j,

p(X;) = p(Xj)-
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The sequence {X;} is stationary if for each m and k, (Xo, ..., X;n) and (X, ..., Xptm)
have the same probability density. In other words, {X;} is stationary if no matter
when one starts observing the sequence of random variables, the resulting observation
has the same probabilistic structure.

A measurable transformation ¢ : Q — Q is measure preserving if p(¢ ' A) = p(A)
forall A € O. Aset A € Ois p-invariant if 7' A = A. Let Z = {A|Ais ¢-invariant}.
The measurable transformation ¢ is ergodic if for every A € Z,p(A) € {0,1}. The
source X; = X o ¢’ is said to be ergodic if ¢ is ergodic.

An information channel is a pair of information sources (X,Y’), an input

X : (Qx,0x) — (X,Bx), (2.2)

and an output
Y . (Qy, Oy) — (y,[))y) (23)

where the spaces and o-algebras are defined as in (2.1).

The basic concepts of information theory are entropy and mutual information
[17]. In information theory, entropy is described as a measure of the uncertainty, or
of the self information, of a source, and is defined as

H(X)=—Exlogp(X).

The conditional and joint entropy respectively given an information channel (X,Y)
are defined respectively as

H(Y|X) = —Exylogp(Y]X)
H(X,Y) = —EXA/Ing(X,Y)-

It is easy to show that
HX,)Y)=HX)+ HY|X)=H(Y)+ H(X]|Y).

The notion of mutual information I(X;Y) is introduced as a measure of the degree
of dependence between a pair of sources in an information channel (X,Y):

I(X:Y) = H(X)+H(Y) - H(X,Y) (2.4)
- op DY)
= Exrlos oy 25)

Both entropy and mutual information are special cases of a more general quantity —
the Kullback-Leibler directed divergence or relative entropy [43] between two proba-
bility measures, p and r, on the same discrete probability space X,

KL(p||r) = Exlog (%) (2.6)
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The Kullback-Leibler divergence is always nonnegative and it is zero if and only if
p(X) = r(X) almost everywhere. However, it is not symmetric and so it is not a
proper distance on a set of probability measures. In spite of this it provides a sense
of how different two probability measures are.

The information quantities H, I and KL depend only on the underlying proba-
bility distributions and not on the structure of X and Y. This allows us to evaluate
them in cases where more traditional statistical measures (e.g. variance, correlation,
etc.) do not exist.

Why are entropy and mutual information valid measures to use when analyzing an
information channel between X and Y7 Let {Y3, Ya, ... , Y,,} be i.i.d. observations
from an information source Y. Then the Strong Law of Large Numbers provides
theoretical justification for making inference about population parameters (such as
the mean and variance) from data collected experimentally [28]. In particular, the
Shannon Entropy Theorem [17, 28, 68| in this case assures that the entropy (and
hence the mutual information) calculated from data taken experimentally converges
to the true population entropy as the amount of data available increases.

THEOREM 5 (SHANNON ENTROPY THEOREM). ([68]) If {Y:} are i.i.d. then

1
lim ——logp(Y1,Ys,....Y,) = H(Y) a.s.

n—oo n

Proof. The random variables {logp(Y;)}, are i.i.d. and so by the Strong Law of
Large Numbers

Bllog(p(Y)) = lim > logp(¥)

n—oo M,
= lim _p(}/i7Y27 7Yn)
n—oo
almost surely. |
In many instances, as in the case of physiological recordings from a biological sensory
system, the data {Y7, Y5, ... , Y,,} are not i.i.d.. For example, in the data presented

in this thesis, a single, “long” recording of a neural response is partitioned into ob-
servations of length, say, 10 ms. Inference made about population parameters from
data collected this way is justified if we can assume that Y is stationary ergodic. Now
we may appeal to the Ergodic Theorem [10, 28] and the Shannon-McMillan-Breiman
Theorem [17, 28] to justify the use of information theoretic quantities.

THEOREM 6 (ERGODIC THEOREM). (Birkhoff, 1931, p. 113-5 [10], p. 341-3 [28]) If

¢ is a measure preserving transformation on (2, O) and Y is a source with E(Y') < occ.
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Then ,
1« :
lim — ZY((,D%J) =E(Y|I) as.
=0

n—oo N, 4

REMARK 7. If ¢ is ergodic, then E(Y|Z) = E(Y). The Ergodic Theorem in this
instance can be interpreted as a Strong Law of Large Numbers for ergodic processes.

THEOREM 8 (SHANNON-MCMILLAN-BREIMAN THEOREM). ([17] p.474-479 , [28]
p.356-360) If Y,, for an integer n is an ergodic stationary sequence taking values in a
finite set ), then

1
lim ——logp(Yo, Y1, ...V 1) =H

n—oo N

where H = lim,, ., E(—log p(Y,|Yn_1, ..., Yy)) is the entropy rate of {Y;}.
REMARK 9. Theorem 5 is a special case of Theorem 8 when {Y;} are i.i.d..

Instead of considering the full space ) of all of the symbols elicited by Y, Theorem
8 gives justification for considering only a subset of ) which one ”typically observes.”
This set is defined rigourously in the following way. Each element of the output space
Y can be modelled as a sequence of symbols of a random variable

Z: (Qz,OZ) — (Z,Bz)

where Q7 and By are defined as in (2.1). Hence Y = Z*, the k-th extension of Z, can
be thought of as the set of all sequences of length k of symbols from Z € Z. There
is a limited number of distinct messages which can be transmitted with sequences of
length & from the source Z. These are the typical sequences of Z [17].

DEFINITION 10. The typical set A* with respect to probability density p(Z) on Z is
the set of sequences (21, 2y, ..., 2,) € Z* for which

2 HHITD) < p(2y, 2, ., 2p) < 27,
(21, 29, ...y 2) € AF is called a typical sequence.

A reformulation of Theorem 8 shows that the typical set has the following prop-
erties:

THEOREM 11 (ASYMPTOTIC EQUIPARTITION PROPERTY). (p. 360 [28], p. 51 [17])
If Z is stationary ergodic, then

1. If (21, 22, ..., z) € AF then H(Z) — e < —1p(21, 22, ..., ) < H(Z) + €

2. p(AF) > 1 — € for k sufficiently large
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3. (1 — )2MHZ)=) < |AF| < MH(2)F9) for | sufficiently large. Here |A| is the
number of elements in set A.

Thus a typical set A* has probability nearly 1, typical sequences are nearly
equiprobable (with probability nearly 27*#(4)) "and the number of typical sequences
is nearly 2F1(%),

Now we rewrite X as a sequence of £ symbols of a random variable

W (Qw,Ow) — (W, Bw),
so that X = W¥. The next theorem considers the behavior of the pair (W, Z).

DEFINITION 12. The set A* of jointly typical sequences {(w, z*)} with respect to the
joint distribution p(w, z) on W x Z is the set

MeWwhr x ZF.

A¢ = {w
o—k(H < >+e><p( k) < g kHW) =)
2-
2~

)

KUH(Z)H) < (k) < 9 kHEZ)=0)
KHWZ)+e) < plwk, %) < 2—k(H(I/V,Z)—e)}7

THEOREM 13 (ASYMPTOTIC EQUIPARTITION PROPERTY FOR JOINTLY TYPICAL
SEQUENCES). (p. 195 of [17]) Let (W*, Z¥) be a pair of i.i.d. sources. Then

1. p(AF) > 1 —e.
2. (1 — €)2MHWZ)=e) < | Ak| < QRHW.Z)+9) for n sufficiently large.

3. If (W, ZF) are a pair of random variables with joint probability p(wk, %) =
p(w*)p(2*) (i.e. W* and Z* are independent with the same marginal distribu-
tions as W* and Z*), then for sufficiently large k,

(1— G)ka(](W;Z)Jr?)e) <p ((Wk7 Zk) c AI;) < 9 kU(W;2)=3¢),

Thus, a jointly typical set A’j has probability close to 1. The number of jointly
typical sequences is nearly 2F7(W:%) and they are each nearly equiprobable (with
probability close to 27*/(Wi2)) - Cover and Thomas (p. 197 of [17]) give the following
argument to ascertain the number of distinguishable signals W* given a signal Z*.
Observe that there are about 287W) typical W sequences and about 2¥7(2) typical
Z sequences. However, as pointed out above, there are only about 2¥#(W:2) jointly
typical sequences. Since a jointly typical sequence has probability close to 27/ (W:%),
then, for a fixed Z*, we can consider about 2¥/(W:%) such pairs before we are likely
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to find a jointly typical pair. This suggests that the set of jointly typical sequences
can be divided into 2% disjoint sets, such that projections of these sets to W
as well as to Z* are almost disjoint. This justifies Figure 5B for spaces X = W* and
Y = 7",

A source Y can be related to another random variable Yy through the process of
quantization or lossy compression [17, 35]. Yy is referred to as the reproduction of Y.
The process is defined by a conditional probability map

Q(YNWYW :)7_+J%V7

called a quantizer as in (1.20). Without loss of generality, and for simplification of
the notation, we assume that the elements or classes of Yy are the natural numbers,

Yy = {1,2,...N}.

We will use Greek letters such as v, d, w, 4 and 1 when referring to the classes of Yy.
As we point out in the Notation and Definition section of this chapter, we will write

qYn =Y =uy) = q(V|yx) = qur-

If we assume that |Y| = K, then ¢(Yy|Y') is defined by an N x K matrix, given by

q(Ly1)  q(fy2)  q(Llys) ... q(llyx)
q2ly1)  qly2)  alys) - a(lyk)

q(N\yl) q(N!yz) Q(N|y3) Q(N"yK)

In general, quantizers are stochastic: ¢ assigns to each y € ) the probability that
the response y belongs to an abstract class v € Yy. A deterministic quantizer is a
special case in which ¢, takes the values of 0 or 1 for every v and k. The uniform
quantizer, which we denote by qL, is the special case when

1

q%(y]yk) = (2.7)

for every v and k. The constraint space A from (1.11),

A= {q(YN\Y) | ) alvly) =1 and q(v|y) =0 Vy € y} ,

veEYN

is the space of valid quantizers in RVX.

It can be shown [35] that the mutual information 7(X;Y) is the least upper
bound of I(X;Yy) over all possible reproductions Yy of Y. Hence, the original
mutual information can be approximated with arbitrary precision using carefully
chosen reproduction spaces.
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The new random variable Yy produced by a quantization ¢(Yy|Y') has associated
probabilities p(Yy ), computed by

p(Yx =v)=> q(vly)p(y).

Y

Given an information channel (X,Y), the random variables X, Y, Yy form a Markov
chain [22]
X oY oYy,

which means that

and that

= p(y)avly)p(z|y). (2.8)

The Distortion Function D(q)

The class of problems (1.9)

max(G(q) + 8D(q))

qeEA

which we analyze in this thesis contain the cost functions used in Rate Distortion
Theory [17, 35], Deterministic Annealing [61], the Information Distortion [22, 20, 29]
and the Information Bottleneck methods [78, 70, 69]. We discuss the explicit form of
the function D(q), called a distortion function, for each of these scenarios.

Rate Distortion Theory is the information theoretic approach to the study of opti-
mal source coding systems, including systems for quantization and data compression
[35]. To define how well a source, the random variable Y, is represented by a partic-
ular representation using N symbols, which we call Yy, one introduces a distortion
function between Y and Yy

D(q(Yn|Y)) = D(Y,Yy) = Byy d(Y.Yy) = > Y q(vly)p(y)d(y,v)

y VvEYN

where d(Y, Yy ) is the pointwise distortion function on the individual elements of ) and
Yn. q(Yn]Y) is the quantization of ) into the representation Vy. A representation
Yy is said to be optimal if there is a quantizer ¢*(Yxy|Y') such that

D(¢") = min D(q). (2.9)

qEA
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In engineering and imaging applications, the distortion function is usually chosen as
the mean squared error [17, 61, 31],

D(Y,Yx) = Eyy,d(Y,Yn) => > aqlvly)p V), (2.10)

y VEYN
where the pointwise distortion function OZ(Y, Yy) is the Euclidean squared distance,
dY =y, Yy =v) = |ly— |

This requires that Y, Yy € RVX. In this case, D(Y,Yy) is a linear function of the
quantizer q.

The Information Distortion Problem

In neural coding, as we have seen in chapter 1, one can model the neural decoder
by p(X|Y'), the stochastic map from the space of neural responses ) to the stimulus
space X. The Information Distortion method examined in chapter 1 determines an
approximation to p(X|Y) by quantizing the neural responses ) into a reproduction
space Yy by minimizing a distortion function as in (2.9). We now determine the
explicit form of the distortion function used by the Information Distortion method,
which we call the information distortion measure, then show how one optimizes this
function.

The Information Distortion Measure

Since the metric between spike trains may not coincide with Fuclidean distance
83, 84] (see (1.19)), the Information Distortion method does not impose D(q) from
(2.10) as the distortion function when searching for a neural decoder.

The natural measure of closeness between two probability distributions is the
Kullback-Leibler divergence (see (2.6)) [22]. For each fixed y € Y and v € Y,
p(X|Y = y) and p(X|Yy = v) are a pair of distributions on the space X. As a
pointwise distortion function, consider

d(Y,Yy) = KL(p(X|y)|[p(X]v)).

Unlike the pointwise distortion functions usually investigated in information theory
(17, 61], D; explicitly considers a third space, X, of inputs, and it is a nonlinear
function of the quantizer ¢(Yy|Y) through

p(X =zlYy=v) = Zp(x’—i’y)

_ Zq |y y 37|3/)
V )
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where the last equality follows from (2.8) . The information distortion measure is
defined as the expected Kullback-Leibler divergence over all pairs (y, v)

Di(q(Yn|Y)) = Di(Y,Yn) := Eyvy, KL(p(X|Y = y)||p(X|YNy = v)). (2.11)

We derive an alternate expression for Dj. Starting from the definition

Dr = Y ply,v) KL(p(X]y)llp(X|v))

yeY veEYN
- S Lttt
- Z p(z,y,v) <logp(:v]y) — logp(w|u)> (2.12)

Y,V

= pry log 5y pru log (<) ()) (2.13)

2)p(y
= I(X, Y)— [(X,YN)

In (2.12) we used the Markov property (2.8), and (2.13) is justified by using the
identities p(z,y) = >, p(z,y,v), p(z,v) = Eyp(x,y,u) and the Bayes property
p(z,y)/p(y) = p(x]y). This shows that the information distortion measure can be
written as

Dy =I(X;Y) — I(X:Yy).

Recall from (2.9) that the goal is to find a quantization ¢(v|y) for a fixed reproduction
size N that minimizes the information distortion measure D;

min D;. (2.14)

qeEA

Since the only term in D; that depends on the quantizer is I(X;Yy), we can replace
D; with the effective distortion

Deff = [(X, YN)
in the optimization problem. Thus, the minimizer of (2.14) is the maximizer of

Do, 2.15
max Deyy (2.15)

Applying the information distortion measure to neural data, which, as we have
just seen, is equivalent to maximizing the mutual information between the stimulus
and the quantized neural responses, has theoretical justification [9, 20, 22, 37, 51, 59,
64, 72, 83, 84].

The Information Bottleneck method is another unsupervised non-parametric data
clustering technique [78, 70, 69] which has been applied to document classification,
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gene expression, neural coding [64] and spectral analysis. It also uses D;(q) as the
distortion function.

The Maximal Entropy Problem

Solving (2.15) directly is difficult using many numerical optimization techniques
since there are many local, suboptimal maxima on the boundary of A [61, 22]. This
is not surprising since D.sy is convex and A is a convex domain. To deal with this
issue, the Information Distortion method introduces a strictly concave function, the

entropy H(Yy|Y'), to maximize simultaneously with D, s, which serves to regularize
the problem (2.15) [61],

max H(Yn|Y)  constrained by (2.16)
qe

Degr(q) > I

In other words, of all the local solutions ¢* to (2.15), the method seeks the one that
maximizes the entropy. Using the entropy as a regularizer is justified by Jayne’s
maximum entropy principle (see Remark 3), since among all quantizers that satisfy a
given set of constraints, the maximum entropy quantizer does not implicitly introduce
additional constraints in the problem [36]. Thus, the problem of optimal quantization
(2.15) is reformulated [22] as a maximum entropy problem with a distortion constraint
(2.16). The goal is to find the maximal entropy solution for a maximal possible value
of De ff-

Tishby et al. use the concave function I(Y;Yx) as a regularizer [70, 78]. The
fact that I(Y;Yy) is concave (and not strictly concave) causes some difficulties for
numerics, which we discuss in chapter 4.

The conditional entropy H(Yx|Y) and the function D, sr, can be written explicitly
in terms of g, = q(v | yx)

HYn|Y) = —Byyylogq(Yn|Y)
= = p(ys)gur log (4ur) (2.17)
vk
and
Depr=1I1(X;Yy) = Ex,leog]%
- St (B ). o
Derivatives

To find local solutions of (2.16) (see chapter 9), we compute the first and second
derivatives of H(Yn|Y) and D.ss. To determine the bifurcation structure of these
solutions (see chapter 6), we compute the third and fourth derivatives.
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The gradient of H(Yy|Y') with respect to ¢ is [22]

OH(Yn|Y
(VH), = —%H (2.19)
1
= —ply )(longk:‘i‘ﬁ)
The Hessian of H(Yn|Y) is [22]
O?H(Yn|Y) 0 1
—_ = —— log 1 + — 2.20
T 30 (g + 1.5 ) (2:20)
P(Yr)
= Oun0
 (m2)g, "
The three dimensional array of third derivatives is
SH(YN|Y
aQ(5m8qU18QVk aq(Sm ( )qyk
p(yk)
—(51, Okim.-
(In2)q, e
The four dimensional array of fourth derivatives is
0'H(Yn|Y) 0 pye)
= SnsOkim 2.22
96p0ds5mIn Oqui gy (M2)g%, " (2:22)
2 p(yk)
= - (1n2) q—gkéunéuaklmp‘
The gradient of D,y is [22]
aDeff
VD i) = ——
(VDesy)uk D
>k QP (T, Yk)
= p(xs, Yr) log :
ZZ: (6 3) p(xi) 2o dwrP(Yr)

The Hessian of D,y is [22]

azDeff quukp(wzvyk)
2o = 7 2Py log
9 0qyk 8%12 (@0 3¢) p(xi) 2oy dwkp(Yr)

In2 Dok WweP(Ti Uk) D QurP(Yk)
The three dimensional array of third derivatives ﬁ%
61/776 p(yk) p Ty, yk xl? yl)p(%, ym) (2 24)
2\ (37, qwrp(yr)) - s ap(ziyyr))?
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0*D, .
The four dimensional array of fourth derivatives ————<f—— is
aQHPa(BmBina(bxk

In2 B

205 (pr@,yk P, )i, )i ) ()PP )y >>‘ 2.25)
(S aveplei. )’ (s ()

Dealing with Complex Inputs

To successfully apply the Information Distortion method to physiological data,
we need to estimate the information distortion D.ss, which in turn depends on the
joint stimulus/response probability p(X,Y’). If the stimuli are sufficiently simple,
p(X,Y) can be estimated directly as a joint histogram, and the method applied by
solving (2.16). In general, we want to analyze conditions close to the natural for
the particular sensory system, which usually entails observing stimulus sets of high
dimensionality. Characterizing such a relationship non-parametrically is extremely
difficult, since usually one cannot provide the large amounts of data this procedure
needs [51]. To cope with this regime, we model the stimulus/response relationship
[23, 25]. The formulation as an optimization problem suggests certain classes of
models which are better suited for this approach. We shall look for models that give
us strict lower bounds D, ¢ of the information distortion function Ds¢. In this case,
when we maximize the lower bound Deff, the actual value of D,y is also increased,
since [(X;Y) > Dgpp > f)eff > 0. This also gives us a quantitative measure of the
quality of a model: a model with a larger D, #f 1s better.

In [24, 25, 29| the authors modelled the class conditioned stimulus p(X|Yy = v)
with the Gaussian:

p(X[Yy =v) = N(z, Cxpp)- (2.26)

The class conditioned stimulus mean x, and covariance matrix C'x|, can be estimated
from data. The stimulus estimate obtained in this manner is effectively a Gaussian

mixture model [18§]
- ZP(V>N('TV7 CX|V>

with weights p(v) and Gaussian parameters (z,, C'x|,). This model produces an upper
bound [59] H(X|Yy) of H(X|Yy):

H(X|Yy =v) Zp log (2me) X! det [Zp yl)(Cxpy + x2) — (Zp(y|y)3;y)2}.

(2.27)

Here mz is the matrix wyxg.

Since H(X|Yy) is an upper bound on H(X|Yy) and

Depp=1(X;Yy) = H(X) — H(X|Yy),



43
the quantity ) )
Dess(q(Yn|Y) := H(X) — H(X|Yy) (2.28)

is the lower bound to D.fs. This transforms the optimization problem (2.16) for
physiological data to

max H(Yy|Y) constrained by (2.29)
q

Degr(avly)) = Io and

d qlvly)=1 and q(vy) >0 WyeY.

veYn

It is not immediately obvious that solutions to (2.29) have properties similar to the
solutions of (2.16). Gedeon et al. [29] showed that D,y is convex in ¢(Yy|Y). This
implies that for the problem (2.29), the optimal quantizer ¢*(Yy|Y') will be generically
deterministic (Theorems 153 and 154). This means that D, can be used in place of

D.¢¢ in the problem (2.34).

The Function G(q)

The class of problems (1.9)
max G(q) + 3D(q)

which we analyze in this thesis contain similar cost functions used in Rate Distortion
Theory [17, 35], Deterministic Annealing [61], the Information Distortion [22, 20, 29|
and the Information Bottleneck methods [78, 70, 69]. In this section we discuss the
explicit form of the function G(q) for each of these scenarios.

There are two related methods used to analyze communication systems at a dis-
tortion D(q) < D, for some given Dy > 0 [17, 35, 61]. In rate distortion theory
(17, 35], the problem of finding a minimum rate at a given distortion is posed as a
minimal information rate distortion problem (as in (1.5)):

mingea 1(Y;Yy)

D(Y,Yx) < Dy (2.30)

This formulation is justified for i.i.d. sources by the Rate Distortion Theorem [17].
A similar exposition using the Deterministic Annealing approach [61] is a mazimal
entropy problem (as in (1.2))

maxgen H(Yn|Y)

D(Y:Yy) < Dy (2.31)

The justification for using (2.31) is Jayne’s maximum entropy principle [36] (see
Remark 3). The formulations (2.30) and (2.31) are related since

I(Y;Yn) = H(Yy) — H(YnN[Y).
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Let Iy > 0 be some given information rate. In (2.16), the neural coding problem
is formulated as an entropy problem as in (2.31)

maxgea H(Yn|Y)

Depi(q) > Io (2:32)

which uses the nonlinear effective information distortion measure D.ss. Tishby et.
al. [78, 70] pose an information rate distortion problem as in (2.30)

mingea I(Y;Yy)

Deysla) = Io (2:33)

Using the method of Lagrange multipliers, the rate distortion problems (2.30),
(2.31), (2.32), (2.33) can be reformulated as finding the maxima of

max F'(q, 5) = max (G(q) + fD(q))

geA geA

as in (1.9) where § € [0,00). This construction removes the nonlinear constraint
from the problem and replaces it with a parametric search in 3(1). For the maximal
entropy problem (2.32),

F(q,3) = HYN|Y) + BDcss(q) (2.34)

and so in this case G(q) from (1.9) is the conditional entropy H(Yn|Y) (compare with
(1.4)). For the minimal information rate distortion problem (2.33),

F(q,8) = —1(Y;Yn) + BDeys(q) (2.35)

and so here G(q) = —I1(Y;Yn) (compare with (1.6)).
We now compare the two formulations (2.32) and (2.34). In [22, 29, 61], one
explicitly considers (2.34) for § = co. This involves taking

Jim max F(g, ) = max Desf(q)
which in turn gives mingea D;. This observation can be made rigorous by noting
that D.ys, as a continuous function on a compact domain A, has a maximal value /*.
Therefore, for values of the parameter Iy > I* problem (2.32) has no solution. On the
other hand, problem (2.34) has a solution for all values of 3, since F' is a continuous
function on a compact set A. We have the following result

LEMMA 14. [29] Let g* be a solution of (2.32) with Iy = I*. Let q(3) be a solution of
problem (2.34) as a function of the annealing parameter 3. Then

lim Dess(q(B)) — 17

p—o0
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Proof. As 3 — oo the solution ¢(3) converges to the solution of the problem

max D.rr.
prary eff

The maximum of D¢y on A is I*. O
In the Information Bottleneck method, one may only be interested in solutions
to (2.35) for finite B which takes into account a tradeoff between I(Y;Yy) and D.y;.
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CHAPTER 3

THE DYNAMICAL SYSTEM

When using the method of annealing, Algorithm 1, to solve (1.9),

max(G(q) + B8D(q)),

geEA

one obtains a sequence of solutions {(qx, x)} that converge to (¢*,B), where B €
(0,00), and
q" = argmax,cA(G(q) + BD(q)).

As we explained in chapter 1, it has been observed that the solution branch which
contains {(gx, Ox)} undergoes bifurcations or phase transitions. The purpose of this
chapter is to formulate a dynamical system so that we may study the bifurcation
structure of these solutions. First, we must present the rudiments of Constrained
Optimization Theory. Then we present the formulation of the dynamical system,
whose equilibria are the stationary points of (1.9).

The Optimization Problem

The objective of this thesis is to solve the problem (1.9). We now pose a slightly
different optimization problem, one which does not explicitly enforce the nonnega-
tivity constraints of A, which will help us to understand the bifurcation structure of
solutions to (1.9) (see Remarks 19 and 28).

Consider the optimization problem

max F(g, ) (3.1)
for fixed 8 = B € [0, 00), where
F(q,8) = G(q) + 8D(q) (3-2)

as in (1.9) and (1.10), and

Ag = {qE?RNK| Z%kzl Vykey}

vEYN

(compare with (1.11)). As with Assumptions 2 on (1.9), we assume that

ASSUMPTION 15.
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1. G and D are real valued functions of q(Yn|Y'), which depend on Yy only through
q, are invariant to relabelling of the elements or classes v of Yy That is, G and
D are Sy-invariant, with the explicit group action defined in (6.6).

2. G and D are sufficiently smooth in q and 3 on the interior of A.
3. The Hessians of G and D are block diagonal.

Assumption 15 holds for the Information Distortion and the Information Bottleneck
cost functions (2.34) and (2.35). We prove this claim in the former case in Theorem
73.

We rewrite (3.1) using its Lagrangian

c@xsz@m+§)%§)w—Q, (3.3)

where the scalar A, is the Lagrange multiplier for the constraint Zivzl Qi — 1 =0,
and A is the K x 1 vector of Lagrange multipliers

A
P
M
The gradient of (3.3) is
Vialla 0 = (975 ). 3.4
where
V. L=VFEF(q,5)+A, (3.5)

and A = (AT AT . )\T)T, an NK x 1 vector. The gradient V£ is the vector of K
constraints

ZV qv1 — 1

Voo | et (3.
> CIz;K -1
imposed by Ag. Let J be the K x NK Jacobian of (3.6)
> — 1
g —o,| =N e e o 1) (3.7)

(. >

> QV‘K —1 ~ blocks
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Observe that J has full row rank. The (NK 4+ K) x (NK + K) Hessian of (3.3) is

N G A (3.5)

where 0 is K x K. The NK x NK matrix AF is the block diagonal Hessian of F'
(Assumption 15.3),

B, 0 .. 0
0 By .. 0

AF=| | 7 - (3.9)
0 0 .. By

where 0 and B; are K x K matrices for ¢+ =1, ..., V.

There are optimization schemes, such as the implicit solution (see (9.20)) and
projected Augmented Lagrangian methods (Algorithm 149), which exploit the struc-
ture of (3.3) and (3.4) to find local solutions to (3.1). This exploitation depends on
the following first order necessary conditions:

THEOREM 16 (KARUSH-KUHN-TUCKER CONDITIONS). ([50] p328) Let x* be a local
solution of

w0

where the constraint space Q) is defined by some equality constraints, c¢;(z) = 0,1 € &,
and some inequality constraints, c¢;(x) > 0,1 € Z. Suppose that the Jacobian of the
constraints has full row rank. Then there exists a vector of Lagrange multipliers, \*,
with components \;, 1 € E UL such that

Vof(z®) = = ) AiVae(a®)
icEUT
ci(x*) = 0, forallie&

*

ci(z*) > 0, forallieT
A > 0, forallieT
Ne(z*) = 0, forallie EUT (3.10)

REMARK 17. Using the notation from Theorem 16, the equality constraints from (1.9)
and (3.1) are represented as

K

{ci(q@) }iee = {Z Quk — 1} : (3.11)

k=1
Thus, if ¢ € Ag, then ¢;(q) = 0 for every i € £. For the inequality constraints which
are present only in the problem (1.9), we have that

{ci(@)}ier = {aurtvevn 1<k<k. (3.12)
In this case then, ¢ € A implies that c¢;(q) > 0 for every i € Z.
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The Karush-Kuhn-Tucker or KK'T conditions for solutions of (3.1) only entail equality
constraints. Furthermore, the Jacobian of these equality constraints is the matrix with
full row rank given in (3.7). We have the following corollary.

COROLLARY 18. Let ¢* be a local solution of (3.1) for some fized 3. Then there exists
a vector of Lagrange multipliers, \* € %K, such that

vqﬁ(q*,/\*,ﬁ) =0
{V/\E(q*7/\*76)]k = qujk - 1 = O

Recall that a stationary point of a differentiable function f(z) is a point where
Ve f(x*) = 0. A stationary point of a constrained system such as (3.1) is a point where
VAL = 0. In other words, it is a point where the KKT conditions are satisfied.

REMARK 19. One reason we consider the problem (3.1) instead of (1.9) is the follow-
ing. The Lagrangian for the latter maximization problem is

L(a,\€0) = )+ Z)\k unk -1)+ Znykq,,k, (3.13)

k=1 v=1

where { A} are the Lagrange multipliers for the equality constraints (5.11) and {&,x}
are the Lagrange multipliers for the inequality constraints (3.12). Thus, [VeL], =
Qu- From this, (3.6), and (3.7), we see that the Jacobian of the constraints in this
case s

J
T
o
qumﬁ = € 5

eNK
which does not have full row rank as required by Theorem 16 since the row space of J
is a subspace of span(ey,es,...,eNk).

If (q,0) is a stationary point of (1.9) in the interior of A, then the inequality
constraints (3.12) are inactive: c¢;(¢*) > 0 for i € . By requirement (3.10) of
Theorem 16 and the fact that {¢;}ier = {Quk }veyy yicy, then for the vector of Lagrange
multipliers § from (3.13), &, = 0 for every v and k. Thus,

Varl =V L=0 (3.14)

by Theorem 16, which shows that a stationary point to (1.9) in the interior of A is a
stationary point of (3.1).

For a general optimization problem, the best that any optimization scheme can
accomplish is to procure a stationary point ([50] p.45). To determine whether a given
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stationary point ¢ € RVE is truly a local solution of (3.1), one appeals to the following
theorem:

THEOREM 20. ([50], p 345 and 348) Assume that the Jacobian of the constraints, J,
has full row rank and that for some q* € Ag there is a vector of Lagrange multipliers
A* such that the KKT conditions (Theorem 16) are satisfied. If

wTAL(g N, Byw < 0

for all w € ker J then ¢* is a local solution for (3.1). Conversely, if ¢* is a local
solution for (3.1), then
whAL(¢" N, flw <0

for allw € ker J.

Hence, to find a local solution of (3.1) for some /3, we need to find ¢* such that
Vi L(g*, A, 3) = 0 and that A, L(g*, \*, () is negative definite on ker J.

REMARK 21.

1. The constraints of (3.1) are linear. It follows that AL(q, N\, B) = AF(q,[).
Therefore, if we track q* where the KKT conditions are satisfied and where
AF(q*, B) is negative definite on ker J, then we satisfy the assumptions of The-
orem 20 which shows that ¢* is a local solution to (3.1).

2. Let d := dimker J and let Z be the NK x d matriz with full column rank whose
columns span ker J. Thus, anyw € ker J can be written as Zu for someu € <.
The condition

w AF(¢*, ) w <0 Vw € ker J

can be restated as
u' ZVAF(¢*, 3)Zu <0 Yu € R

Hence, the conditions of Theorem 20 become that ZTAF(q*, 3)Z must be (non)-
negative definite.

The Gradient Flow

We wish to pose (3.1) as a dynamical system in order to study bifurcations of
its local solutions. This section provides the explicit dynamical system which we will
study. First, some terminology is introduced. Let

z =Yz, 0), (3.15)

where 2 is in some Banach space By and 3 € R, so that

¢ZBQ X%HBQ (316)
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for some Banach space By. The solutions (z,5) € By x R which satisfy

Y(x,B)=0 (3.17)

are equilibria of the system. Such a continuum of solutions is called a solution branch
or a branch of equilibria of (3.15). The Jacobian of 9 is d,1. Let n(/3) be the number
of ’s for which (z, ) is a solution of (3.17).

DEFINITION 22. (z*, 3*) is a bifurcation point if n(3) changes as 3 varies in a neigh-
borhood of (3*.

REMARK 23. This definition of bifurcation, as used in [33], may seem too restrictive.
However, the class of systems we study are gradient systems, 1» = Vgf (compare
with (3.15)), where f is some scalar function. Thus, the bifurcations allowed by
Definition 22 are the only ones that can occur. This is because the Jacobian, Oz =
Agf, is a symmetric matriz , and so it has only real eigenvalues [65]. Bifurcations
not considered in Definition 22, such as Hopf bifurcations, require purely imaginary
eigenvalues [6].

THEOREM 24. If (x*, %) is a bifurcation of (3.17) then Oxb(x*, 3*) is singular.

Proof. If Oz1p(x*, 5*) is not singular then the Implicit Function Theorem gives that
z* = z([) is the unique solution of (3.17) about (z*, 3*). Therefore, (z*, 5*) cannot
be a bifurcation point. |

DEFINITION 25. If Oyu(x*, 3*) is singular, but (x*, 3*) is not a bifurcation point of
(3.17), then (z*, 3*) is a degenerate singularity.

Now back to our purpose stated at the beginning of this section: We wish to pose
(3.1) as a dynamical system in order to study bifurcations of its local solutions. To
this end, consider the equilibria of the gradient flow

< i ) = VaaL(g, A, 6) (3.18)

for £ as defined in (3.3) and 5 € [0,00). The equilibria of (3.18) are points ( ;1\* )

where

VL@, A\, 6) =0.
The Jacobian of this system is the Hessian A, L(q, A, B) from (3.8).
DEFINITION 26. An equilibrium (g*, \*) of (3.18) is stable if A, L(q*, \*, () is neg-

ative definite. The equilibrium (g¢*, \*) is unstable if Ay \L(q*, X\*, B) is not negative
definite.
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REMARK 27. By Theorem 20 and Remark 21.1, the equilibria (q¢*, 3) of (3.18) where
AF(q*, () is negative definite on ker J are local solutions of (3.1). Conversely local
solutions (q*, 3) of (3.1) are equilibria of (3.18) such that AF(q*,[3) is non-positive
definite on ker J.

By Remark 27, we determine the bifurcation structure of equilibria of (3.18), ¢*,
such that AF(q*, ) is non-positive definite on kerJ for each 8 € [0,00). A note
of caution is in order: these equilibria need not be stable in the flow (3.18). In
fact, AgaL(¢", \*, B) need not be negative definite even when AF(g*, %) is negative
definite. For example, for the Information Distortion in the case of the Four Blob
problem presented in chapter 1,where N = 4 and K = 52, the 260 x 260 Hessian
A, L always has at least 52 positive eigenvalues along the solution branch (g 1, B)
for every beta.

REMARK 28. We now point out another reason why we choose to solve (3.1) instead
of (1.9). The gradient flow associated with (1.9) may be given as

q
)‘\ = vq,/\,fﬁ(Qa A)&aﬁ)a
3

where L is defined as in (3.13)

. K N K N
k=1 v=1

k=1 v=1

There are no equilibria of this system for any 3 since if VM,&EA(Q*, N €5, 8) =0, then
the equality constraints must be satisfied, VAﬁ(q*, N &5 B) =0 (see (3.6)), and all
of the inequality constraints are active: Vgﬁ(q*, N &5 B) = q¢* = 0. These conditions
clearly cannot both be satisfied. One could instead define the flow

( ! ) = Vaal(g, M€, 9). (3.19)

As we point out in (3.14), for an equilibrium (¢*, \*,&*, B) of (3.19) in the interior
of A,
vq,)\£<q*7 )\*7 §7 6) - V(Mﬁ(q*, /\*7 6) =0

if (3.10) holds, which shows that (¢*, \*, B) is an equilibrium of (3.18).
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CHAPTER 4

KERNEL OF THE HESSIAN

The kernel of A, L plays a pivotal role in the analysis that follows. This is due
to the fact that a bifurcation of equilibria of (3.18)

(1) =Tucars)

at 0 = [* happens when ker A, ,L(q*, \*, 5*) is nontrivial (Theorem 24). In this
chapter, we determine some properties which any vector k € ker A, ,£ must satisfy.
We then derive a way to evaluate det A, £, which depends only on the blocks {B;}
of AF. We describe the three types of generic singularities of A, £ and AF which
can occur, and we also provide an overview of how the singularities of A, £ and AF
dictate the bifurcation structure of equilibria of (3.18) (Figure 12). We conclude the
chapter by analyzing the singularities of A, £ and AF for the Information Bottleneck
problem (2.35).

General Form of a Vector in the Kernel

Consider an element k € ker A, L(g*, \*, *). In this section, we determine some
properties which any vector k € ker A, £ must satisfy, which will prove useful in the

sequel. Decompose k as
kr
k= ( k, > (4.1)

where kr is NK x 1 and k; is K x 1. Hence

* * T
R G A G

* T
Jkp
- AF(q*,ﬂ)kF = _JTkJ (43)
Jkr =0 : (4.4)
From (3.9), (3.7), and (4.3) we have
B, 0 .. 0 k;
0 By .. 0 k
N e (4.5)

0 0 .. By k,
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We set
T,
)
ke=| " |, (4.6)

TN

where x; is K x 1, so that (4.5) becomes

Bz, k;
Bgmg kJ

: =—1 . (4.7)
Byz N k;

From (4.4), Jkr =0, and so (3.7) implies that
» z,=0. (4.8)

THEOREM 29. Let (¢*, 5*) be a local solution to (3.1) such that AF(q*, *) is negative
definite on ker J, and let \* be the vector of Lagrange multipliers such that the KK'T
conditions hold (Theorem 16). Then A, \L(q*, \*, 5*) is nonsingular.

Proof. Let d and Z be defined as in Remark 21.2. Let w € kerJ which implies
Zu = w for some u € R¢. Thus

w ' AFw = u" Z' AF Zu < 0 for every nontrivial u € R? (4.9)

by the assumption on AF(q*). Now let k € ker A, ,L(q*, \*, 5*) and decompose it as
in (4.1). By (4.4), kr € ker J. From (4.3), we see that

kiAFkp = kL) k; = —(Jkp) k; = 0.

By (4.9), kr = 0. Substituting this into (4.3) shows that J7k; = 0, and so k; = 0
since JT has full column rank (by (3.7)). Therefore ker A, £ = {0} and we are done.
O

REMARK 30.

1. The proof to Theorem 29 does not depend on the particular form of the La-
grangian (3.3). The theorem holds for general optimization problems as long as
the constraints of the optimization problem are linear (from which it follows that
AF = A, L) and the Jacobian of the constraints has full row rank (assumption
of Theorem 20) so that Theorem 20 and Remark 21.2 can be applied.
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2. The proof to Theorem 29 gives an interesting result. Assuming the hypotheses
of the theorem and that AF' is negative definite, then (4.7) holds if and only if

xV:B,jlkJ Vi:1<v<N.

It follows from (4.8) that (>, B, )k; = 0, which has k; = 0 as the unique

solution if and only if >, B, ' is nonsingular. Since the proof to the theorem

shows the former, then Y. B,' must be nonsingular.

For some equilibria of (3.18) such that AF(¢*, 3) is negative definite on ker .J, The-
orem 29 shows a relationship between AF'(¢*, \*, B) and Ay \L(q*, X", B): A \L(¢*, \*, B)
is nonsingular. In fact, a much more complex relationship is shown later in this chap-

ter.

Determinant Forms of the Hessian

We now provide explicit forms of the determinant of A, L, which, of course,
determines whether A, L is singular. The interesting fact is that it depends only on

the blocks {B;} of AF. In particular, Theorem 33 shows that

(By+By) By .. By By
By  (Ba+By) .. By By
det Ay \L = (—1)" det By By By By ,
By By .. By (By_i+ By)

and Corollary 35 shows that when every block of AF' is identically B, then

det A \L = (=N)*(det B)N 1.

Before proving these results, we present the following general theorem.

PROPOSITION 31. (/65] p.250) Let A be a square matriz that can be partitioned as

Ay A
A=)
where Ay and Aso are square matrices. Then
det A = det Ay det(Agp — A21A1_11A12)
if Aq1 is nonsingular, and
det A = det Ay det(A1; — A1pAyy Agp)

if Agg is nonsingular.
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An immediate consequence of Proposition 31 is the following theorem.

THEOREM 32. If AF is nonsingular with blocks {B;}X, then

=1

det A, L = — det (Z B;1> 1Y, det B;.
Proof. By (3.8),

AF JT
detA%,\ﬁ:det( 70 )

Applying Proposition 31 with A;; = AF, we have that
det AjhL = det AFdet(0 — JAFJT).

Since AF is block diagonal as in (3.9), then det AF =TI, det B; and

BiY 0 .. 0
ARl 0 B';1 0
0o 0 .. 3;1
This and the fact that J = ( Ix Ik ... Ig ) (see (3.7)) prove the theorem. O

The following theorem is more general since it does not require the condition that
AF be nonsingular.

THEOREM 33.

(B, + By) By .. By By

BN (BQ + BN> BN BN

det A 2L = (—1)" det By By By By
BN BN BN (BN—l + BN)

Proof. From (3.7), (3.8), and (3.9), we have that the determinant of the (NK + K) x
(NK + K) matrix A, L is given by

B, 0 0 Ig

0 By . 0 Ix

0 0 0 Ix
det A, \L = det .

0 0 .. By Ig

Iy Ix ... Ig O
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where 0 is a K x K matrices of zeros. Moving the last K rows of the determinant on
the right hand side N K rows up gives

I I ... I 0

B, 0 ... 0 Ig

, 0 By, .. 0 Ix

det AQM\E = (—1)NK det 0 0 0 [K
0 0 .. By Ig

Applying Proposition 31 with Ags = I, we see that the right hand side becomes the
determinant of an NK x N K matrix,

Ix Ix ... Ig Iy
B, 0 0 —Byn
0 B 0 —B
det Aq7A£ = (—1)NK2 det 0 02 0 _Bg
0 0 . Bno1 —By

Moving the first K rows of the determinant on the right hand side NK — K rows
down shows that

B, 0 .. 0 — By
0 By .. 0 — By
2 2 0 0 0 _B
det Ag L = (—1)2NK K det . _ . . N
0 0 .. By.i —By
I I ... Ig I

Now applying Proposition 31 with Ay = Ik yields

(B; + By) By .. By By

BN (Bg +BN) BN BN

det Ay L = (—=1)@V=DE® qet By By By By
BN BN BN (BN—l ‘|‘BN)

Since 2N — 1 is always odd, and K? is odd if and only if K is odd, then the coefficient
(_1)(2N—1)K2 — (_1>K. 0

A special case of this result occurs when AF(q, 5) has N identical blocks, B; = B,
for every i. We will see in chapter 6 that this occurs if ¢ is fixed by the symmetry
defined by the relabelling of the classes of Yy (Theorem 72). Before we can present
the result for this special case, we need the following Lemma.



LEMMA 34. The m X m matrix

its tnverse 1s the m X m matrix

o8

2 1 1
1 2 1
11 1
11 2
_m_ =1
T
mAl miT
m+l  mtl
T
m+l  m+l

has determinant equal to m+1 and

m+1

Proof. 1t is trivial to confirm the inverse. To compute the determinant, we multiply
the last row of the matrix by —1, then add it to each of the first m — 1 rows, which

shows that

— = O

det

—_ = =

= det

o

—_

0 -1
0 -1
0 —1
1 -1
1 2

Multiplying each of the first m — 1 rows of the determinant on the right by —1, and
adding it to the last row shows that

21
1 2

det | 1 1

1
1

—_

= det

o

—_

0 -1
0o -1
0 -1
1 -1
0 m+1

a

COROLLARY 35. If the blocks, {B;}X.,, of AF are identical so that B; = B for every
i, then det A \L = (—N)X(det B)N~1.

Proof. By Theorem 33,

det Ay \L = (—1)" det

o W w
o W W

2B
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where the matrix on the right is (NK — K) x (NK — K). Using the Kronecker
product, this equation can be rewritten as

21 .. 1
1 2 1
det A L = (—1)%det 11 Il B
11 2
2 1 ... 1
1 2 .01
Since the matrix | 1 1 L | in the last equation is (N — 1) x (N — 1), then
11 2
21 .. 1\"
1 2 ... 1
det A2 L = (=1D)f(det B)Ntdet | 1 1 1
1 1 ... 2

The last equality follows from the fact that if a matrix A is m x m and a matrix B
is k x k, then det(A ® B) = (det A)*(det B)™ ([65] p.256). Now the desired result
follows by Lemma 34. |

When AF has M identical blocks which are nonsingular, we can further simplify
the determinant given in Theorem 33.

THEOREM 36. If there exists an M with 1 < M < N such that AF has M identical
blocks, B, which are nonsingular, and N — M other blocks, { R;}' 7™, then det(Ay L)
18 equal to

(leﬁB) %Bl ?B ?B
?B (RQ;LMB) ?B yB
(—=M)¥(det BYM ! det uB 1B 1B uB 4.10)
LB LB =B (Ry-m + +5B)

Proof. Observe that if By # B, we can perform elementary row and column opera-
tions on A, L, so that Theorem 33 shows that det A, ,L is equal to the determinant
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ofan (NK — K) x (NK — K) matrix

(R1+ B) B B
B (Ry + B) B
B B B
(—1)" det : : : teb | (4.11)
B B .. (Ry_m+B)
1"® B T®B

where 1 is the (N — M) x (M — 1) matrix of ones and 7" is the (M — 1) x (M — 1)
matrix

M—-1 —1 -1
21 .. 1 S i

T=| 11 ,withT'=1| 3 71 mo|
e LA

and the inverse is from Lemma 34. We denote the (N — M)K x (N — M)K matrix in
the upper left block of (4.11) by S. Now applying Proposition 31 with Ay =T ® B,
gives

det Ay L = (=1)det(T ® B)det(S — (1® B)(T® B)"'(1" ® B)).  (4.12)

From the proof to Corollary 35, we saw taking determinants of Kronecker products
yields det(T' ® B) = (det T)¥ (det B)*~!, and so Lemma 34 shows that

det(T ® B) = M(det B)M™.

We proceed by using two more properties of Kronecker products: (A® B)(C® D) =
(AC® BD) if the matrices A, B, C, D can be multiplied respectively, and (A® B)™! =
(A~'®@ B7') if A and B are invertible [65]. Thus, (4.12) becomes

det AghL = (—M)¥(det B)YM'det(S — (1@ B)(T™'® B )17 @ B))
= (=M)¥(det B)M ' det(S — (1® B) (%ﬂ ® [K))

M-1

= (=M)¥(det B)M " det(S — ( Inoy ® B) ),

which gives the desired result. |
If AF is nonsingular, then its identical blocks must be nonsingular. Thus, The-

orem 36 shows that if AF' is nonsingular, then A, ,L is singular if and only if the

(N — MK x (N — M)K matrix in (4.10) is singular. We wait until chapter 8 to

explore this relationship more fully (Theorem 135). We now prove a slightly different

version of Theorem 36.
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COROLLARY 37. Let (¢*, 5*) be an isolated singularity of B and let M(q,3) be the
(N — M)K x (N — M)K matriz in (4.10) evaluated at (q,[3). Suppose that there
exists an m > 0 such that | det(M(q,3))| < m for all (¢, ) in some neighborhood
about (q*, 5*). Then

det Ay \L = (—M)¥(det B)M~* det M(q, 3)
for all (q,3) about (¢*, 5*).

Proof. Since (¢*,3*) is an isolated singularity of B, then in some neighborhood of
(¢*, %), Theorem 36 shows that,

lim det A, L] < lim mM|det B(q, M-1.
(¢,8)—(g*,8%) q,\ | — (@.8)—(q*,8%) | (q ﬁ)l

Thus, if we define det A, \L(¢*, \*, 5*) = 0, then
det Ay \L = (—M)¥(det B)M~* det M(q, 3)

for all (¢, 3) in a neighborhood of (¢*, 5*), and we can dispense with the assumption
in Theorem 36 that B is nonsingular. |

We next give a necessary condition when M, the (N — M)K x (N — M) K matrix
given in (4.10), is singular. This condition is related to a pivotal requirement that we
must make in Assumptions 81 in chapter 6.

LEMMA 38. Suppose that there exists 1 < M < N such that AF has M identical
blocks, B, which are nonsingular, and N — M other blocks, {R; f\i _IM , which are also
nonsingular. Then if the matric M, the (N — M)K x (N — M)K matriz given in
(4.10), is singular, then B>, R7" + My is singular.
Proof. Let u € ker M and decompose it as

Uy

U

UN-M

where u; is K x 1 for every . Then the equation Su = 0 can be rewritten as the
system of equations

1 M
R1u1+M;Bui -0

1 M
Rg’ll:z—l-M;Bui =0

M
1
RN—MUN—M + M ;B’Uq = 0.
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Thus,
—
U; = —MR] 1BZU1
from which it follows that
1 -1
Sk YA
J J i
The substitution v = ), u; shows that
() _R;'B+ M)y =0.

J

We observe that since B is nonsingular, then multiplying this equation on the right
by B! and on the left by B completes the proof. O

The converse of this lemma holds as well, which we will prove in chapter 8 (The-
orem 135). For now, we state the result.

THEOREM 39. Suppose that AF is nonsingular. Then A, \L is singular if and only
if BY., R,'+ MI is singular.

Generic Singularities

In this chapter, we have considered the case where AF has M > 1 blocks that
are identical. As we have seen in the last section, these identical blocks can simplify
the form of the determinant of A, L. In fact, much more is true. In this section
we show that, generically, there are three types of singularities of A, £ which can
occur, one of which gives rise to the symmetry breaking bifurcations we will study
in chapter 6, and another which gives rise to the saddle-node bifurcations which we
study in chapter 8.

First, we introduce some terminology. We will call the classes of Yy which cor-
respond to the identical blocks of AF unresolved classes. The classes of Yy which
are not unresolved will be called resolved classes (this terminology is consistent with
Definition 69 in chapter 6). We now partition the set Yy into two disjoint sets. Let

U be the set of M unresolved classes
and let
R be the set of N — M resolved classes.

ThusUNR=PandUUR ={1,...., N} = Vy.
Let B, be the block of AF corresponding to class v. For clarity, we denote

B=B,forveld
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and
R, =B, forveR.
Now we define genericity.

DEFINITION 40. Let T be a topological space. A set W C T is generic if W is open
and dense in T .

REMARK 41. Let AF¥(q, 3) denote the v'"* block of the Hessian AF(q,[3). Consider
the class Ty of singular NK x NK block diagonal matrices of the form

, B B(q7 ﬂ) ifveld
AF"(q,B3) = { R,(q,B) otherwise (i.e. if v € R)

over all (q,3) € A x R. Let W C Ty such that a matric AF € W if and only if at
most one of the matrices B, {R,}, and BY. R,' + MIx is singular. We assume
that W is generic in Ty. Thus, by generic, we mean that only one of the matrices B,
{R,}yer, or BY., R,* + MIk is singular at a given point (¢, 3) € A x R,

We are now ready to discuss the three types of generic singularities, which we have
depicted in Figure 12. We will cite the relevant results in the text which support these
claims.

The first type of singularity is when the M unresolved blocks of AF" are singular.
A generic assumption in this instance is that the N — M resolved blocks, {R,}, are
nonsingular at (¢*, 3). By Corollary 89, A, £ must be singular. Conversely, suppose
that A, L is singular. Generically, the resolved blocks of AF' are nonsingular, and
BY" R,'+ MIf is nonsingular. Then Corollary 89 shows that AF is singular.
We will see in chapter 6 that this is the type of singularity that exhibits symmetry
breaking bifurcation (Theorem 110).

The second type of singularity is a special case in which no bifurcation occurs. If
only a single block, R, of AF is singular, and if the generic condition that By R, '+
M I is nonsingular holds, then we will show in chapter 6 (Theorem 114) that A, L
is nonsingular. Thus, generically, no bifurcation occurs for this case.

The third type of singularity is when A, L is singular, but when AF' is nonsin-
gular. By Theorem 39, it must be that B> R, '+ M is singular. This singularity
type manifests itself as saddle-node bifurcations in the numerical results of chapter
7. In chapter 8 (Theorem 138), we prove that AF' is generically nonsingular at any
bifurcation that is not a symmetry breaking bifurcation, which includes saddle-node
bifurcations. Observe that if AF were singular, then, generically, we would be in one
of the first two cases of singularity just described.

Figure 12, which summarizes the preceding discussion, indicates how the singu-
larities of A, L and AF affect the bifurcation structure of equilibria of (3.18). At
the top of the diagram, we have the assumption that A, L is singular, which is a
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Figure 12. A hierarchical diagram showing how the singularities of A, £ and AF
affect the bifurcation structure of equilibria of (3.18).

necessary condition given that a bifurcation occurs (Theorem 24). To proceed to the
second level of the of the diagram, one must further assume that either A F" is singular
or nonsingular. To get to the third level, one must add to the list of assumptions that
either BY". R;' + My is either singular or nonsingular. At the base level of the
diagram, we have indicated the type of bifurcation possible given the assumptions
on Ay L and AF above. We have indicated the chapter which justifies the different
conclusions. In particular, see Theorem 36 and Lemma 38 in chapter 4; see Corollary
111 and Theorems 110 and 114 in chapter 6; and see Theorems 135 and 141 in chapter
8.

Singularities of the Information Bottleneck

For the Information Bottleneck problem (2.35),

max Fp(q,B) = eazi(—I(Y;YN) + BI(X,Yy)),

q
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the NK x 1 vector ¢ is always in the kernel of AFg(q, 3) for every value of 5 (Lemma
42). This implies, for example, that the K x 1 vector of %’s is in the kernel of each
block of AF] B(q%, 3), for every 3. We prove this observation in this section, which

shows that AFg is highly degenerate (Theorem 43).
First, we need to compute the quantities AI(Y,Yy) and AI(X,Yy). The second
quantity was computed in (2.23). To compute the first quantity, we notice that [17]

—I(Y;Yy) = H(Yn]Y) — H(Yy). (4.13)

Since we know the Hessian of the first term (2.20), we only need to compute AH (Yy).

By definition
= > p(p)logp(u

REYN
Using the fact that aq(yk) 0,wp(yk), the gradient of H(Yy) is
OH (Yn)
~VHYN) e = —
( (Yn))vk D
0
= T > p(u)log p(p)
HEYN
= > 0uup(ye) log (k) + p(p) 7o
1
= plyr) (logp(V) + E) :
Thus, the Hessian is given by
—0*H (Yy) 0 ( 1 >
il LEL /A log p(v) + —
040y 3qnzp(yk) gp(v) In2
_ SunP (Y1)
= PO (o)

From this calculation, (4.13) and 0), we get

(2.2
:ﬁﬂ&ﬁg_i_ p(y)p)  Sup(ye)

Equation (4.14) shows that d,, can be factored out of
AFg = —AI(Y;Yy) + BAI(X; Yy). (4.15)

This implies that AF is block diagonal, with each block corresponding to a particular
class of Yy.
Before proving the main theorem, we first show that each block of AFg is singular.
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LEMMA 42. Fiz an arbitrary quantizer q and arbitrary class v. Then the vector q¢¥ is
in the kernel of the v block of AFg(q,[3) for each value of /3.

Proof. To show that the vector ¢” is in the kernel of AF%(q,3), the v**-block of

AFg(q), we compute the [ row of this matrix. From (4.15), (4.14), and (2.23), we
see that

[AFE(C])QV]Z — ln2 (Zp yl)p(y quk 25 QVkp(yk))

p(]/ quk

p(i; yi)p xwyl)qVk P(yr) (Y1) ui
"2 Z (Z p(wi v p(v) )
_ ﬁp(y» ~ p(w)) + m@ % > aaplo )
—Z((Zl; ; Gokp(Yr))

_ % (ZP(ZL‘Z', y) — p(m))

e

This shows that ¢” is in the kernel of the v** block AFjp.

THEOREM 43. For an arbitrary pair (q,3), the dimension of the kernel of the matriz
AFg is at least N.

Proof. Define the vectors {v;}Y | by

qt 0 0
0 q* 0
v = 0 Vg = 0 ) yUN = 0
0 0 v

By Lemma 42, {v;}, are in ker AFg(q, 3). Clearly, these vectors are linearly inde-
pendent. O
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CHAPTER 5

GENERAL BIFURCATION THEORY WITH SYMMETRIES

This chapter introduces the rudiments of bifurcation theory in the presence of
symmetries, which includes the Equivariant Branching Lemma (Theorem 47) and
the Smoller-Wasserman Theorem (Theorem 49). This theory shows the existence of
branches from symmetry breaking bifurcation of equilibria of systems such as (3.15)

which have symmetry. We obtain results which can ascertain the structure of the
bifurcating branches. These results enable us to answer questions about equilibria
of (3.15) such as: Are symmetry breaking bifurcations pitchfork-like or transcritical?
Are the bifurcating branches subcritical or supercritical? Are the bifurcating branches
stable or unstable?

In order to apply the bifurcation theory to a system such as (3.15) in the presence
of symmetries, it is first necessary to determine the Liapunov-Schmidt reduction,
¢(w, ), of the system. We present the mechanics of this reduction, as well as the
symmetries of the reduction.

This theory is required so that later, in chapter 6, we may show the bifurcation
structure of equilibria of the gradient flow (3.18)

( ;]\ ) = vq,/\ﬁ(qv )‘76)7

which we introduced in chapter 3. This will yield information about solutions to the
constrained optimization problem (1.9)

max(G(q) + B8D(q)).

geA

We begin by introducing the required terminology and some preliminary results
which will prove useful in the sequel. Let

w = ¢(w, ) (5.1)
where w is in some Banach space V and 3 € R, so that
p:VxR-V

Let G be a compact Lie Group acting on V. The vector valued function ¢ is G-
wnvariant if

P(gw) = ¢(w)
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for every w € V' and every g € GG. The function ¢ is G-equivariant if

P(gw) = go(w)

for every w € V and every g € G. Let H < G and let W be a subspace of V. For the
vectors w € V such that ¢(w) = 0, the amount of symmetry present in w is measured
by its isotropy subgroup

H = H, ={h € Glhw = w}.

An isotropy subgroup of H < G is a mazimal isotropy subgroup if there does not exist
any isotropy subgroup K < G that contains H,

H< K <G.
The fized point space of any subgroup H < G is
Fix(H) = {v € V|hv = v for every h € H}.

The subspace W is G-invariant if gw € W for all w € W. The subspace W is H -
irreducible if the only H-invariant subspaces of W are {0} and W. The action of the
group G on V' is absolutely irreducible if the only linear mappings on V' that commute
with every g € G are scalar multiples of the identity.

The following results will prove useful in the sequel.

LEMMA 44. ([34] p.74) Let ¢ : V x R — V be a G-equivariant function for some
Banach space V' and let H < G. Then

o(Fix(H) x R) C Fix(H).

PROPOSITION 45. (/34] p.75) Let G be a compact Lie group acting on a Banach space
V. The following are equivalent:

1. Fix(G) = {0}.
2. Every G-equivariant map ¢ : V X R — V satisfies ¢(0,3) =0 for all 3.

3. The only G-equivariant linear function is the zero function.

PROPOSITION 46. Let G be a compact Lie group such that ¢ : V xR — V is G-
equivariant. Further suppose that ¢(0,0) =0, and that 0y $(0,0) is singular. Then

1. ([33] p.304) The Jacobian 0y,¢(0, 3) commutes with every g € G.

2. ([34] p.82 or [33] p. 304) The spaces ker Oy (0,0) and range 0y, ¢(0,0) are each
G-invariant.
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3. ([34] p.69) Let g € G. The vector w € V' has isotropy subgroup H < G if and
only if gw has isotropy subgroup gHg ' < G.

4. (Trace Formula) ([34] p.76) Let H < G where |H| < co. Then

dim Fix(H) = \%I > tr(h).

heH

5. ([34] p-40) If the action of G on a vector space V' is absolutely irreducible then
V' is G-irreducible.

6. If Vis G-irreducible with dim(V') > 1, then Fix(G) = {0}.
Proof. We prove 1, 2, and 6. Let
O 1= 0, ¢(0,0).

For g € G, we have ¢(gw, 3) = gp(w, §), giving dud(gw, B)g = gOw¢(w, 3). Evaluat-
ing at (0,0) gives

9w(0,0)g = g9ue(0,0)
— ¢ commutes with ® = J,¢(0,0).

This proves 1.

If k € ker ® then &gk = gPk = g0 = 0. Furthermore, if r € range®, then there
exists w € B, such that dw = r. Then gr = gdw = Pgw from which it follows that
gr € range®. This proves 2.

To prove 6, we show the contrapositive. Suppose that Fix(G) # {0}. Then gv = v
for some v € V', which implies that span(v) is an invariant subspace of V. Thus, V/
is not irreducible. O

Existence Theorems for Bifurcating Branches

We are interested in bifurcations of equilibria of the dynamical system (5.1),

w = p(w, f),

where ¢ : V x ® — V for some Banach space V. If ¢ is G-equivariant for some
compact Lie group G, then the next three theorems are the main results which relate
the subgroup structure of G with the existence of bifurcating branches of equilibria of
(5.1). We first introduce the theorem attributed to Vanderbauwhede [82] and Cicogna
(12, 13].

THEOREM 47 (EQUIVARIANT BRANCHING LEMMA). (/34] p.83) Assume that
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1. The sufficiently smooth function ¢ : VxR — V from (5.1) is G equivariant for
a compact Lie group G, and a Banach space V.

2. The Jacobian 0,¢(0,0) = 0.
3. The group G acts absolutely irreducibly on ker 0, $(0,0) so that 0yd(0,3) =

c(B)I for some scalar valued function c(3).
4. The scalar function ¢ (0) # 0.
5. The subgroup H is an isotropy subgroup of G with dim Fix(H) = 1.

Then there exists a unique smooth solution branch (twg, 5(t)) to ¢ = 0 such that
wy € Fix(H), and the isotropy subgroup of each solution is H.

Proof. Let ¢ := ¢|Fix(H) x R and let wy € Fix(H). By Lemma 44

¢ : Fix(H) x R — Fix(H) (5.2)
and so dim Fix(H) = 1 implies that

d(w, B) = é(two, ) = h(t, Bwy

for some scalar function h(t, 3). Since G acts absolutely irreducibly on ker 0, ¢, then
Fix(G) = {0} (Proposition 46.6) which implies

¢(0,8) =0 (5.3)
by Proposition 45. Hence, h(0, ) = 0. Therefore, the Taylor series for h is
h' (0
h(t,3) = RK'(0,0)t+ #ﬂ + ...
= tk(t, )
where
. - 8nh<0’ﬁ> n—1
k(t,B) =) — et (5.4)
n=1

and the n'* derivative 9"h(0, 3) is with respect to ¢t. Hence

o(w, B) = d(two, B) = tk(t, B)w. (5.5)

Differentiating this equation yields

awqb(twOa ﬁ)’wo = (k(tv B) + tatk(tv B))wo (56)
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and so
k(t, B)wo = Owd(twy, B)wy — tOk(t, B)wy (5.7)
from which it follows that
k(0,0) = 0 (5.8)
since Oy ¢(0,0) = 0 by assumption. From (5.7) we compute
Osk(t, B)wo = 00y (twy, B)wy — t030:k(t, B)wy. (5.9)

Thus
c%k:(O, O)’U)o = 858w¢(0, 0)’100

Now, the absolute irreducibility of G' on ker d,,¢(0,0) shows that
J5k(0,0) = ¢(0). (5.10)
By assumption, ¢/(0) # 0 giving
03k (0,0) # 0. (5.11)
By (5.8) and (5.11), the Implicit Function Theorem can be applied to solve
k(t,3) =0 (5.12)

uniquely for § = §(t) in Fix(H), which shows that (twy, 3(t)) is a bifurcating solution
from (0,0) of ¢p(w, 3) =0.

By assumption, wy € Fix(H), from which it follows that the isotropy group of
the branch (twg, 5(t)) is H. O

Cicogna [12, 13, 14] has generalized the Equivariant Branching Lemma to show
the existence of bifurcating branches for every maximal isotropy subgroup where the
dimension of the fixed point space is odd.

We now present the theorem which deals with dynamical systems (5.1) that are
gradient flows, such as (3.18), where

w = ¢(Iw>ﬁ) = vwf(waﬂ)

First we present the theorem as posed by Smoller and Wasserman in [71]. We restate
a weaker form of this result in Theorem 49, which presupposes a bifurcation point,
so that the eigenvalue crossing condition is not required.

THEOREM 48. ([71] p.85) Let G be a compact Lie group. Assume the following:

1. Let By and By be Banach spaces, and let H be a G-invariant Hilbert space, such
that
BQ g BO g Ha

where the embeddings are all continuous.
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2. There is a twice continuously differentiable function f on By X R,
waIBQX%—)Bo,
such that Vy f is G-equivariant.

3. The equation V4 f(0,3) =0 holds for every B € I where I is some interval in
R.

4. The matrices Ay f(0, B1) and Ay f(0, B3) are nonsingular for some By, 32 € I.

5. The compact Lie group G acts onw € By such that the only G-invariant solution

of Vf(w,3) =0 is (0,3) for every € I.
6. The kernel ker A, f(0, 3) contains no nontrivial G-invariant subspaces.
7. There exists subgroups H, L < G such that
dim(peigenspace(A, f (0, 51))NFix(H)) # dim(peigenspace(Ay f (0, 52))NFix(H)),
and that
dim(peigenspace(A, f(0, 51))NFix(L)) # dim(peigenspace(A,, f(0, 52))NFix(L)).

8. The group generated by H and L, HL, is the full group, HL = G.

Then there ezists By, B, € (01, B2) such that the solutions (w =0, By) and (w =0, 81)
are bifurcation points of solutions with isotropy groups H and L respectively. The
bifurcating solutions do not coincide.

The condition on the dimensionality of the peigenspaces in Theorem 48 assures
that an eigenvalue of 0,¢(0, 5) changes sign for some * in the interval I C R, which
guarantees that bifurcation occurs at g = *. If we assume a priori that bifurcation
occurs at (0, 3*), then we may dispense with the assumption on the peigenspaces, as
well as the assumption that d,¢(0, 3) is nonsingular at 5 = (1 and at § = (.

The condition that the group, HL, generated by the subgroups H,L < G, be
equal to the full group G, is satisfied if we require that H and L are maximal isotropy
subgroups ([34] p.138).

Using these observations, as well as the terminology which we have developed
thus far, we have the following theorem.

THEOREM 49 (SMOLLER-WASSERMAN THEOREM). ([71] p.85, [33] p.138) Let G be
a compact Lie group. Assume the following:

1. Let By and By be Banach spaces, and let H be a G-invariant Hilbert space, such
that
By € By CH,

where the embeddings are all continuous.
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2. There is a twice continuously differentiable function f on By X R,
Vwf: By xR — By,
such that Vy f is G-equivariant.

3. The equation Vo f(0,3) = 0 holds for every 3 € I where I is some interval in
R.

Bifurcation of solutions to V f(0,3) =0 occurs at = (*.
The fized point space Fix(G) = {0}.
The kernel ker Ay f(0, 3) is G-irreducible.

NS G

Let H be a mazimal isotropy subgroup of G.

Then there exists bifurcating solutions to

Vuf(0,5) =0

with isotropy subgroup H.

The advantage of using the Smoller-Wasserman Theorem over the Equivariant
Branching Lemma for a gradient system such as (3.18) is that we get the existence of
bifurcating branches for each and every maximal isotropy subgroup, not merely the
ones where the dimension of the fixed point space of the isotropy group is 1.

Bifurcation Structure

In this section, the bifurcation structure of the solution branches (w*, 5*) to (5.1),

$(w, ) =0,

whose existence is guaranteed by the Equivariant Branching Lemma, is considered.
The independent variable w is in some Banach space V and (8 € R, so that

p:VxR—-V (5.13)

We explicitly derive a condition (Lemma 53) which determines whether a bifurcation
is pitchfork-like or transcritical.

In the transcritical case, we present the results of Golubitsky [34] which ascertain
whether bifurcating branches are subcritical or supercritical (Remarks 54.1 and 54.3).

In the transcritical case, bifurcating branches are always unstable (Proposition 58 and
Theorem 60).



74

To determine whether bifurcating branches are subcritical or supercritical when
the bifurcation is pitchfork-like, we have further developed the theory of Golubitsky
(Remark 54.4 and Lemma 63). Subcritical solutions are always unstable (Proposition
55). We have derived a condition (Proposition 65) which determines the stability of
the supercritical branches.

We begin by outlining the assumptions that are required to apply the theory
developed in this section.

ASSUMPTION 50. As in Theorem 47 we consider the bifurcation branch (twg, 5(t))
from (0,0) of the flow (5.1) where wy € Fix(H) for an isotropy group H < G. The
assumptions we make throughout this section are that

1. ¢ is G-equivariant and infinitely differentiable in w and 3, with Ow®(0,0) = 0.

2. G acts absolutely irreducibly on ker 0y, $(0,0) so that Oy, (0, 3) = c(B)I for some
scalar function c(3).

3. ¢(0) =0 and ¢(0) > 0.

4. H <G with dimFix(H) = 1.

The prudent reader will note that the Equivariant Branching Lemma (Theorem
47) requires the Assumptions 50.1, 50.2, and 50.4. Instead of requiring Assumption
50.3, the Equivariant Branching Lemma requires that ¢(0) = 0 and that ¢(0) #
0, which guarantees that bifurcation occurs at (0,0) (see (5.10) and (5.11)). The
additional assumption that ¢/(0) > 0 is the basis for all of the results that we introduce

in this section. In the case where ¢/(0) < 0, similar results hold, as we point out in
Remarks 56 and 59.

DEFINITION 51. The branch (twq, 3(t)) is subcritical if for all nonzero t such that
[t| < € for some e >0, t3(t) < 0. The branch is supercritical if t5'(t) > 0.

DEFINITION 52. The branch (twy, 3(t)) is transcritical if 5'(0) # 0. If §'(0) = 0,
then the branch is called pitchfork-like.

Golubitsky ([34] p.90) shows that
sgnd'(0) = —sgnc (0)sgn < wy, 8;,,¢(0, 0)[wo, wo] > .
We now prove the following generalization.

LEMMA 53. If Assumption 50 holds, then

— < Wy, (93,,,,(;5(0, O)[’U)o,’ll)o] >
2|[wol[?¢'(0)

7'(0) =
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Proof. As in (5.5), we write

¢(two, 5(t)) = th(t, Bwo
where k(t, 3) is defined in (5.4). Differentiating (5.12) shows that

Ock(t, 5()) + Ipk(t, 5(2))5'(t) = 0 (5.14)
— B() = —Seam (5.15)

By (5.10), 903k(0,0) = ¢/(0). Differentiating (5.6) yields

O @ (two, B)[wo, wo] = (20:k(t, B) + t0jk(t, B))wo (5.16)

showing that

< Wy, ainb(O, 0)[1”0) ’U)()] >
O0.00= 2wl

Substituting this and dgk(0,0) = ¢/(0) into (5.15) gives the desired result. O

REMARK 54.

1. ([34] p.90) By Assumption 50.3, sgnf3'(0) = —sgn < wy, 92,,0(0,0)[wo, wo] >.
This simplification of Lemma 53 proves useful when one is interested in de-
termining whether bifurcating branches are subcritical or supercritical when the
bifurcation is transcritical.

2. If one were interested in (3 as a function of t about t = 0, then equations (5.15)
and (5.16) show that

_ < Wy, afiw¢(tw07ﬂ)[w07w0] > ||IU)0||72 - taik(t,ﬁ)

g 205(1, 5)

. (5.17)

3. Assumptions 50.1, 50.3 and equations (5.10),(5.17) imply that B'(t) is contin-
uous att = 0. Hence, fort >0, §'(0) < 0 implies that the branch (twy, 5(t)) is
subcritical. If 5'(0) > 0, then the branch is supercritical for t > 0.

4. To determine whether a branch (twg, 5(t)) is supercritical or subcritical when
B'(0) =0, we consider 5”(0). £"(0) > 0 implies that for smallt < 0, §'(t) <0,
and that for small t > 0, 5'(t) > 0. Thus, when (B"(0) > 0, the branch is
supercritical. Similarly, if 3"(0) < 0, then the branch is subcritical.

PROPOSITION 55. (/34] p.91) Suppose that Assumption 50 holds. If, for t > 0, the
unique branch of bifurcating solutions (two, 5(t)) to p(w, 3), as guaranteed by Theorem
47, 1s subcritical, then it consists of unstable solutions.
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Proof. Write ¢ as in (5.5),
¢(two, 5(t)) = th(t, ).
Note that (5.6) shows that wy is an eigenvector of Oy, ¢(twy, 3), with eigenvalue
C(t, B) = k(t, B) + to,k(t, B). (5.18)

Along a branch of solutions, k(t,5) = 0 (see (5.12)). From (5.14), we see that

Ok(t, B) = —0k(t, B)5'(%)-
Substituting this and k(t, 5) = 0 into (5.18), we have that

C(t, B) = —tozk(t, B)F'(t). (5.19)

By (5.10),
’ 95%(0,0) = ¢/(0)

which is positive by Assumption 50.3. By Assumption 50.1, dzk(t, 3) is continuous,
and so dgk(t,3(t)) is positive for all sufficiently small ¢ > 0. Furthermore, by the
assumption of subcriticality, we have that ¢3'(¢) < 0 for small ¢. Hence the eigenvalue

¢(t,8) > 0. (5.20)

for small ¢ and . Thus, this branch is unstable for sufficiently small ¢. O

REMARK 56. If Assumptions 50.1, 50.2, and 50.4 hold, if ¢(0) =0, and if ¢(0) < 0,
then the argument above shows that supercritical branches are unstable.

To prove a result regarding supercritical branches from transcritical bifurcation,
we first need to prove the following claim.

CLAIM b7. ([34] p.93) If Assumption 50 holds, then
trace(Oyd(two, B)) = dim(V)c'(0)8'(0)t + O(1?)

where V' is the Banach space defined in (5.13).

Proof. The Taylor series for ¢(w, 3) about w = 0 is

d(w, B) = $(0,8) + 0uwd(0, B)w + 0y, #(0, ) [w, w] + O(w?). (5.21)

Equation (5.3) shows that ¢(0,3) = 0, and by Assumption 50.2, 0,,¢(0,3) = c¢(F)I.
Letting

Qw, 5) = 50 d(0. )] (522)
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gives
o(w, B) = c(Byw + Q(w, B) + O(w?). (5.23)
Hence,

Oud(w, B) = c(B)] + 0uQ(w, B) + O(w?)

from which it follows that
trace(Opo(w, B)) = dim(V)e(B) + trace(9,Q(w, B)) + O(w?).

Observe that @ is G-equivariant by the equivariance of ¢, from which we get Q(gw, ) =

gQ(w, #) and so
OuwQ(gw, B) = 90uQ(w, B)g™"

giving
trace(Ow@(gw, B)) = trace(0yQ(w, 3)).

Thus, trace(dy@(w, #)) is a G-invariant function. Furthermore, trace(0,Q(w, 3)) is
linear in w since @) is quadratic. Therefore, Propositions 45 and 46.6 assure that

trace(0,Q(w, B)) = 0.
Finally, we see that
trace(Oyp¢(two, B(t))) = dim(V)c(B(t)) + O(t?),

which can be rewritten using the Taylor expansion of ¢(/3(¢)) about t = 0, showing
that

trace(dpo(two, 3(1))) = dim(V) (c(0) + ¢'(0)3'(0)t + O(t?))
= dim(V)'(0)3'(0)t + O(t?), (5.24)

where the last equality follows from Assumption 50.3. O

PROPOSITION 58. ([34] p.93) Suppose that Assumption 50 holds. If 5'(0) > 0, then
for t > 0, the unique branch of bifurcating solutions (two, 3(t)) to ¢(w,3), as guar-
anteed by Theorem 47, is supercritical and consists of unstable solutions.

Proof. Remark 54.3 implies that (twy, 5(t)) is supercritical. Claim 57 shows that
trace(Gy ¢ (twy, B)) = dim (V) (0)3'(0)t + O(t?).

from which it follows that trace(Jy®(two, 3)) is positive for sufficiently small ¢. Thus,
some eigenvalue of Oy ¢(twy, §) has positive real part. O

REMARK 59. If Assumptions 50.1, 50.2, and 50.4 hold, if ¢(0) =0, and if ¢(0) < 0,
then the argument above shows that subcritical branches are unstable.
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We summarize Propositions 55 and 58 in the following theorem.

THEOREM 60. (/34] p.90) Suppose that Assumptions 50.1, 50.2, and 50.4 hold, that
c(0) = 0, and that ¢(0) # 0. Then at a transcritical bifurcation, each branch of
bifurcating solutions to ¢p(w, ) = 0, as guaranteed by Theorem 47, consists of unstable
solutions.

Proof. The theorem follows from Propositions 55 and 58, and Remarks 56 and 59. O
We now examine the pitchfork-like case when 3'(0) = 0.

THEOREM 61. ([34] p.93) Suppose that 3'(0) = 0. In addition to Assumption 50, we
further assume that some term in the Taylor expansion ofqg from (5.2) is non-zero
and that 0, Q(wy, 3) has an eigenvalue with nonzero real part, where Q(w, 3) is the
quadratic part of ¢ as in (5.22). Then the unique branch of bifurcating solutions
(two, B(t)) to p(w, B), as guaranteed by Theorem 47, consists of unstable solutions.

REMARK 62. In addition to Assumption 50, Theorem 61 also requires that some
term in the Taylor expansion of ¢ from (5.2) is non-zero and that O, Q(wy, 5) has an

eigenvalue with nonzero real part. These hypotheses are automatically satisfied when
the bifurcation is transcritical, 5'(0) # 0 [34].

To determine whether solution branches from a pitchfork-like bifurcation are ei-
ther subcritical or supercritical is to compute 3”(0) (see Remark 54.4).

LEMMA 63. Suppose that Assumption 50 holds. If 3'(0) = 0, then

—(w, ai’;ww(b(ou 0) [wo, wo, wo))

o) = 3ol (0)

Proof. As in (5.5), we write

¢(two, B(t)) = th(t, B)wo

where k(t, 5) is defined in (5.4). Twice differentiating (5.12) (or, equivalently, once
differentiating (5.14)) shows that

Ok + 050k 3 (t) + (0,0k + 033k (1)) B'(t) + 9k (t) = 0.

Thus 2 ' 2 Iy
ﬁ"(t) _ _attk - 286@]@’5 (t) - aﬁgkﬁ (t)
Ok
and so
~ —0;k(0,0)

8"(0) = (5.25)

954(0,0)
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By (5.10), d3k(0,0) = ¢(0). Differentiating (5.16) with respect to t gives
8iww¢(two,ﬁ)[w0,wo7wo] (3815225 (t ﬁ) +ta§tt (t 5))

from which it follows that

(wo, 33;ww¢(07 0) [wo, wo, wo))
3||wol[? '

0;,k(0,0) =

Substituting this and dgk(0,0) = ¢/(0) into (5.25) gives the desired result. O
The following corollary is a consequence of Lemma 63, Definition 51, and As-
sumption 50.3.

COROLLARY 64. If Assumption 50 holds, then at a pitchfork-like bifurcation,
sgn(B”(0)) = —sgn((wo, Ty ®(0, 0) [wo, wo, wol)).

We conclude this section with a result which addresses the stability of supercritical
branches from pitchfork-like bifurcations.

PROPOSITION 65. Suppose Assumption 50 holds. If the unique branch of bifurcating
solutions (twg, B(t)), as guaranteed by Theorem 47, is pitchfork-like with 5”(0) > 0,
and if

9 b (0,0)
Z 83718:6]8:57% wolsjwol; > 0,

then the branch s supercmtzcal and consists of unstable solutions.

Proof. The branch is supercritical by Remark 54.4. To show instability, we determine
trace(Oy¢(two, 5)) as in (5.24). Since [(0) = 0, it is necessary to compute the
quadratic term in the Taylor series given in each of (5.23) and (5.24). Letting

T(w,B) = —33,ww¢(0 B)w, w,wl, (5.26)
then (5.23) can be rewritten as
o(w, B) = c(Byw + Q(w, B) + T(w, 5) + O(w")
and from the proof to Proposition 58 it follows that
trace(Dpo(two, B(1))) = dim(V)e(B(t)) + trace(duT (twy, B)) + O(£).

The Taylor expansion for ¢(5(t)) about ¢ = 0 given in (5.24) becomes

2

c(B(t)) = ¢ (0)F(0)t + ((0)8(0)? + ¢(0)8"(0)) =

5+ O(t?).
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Thus, trace(dy¢(twy, 5(t))) is equal to
() (O)F O+ (OF0) + 010D ) + trace(@uT(n, 5) + O(F).

This and Assumption 50.3 show that when 5(0) = 0 and 5”(0) > 0,

trace(Oy(two, 5(t))) > 0
if
trace(0y1 (two, 5)) > 0

for sufficiently small ¢. Thus, if trace(0yT (twy, 5)) > 0 for sufficiently small ¢, then
some eigenvalue of Oy, ¢ (two, [3) is positive, which implies that the supercritical branch
(twy, B(t)) is unstable .

We now show that sgn(trace(0y1 (two, 3))) for small ¢ is determined by

P3¢1(0,0)

The function [T'(w, 3)]; from (5.26) can be written as

1 ( Z P*¢i(0, ﬁ)x%x 43 Z 3@ R

6 ik j e kAm 5%8%8% itmgdm axlaxjagpm
P00, Pa0.5)
o Z Ox; 8arm8xm T+ o3, T)- (5.27)

Thus7 al"m [T(t’l.l)o, ﬁ)]l is

—t2 < Z o 2°0.5) [wo]i[wo]; + 6 Z —33¢l(0, b) [wol; [wo)m + 3—63@(0’ F) [w0]72n>

. 3
T E)xﬁx]amﬁ1 ﬁxzaxm&vm ox3,
which shows that

0*¢i(0
0T (tw0, ) Z%%%lwm

It follows that
trace(0y T (twy, §)) = Et 2;1 m["”o]i[’“’dg’

which is positive for sufficiently small ¢ if

¢ (0,0)
Z Oz 8x]8xm wolfwol; > 0.
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Derivation of the Liapunov-Schmidt Reduction

In the last section, we developed the theoretical tools necessary to analyze bifur-
cation of equilibria, of a G-equivariant system (5.1)

w = o(w, ),

when two simplifying assumptions are made. These simplifying assumptions were
made so that the assumptions of the Equivariant Branching Lemma (Theorem 47)
are met. The first assumption is that (w = 0,5 = 0) is an equilibrium of (5.1). The
second assumption is that d,¢(0,0) = 0. In other words, we assumed that bifurcation
occurs at (0,0), and that at the bifurcation, the Jacobian of ¢ vanishes.

This section examines in detail how to transform an arbitrary G-equivariant sys-
tem such as (3.15),

& =z, ),

where

¢ZBQX§R—>B(),

as in (3.16), to an equivalent system where the above two assumptions hold.

First, if a bifurcation of equilibria to (3.15) occurs at (z*, 5*), then the translation
Y(x +z*, 5+ /) has a bifurcation at (0,0) as required by Theorem 47. We continue
by assuming that any necessary translation has been performed so that ¢» = 0 has a
bifurcation of solutions at (0, 0).

Secondly, the Equivariant Branching Lemma requires that

U= 0,4(0,0) =0,

that the Jacobian of ¢ must vanish at the bifurcation. Since this is not the case for
an arbitrary system, it is necessary to consider the Liapunov-Schmidt reduction of
(3.15), ¢, which is the restriction of ¥ onto ker ¥ about (0,0). More precisely, 1 is
restricted to ker W, and ¢ is the projection of that restriction onto ker . To make
this formal, decompose By and By from (3.16) as

By =kerU & M and By = N @ range¥ (5.28)

where M and N are vector space complements of ker ¥ and range¥ respectively.

The following derivation is from p.27-28 and p.292-293 of [33] . See also p.10 of
[34]. Let E be the projector onto range¥ with ker F = N. Thus I — E projects onto
N with ker(I — E) = range¥. Observe that 1) = 0 if and only if the components of
@ in range® and in N are zero:

bz, ) =0 = Bz, B) =0 and (I — E)(z, 5) = 0. (5.29)
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Consider the decomposition = w + U, where w € ker ¥ and U € M, so that the
problem E(z, ) =0 can be rewritten as

Ey(w, U, 3) = By(w + U, §) =0.
We define the matrix L as
L := EY|y, (5.30)

the Jacobian 0,1 (0,0) projected onto rangeW¥, and restricted to M. Thus, L is
invertible, and the Implicit Function Theorem shows that Ei(w + U, ) = 0 can be
solved for U = U(w, 3) near (0,0),

(@, 8) = Ev(w + Uw, ), ) = 0. (5.31)
Substituting this expression into (5.29), we see that ¢ (z, 5) = 0 if and only if
(I = EYdw + U(w, 3), 8) = 0.
This function is the Liapunov-Schmidt reduction ¢(w, [3):
¢  kerUxR—->N

ow,B) = (I —E)pw+Uw,p),0). (5.32)
Using the chain rule, the Jacobian of (5.32) is the matrix
Owp(w,3) = (I — E) - %t(, B) - (I + 0uU) (5.33)

Since ker(/ — E) = rangeV, then
0w (0,0) =0 (5.34)

and so the Jacobian of ¢ vanishes as required. Furthermore, (5.29) and (5.31) show
that ¢ = 0 if and only if 1) = 0. Thus, the roots of (5.32) are the equilibria of (3.15).
By (5.34), the group and bifurcation theory from the last section can be applied to

¢ =0.
Consider the dynamical system formulated with respect to the Liapunov-Schmidt
reduction of :

w = d(w, ).
Ascertaining the bifurcation structure of the equilibria of this system, solutions to

¢(w,F) = 0, means determining the bifurcating branches (tw, 5(t)) from (0,0) for
w € ker U. The associated bifurcating branch of ¥ = 0 is straightforward to get:

(tw, 5(t)) is a bifurcating branch of ¢ = 0
if and only if (5.35)

( g* ) + ( ﬁtlzlt)) ) is a bifurcating branch of ¢ = 0.
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It is convenient to use an equivalent representation of the Liapunov-Schmidt re-
duction (5.32). Let
{w;}*, be a basis for ker ¥

and let W be the (NK + K) x m matrix whose column space is ker ¥. So

W=1 w wy .. w,

. |
Thus, for every w € ker U, there is a z € R™ such that Wz = w. Now define r by
r . R"xR-R™
r(z,B) WTe(Wz, ) (5.36)
WH(I - E)p(Wz +U(Wz, ), )

where the last equality is from (5.32). We say that r is equivalent to ¢ since

r(z,0) =0 & ¢(w, §) =0 < ¢(x, 5) =0,

which follows from (5.29), (5.31) and (5.32). The Jacobian of r, which is similar to
(5.33), is the m x m matrix

Opr(2,8) = WH(I — E) - 0xt(x, B) - (W 4 0, UW). (5.37)

So we have introduced the necessary ingredients to define a dynamical system
defined by r

z=r(z0).
Ascertaining the bifurcation structure of the equilibria of this system, solutions to

r(2,5) = 0, means determining the bifurcating branches (tz, 3(¢)) from (0,0) for
z € ]™. The bifurcating branch of ¢ = 0 is found via the following relationship:

(tz,3(t)) is a bifurcating branch of r =0
if and only if (5.38)

( ;* ) + ( tﬁ%; ) is a bifurcating branch of ¢ = 0.

We now compute the derivative of r with respect to 3, which we will need in
chapter 8 when examining saddle-node bifurcations. Beginning with the definition
(5.36), we see that

Dsr(z, ) = WTU—E)%w(w,ﬂ)
W -B) (a@w, )+ Buv(a, B) 55 (W + UV 5)))

— WT(I - E) (9s(x, B) + Oib(, B)DsU)
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Since (I — E)0z1(0,0) =0, then
957(0,0) = WT(I — E)ds1(0,0). (5.39)

Next, we compute the three dimensional array of second derivatives of r and
the 4 dimensional array of third derivatives of r. These prove necessary when we
compute ('(0) and 3”(0) in chapter 6 using Lemma 53 and Lemma 63 respectively.
To determine the three dimensional array of second derivatives of r, we write (5.37)
in component form as

ey ou
o < (1 Buta, ) (w4 5 ) >

Thus, we get that

9%r; 92U o oU
e A : w5 ) (5.4
3zj82k < Wi, ( ) (a w(IL‘, ﬂ> azj(?zk + az¢(x7 ﬁ) [wj + azj Wy + azk]) >(5 0)
It can be shown that ([33] p.31)
%U(0,0) =0, (5.41)

from which it follows that 3—2(0,0) = OpU (0,0)3—;‘;(0) = 0. Furthermore, since (I —
E)0,1(0,0) =0, then
82

92,02, 0 0) =< w0, (1 = E)Og(0,0)j, wi] > (5.42)

Applying the chain rule to (5.40), we get the 4 dimensional array of third deriva-
tives

Or ou  0*U o*U
— 2w T — EN(H? = e -7
020,07 (wi )(O=9(@, B)lw. + 0z’ azjazk] + Ol ﬁ)azjazkazl

oU oU oU
3 . —_— —_— —
T Opls g et gt ]
ou  o9*U ou  o9*U
2 2
_— 4
Rt matl vl el ol o A S
Using the fact that 9,U(0,0) =0 and (I — E)0z¢) = 0, it follows that
3r; 0*U
e = (w, I — EN(H?
T 00 = (. (1= E)@20(0.0)awn 5 (0.0)
+ 951(0,0)[w;, wi, w)]
0*U
2
+ 0;1(0,0)[w;, ——— 9207 (0,0)]

V0.0 5= 0.0)) (5.44)
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To explicitly compute - %Zzaz (0,0), we first derive 5-—5— (0 0). To do this, define

0(z,0) = Ey(Wz+UWz,f3),05).

Observe that ¢ = 0 implies that § = 0. Differentiating 6 = 0 yields

00 ou
— FO, Y=
92 81/}(wj+a]) 0
and 020 8U ou 02U
= F|? : e )
92,078 (azw[w] T U T gl T wazjazk) 0
Since 0,U(0,0) =0, we get
06 ) U\
5o 0.0 = 2 (220000 ] + 0,0(0.0) 57 1) o,
and F0,1(0,0) = L (from (5.30)) shows that
6)Q—U(o 0) = =L 'E02)(0,0)[w;, wy] (5.45)
8zj8zk ’ - z ’ 3o Tk '

Finally, substituting (5.45) into (5.44) shows that

G 0.0 = (T~ E)O2(0.0)uy w0

— 8%(0,0)[«0], L' E02(0,0)[wy, w]]
- (Ovo)[wk’ 1E82¢(0 )[wj7wl]]
0,0)

— 9z4(0,0)[w;, LT EZ(0,0)[wj, wi]])).  (5.46)
In chapter 6, it proves useful to use Lemma 63 to compute 5”(0),
6//<0) = <$0, az?:’zzr(oa 0)[2’0,20,,20]),

where r is the Liapunov Schmidt reduction of some function 1, zo is defined as
Wzy = u, where 2zq is a solution branch of r, and u is the corresponding solution

branch of ¢. The next Lemma writes < zq, 2,,7(0, 0)[20, 20, 20] > in terms of ¢» and
u.

LEMMA 66. Let Wzy = u, where the columns of W are {w;}, a basis for ker 0,1(0,0).
Then (2o, d2,,7(0,0)[z0, 20, 20]) is equal to

(u, 0310(0, 0)[u, u, u] — 307¢(0,0)[u, L™ Ed;1)(0,0)[u, u]])
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Proof. The Lemma follows from (5.46). O

Equivariance of the Reduction

By assumption, the vector valued function ¢ from (3.15),

T =v(z,0),

is G-equivariant. The discussion in the previous section raises a few questions, the
first of which is

For what group is the Liapunov-Schmidt reduced function ¢ equivariant?

This is answered by Lemma 67.1: If M and N from (5.28) are G-invariant then ¢ is
G-equivariant. Another question is:

For what group is the Liapunov Schmidt reduction r equivariant?

By Lemma 67.2 | the Lie group that acts equivariantly on r is constructed from G in
the following way. Let {w;}", be a basis for ker . For each g € G Proposition 46.2
assures that gw; =) . a;;w; for a;; € R. Define the m x m matrix A(g) by setting

[A(g)]ij == ai;. (5.47)
The group for which r is equivariant is
A:={A(g)|lg € G}. (5.48)
The previous discussion is summarized in the following Lemma.

LEMMA 67.

1. ([33] p.306) If M and N, as defined in (5.28), are G-invariant subspaces of By

and By respectively, then the Liapunov-Schmaidt reduction of v is G-equivariant.

2. ([33] p.307) Let r be defined as in (5.36) and A defined as in (5.48). Then r is

A-equivariant.

The function r is not used explicitly as we proceed. However, the group A for
which 7 is equivariant is pivotal to the development of the theory that follows. The
reason for this is the following relationship between G and A.

PROPOSITION 68. Let A be defined as in (5.48) and let W be the matriz whose
columns {w;}™, are a basis for kerW. Then A(g) € A fizes x € R™ if and only
if g € G firtesy=Wzx € ker V.
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CHAPTER 6

SYMMETRY BREAKING BIFURCATION

Armed with the tools which we developed in the last chapter, we are now ready
to determine the bifurcation structure of local solutions to (1.9)

max(G(q) + 6D(q))

geA
when Assumption 2 is satisfied. We determine this bifurcation structure by applying
the theory of the last chapter to the dynamical system (3.18)

(1) =Tucarn.

We consider the equilibria of (3.18) that are fixed by Sj. Bifurcations of these equi-
libria are symmetry breaking bifurcations since the Equivariant Branching Lemma
and the Smoller-Wasserman Theorem ascertain the existence of bifurcating branches
which have symmetry corresponding to the maximal isotropy subgroups of Sy;, M of
which are the subgroups Sy;_1.

At the conclusion of the chapter, we will have shown that symmetry breaking
bifurcations from Sy, to Sy,_1 are always pitchfork-like. We will provide conditions
which ascertain whether the bifurcating branches are subcritical or supercritical. All
subcritical bifurcations are unstable. We also provide a condition which determines
whether supercritical branches are stable or unstable. Furthermore, we determine
when unstable bifurcating branches contain no solutions to (1.9).

The bifurcation structure of equilibria of the above dynamical system is the bi-
furcation structure for stationary points of the optimization problem (3.1)

max(G(q) + 8D(q))

g€Ag

which in turn gives us the bifurcation structure of local solutions to (1.9)

max(G(q) + 5D(q)).
qgeEA
We point out that in the case when G(g) from (1.9) and (3.1) is strictly concave,
as in the case for the Information Distortion method (2.34), then a singularity of the
Hessian of (3.18) always gives a bifurcation (Corollary 108), and so one can always
apply the bifurcation structure results, which we present in this chapter, to problems
of this type (Corollary 117).
The chapter proceeds as follows. We first determine the specific form of the group
for which this system is equivariant (Theorem 70), which is isomorphic to Sy. We
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then determine an explicit basis for the kernel of the Hessian of £ at the bifurcation
(Theorems 85 and 87), which enables us to determine the Liapunov-Schmidt reduction
of the system ((6.36) and (6.36)). Next, we determine some of the maximal isotropy
subgroups of Sy (Lemma 100), and, using these, the existence of bifurcating branches
is proved (Theorem 110). Finally, we examine the structure and stability of the
branches.

Notation

Let (¢*, \*, B*) denote a bifurcation point of (3.18). In the case where ¢* = q1, the

uniform solution defined in (2.7), we will use (q%, A*, 3*) to denote the corresponding
bifurcation point. The following notation will be used throughout the rest of this
chapter:

AF(qy) = AF(qy, %)
AL(qe) = AgaL(gs, A", 57)
AF(q*) == AF(¢*, 3*)
AL(q") = AgaL(q™ A", (%)

Yvn = the element of some Lie group I' which permutes class v € Yy with class
URSIE

M-uniform Solutions

We now lay the groundwork to prove the existence of bifurcating branches of
equilibria of (3.18) from bifurcation of a special set of equilibria, which we define
next.

DEFINITION 69. A stationary point ¢* of (3.1) (or, equivalently, an equilibrium (q*, \*)
of (8.18)) is M -uniform if there exists an M, 1 < M < N, and a K x 1 vector P such
that ¢“i = P for M and only M classes, {v;},, of Yn. These M classes of Yy are
unresolved classes. The classes of Yy that are not unresolved are resolved classes.

Hence, this section studies bifurcations of M-uniform stationary points ¢* of (3.1).
In this way, we will study symmetry breaking bifurcations of solutions to (1.9). Note
that the solution ¢ 1 is N-uniform. Much of the discussion that follows addresses this
special case.

A particular solution of (3.1), ¢*, may be both Mj-uniform and My-uniform for
some positive numbers M; and Ms such that M, + My < N. In other words, ¢*i = P
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for {v;}M and ¢" = R for {n;}2. For example, for N = 6, there exists a solution
which bifurcates from ¢1 which is 2-uniform and 4-uniform. There also exists a
solution which is ”twice” 3-uniform. Furthermore, for arbitrary N, every q € A is
"at least” l-uniform. In these instances, the classification of the classes of Yy as
either resolved or unresolved depends upon how one views ¢. If we consider ¢ as
M;-uniform, then we call the classes {v;}} unresolved, and the rest of the N — M,

classes, including the M, classes {n;};=3, are considered resolved. However, if one

(2
views ¢ as being Ms-uniform, then we call the classes {n; f\fl unresolved, and the

rest of the N — M, classes, including the M; classes {r;}2!, are resolved. We allow
this flexibility since, as we will see, viewing a stationary point ¢* as both M; and
My uniform, for M;, My > 1, enables us to consider two different types of symmetry
breaking bifurcation from the solution branch which contains (¢*, \*, 3).

Suppose that ¢* is M-uniform. Based on Definition 69, we now partition )y into
two disjoint sets. Let

U be the set of M unresolved classes (6.1)
and let
R be the set of N — M resolved classes. (6.2)

Thus U NR=0and Y UR ={1,..., N} = Vn.
Let B, be the block of AF(q*) corresponding to class v. For clarity, we denote

B=B,forveld (6.3)
and

R, =B, forv e R. (6.4)

The Group of Symmetries

The action of "relabelling of the classes of Yy” addressed by Assumption 15.1 is
effected by the action of the finite group Sy on the classes of Yy. We now introduce
a finite matrix group, which we will call I'; which effects the action of "relabelling of
the classes of Yy, on the dynamical system (3.18). This introduction comes in two
stages. First we introduce the matrix group P, which is isomorphic to Sy, which acts
on the elements ¢ € A, and on the function VF. Then, we can formally define T,
also isomorphic to Sy, which acts on the elements

q NK+K
<>\)€§R ,

and on the function VL. It will be convenient to work with the subgroups Sy, < Sy,
for 1 < M < N. Thus, we also present subgroups of P and of I' which are isomorphic
to SM
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We begin by ascertaining which Lie group representation will be used when Sy
actions on ¢ € A and on the function VF' are considered. Let

P < O(NK),
where O(NK) is a the group of orthogonal matrices in RV
O(NK) :={Q € RVFNKIQQT = Ink}.

P acts on ¢ € RVE by permuting all the components of ¢ associated with class &
to class 1. Formally, for p € P,§ = pq if and only if for each 4, 1 < § < N, there
is an 7,1 < n < N such that g5z = g for every k. In words, P is the group of
block permutation matrices. For example, for N = 3, |P| = 6, then the elements
P13, p123 € P are

P13 = 0 Ix O y P123 = I 0 0 )
Iy 0 O 0 I O

where 0 is K x K. Hence, Assumption 15.1, which states that G and D must be
invariant to the relabelling of the classes of Yy, is equivalent to saying that G and D
are P-invariant.

A word of caution is in order. The theory of chapter 5 can not be applied directly
to ¢ € A or to VF for two reasons. First, A is not a Banach space (A is not closed
under vector addition, and it does not contain the vector 0). Secondly, the theory
can describe bifurcations of equilibria to

q¢=VF(q/p),

but these equilibria correspond to solutions of the unconstrained problem

max (G(q) + 8D(q)),

gERNK

which are not even stationary points of our problem (3.1).
Now we define the group that acts on the system (3.18) (i.e. on (¢, \) € RVE xRE,
and on V,,L). Let ' < O(NK + K) such that

r::{(g ?i)\forpep}. (6.5)

Observe that v € I' acts on VL by

07\ [ VoL VL
TVaaL(g, A) = ( 0 I ) ( VoL ) = ( pv;’ﬁ ) (6.6)
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andon(?\)by

q _ [ P4
7<A)—(A)- (6.7)
Thus, v € I" acts on ¢ € RVE as defined by p € P but leaves the Lagrange multipliers

A= (/\1 /\2, ceey )\K>T fixed.
We have the following theorem.

THEOREM T70. L(q, A, B) is I'-invariant, V,L(q, A, B) is I'-equivariant, and VF is
P-equivariant.

Proof. By definition of the group I', we see that £ is I'-invariant since F'is P-invariant.

Differentiating both sides of the equation L£(q, A\, 3) = L(y ( f]\ ) ,3) for any v € T’

shows that VL =7V, \L(v ( ;]\ ) ,3). Since v~! = ~T| this shows that V,,L is

[-equivariant. A similar argument shows that VI is P-equivariant. O

For the Information Distortion problem (2.34), Theorem 73 below shows explicitly
that V, L is I-equivariant, where I' is defined in (6.5).

The maximal isotropy subgroup structure of I' gives the existence of bifurcating
branches from ¢ 1 because I' fixes no nontrivial vector other than multiples of ¢ 1 in
ker AL(q 1 ) (see Theorem 47, Theorem 49 and Proposition 104). To get the existence
of bifurcating branches from an M-uniform solution ¢* # q1, we determine a sub-
group of I which fixes no nontrivial vector in ker AL(¢*) other than multiples of ¢*
under generic assumptions (see Proposition 105). With this in mind, we now define
such a subgroup of I' (Theorem 71) which is isomorphic to the subgroups Sy, < Sy
for 1 < M < N.

The set Yy is the set of N objects on which Sy acts. Viewed as a subgroup of Sy,
S is the group of permutations on only M of the elements of Yy. The other N — M
elements of Yy are left fixed by the action of Sy;. Thus, to determine a particular
instance of a subgroup Sy, < Sy, one must first determine which M elements of Yy
are permuted freely by Sj;. Given an M-uniform solution, we are interested in the

subgroup Sy < Sy which permutes the M unresolved classes of U C Yy, and leaves
fixed the resolved classes Yy \ U = R of Yy. Define

te={( 5 9 )Ioenu) 69

where pis NK x NK, I is a K x K identity, and 0 is K x NK. The elements of
the subgroup

Py <P (6.9)
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(from (6.5)) fix the classes of R, and freely permute the M classes of U. Thus, Py
and Iy, are Lie groups isomorphic to Sy;. If U = Yy, then we are back to the case
where ¢* = q1 and [y, =T

THEOREM T71. Let [U| = M. Then q € Fix(Py) if and only if q is M-uniform.

Proof. Recall that Py from (6.9), which is isomorphic to Sy, permutes the classes
of U and fixes the classes of R. Let p,, € Py. If ¢ € Fix(Py), then p,,q = ¢ which
implies that ¢ = ¢" for every v and 7 in U, which shows that ¢ is M-uniform.
Now suppose that ¢ is M-uniform, which means that ¢ = ¢" for every v,n € U.

Then p,,q = ¢, where

qifc=n
q° = q"if c=v

q° otherwise

This shows that p,,q¢ = ¢. The theorem now follows from Proposition 76.1 since Py
is generated by the transpositions {p,,} over all v,n € U. a
The fact that ¢ € A can be both M;-uniform and Ms-uniform for M; # Ms shows
that g € Fix(Py,) N Fix(Py,) for two distinct subsets of U;,Us C Y.
One of the basic assumptions on which this thesis relies is that AF(¢*) is block
diagonal (Assumption . Another basic but crucial observation about M-uniform
solution is the following theorem.

THEOREM 72. If q € Fix(Py) where [U| = M, then AF has M identical blocks.

Proof. Let ¢ € Fix(Py). Let p be the transposition in Py, which permutes the classes
v and 7 in U, which exists since Py = Sy, . By Theorem 70, we have that VF(pq) =
pVF(q), and now differentiation and evaluating at ¢ = ¢ yields AF(q)p = pAF(q).
Thus, using (3.9), we see that B = B, = B,. Since v and 7 are arbitrary classes of
U, then it must be that B = B, for every v € U. O

The converse to the theorem does not hold. To see this, consider the Information
Distortion problem (2.34), so that G = H(Yn|Y) and D = D,ss. Observe that the
(m,n)™ component of the v block of AD,;;(q) is

v e P Y@ yn)  P(Ym)P(Yn)
AP Dl = — Dk aukP(@i ) Dy P (Yr)

For N = 2 and some a such that 0 < a < 1, let ¢ be identically % except for

and
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If p(X,y1) = p(X,y2) = 0, then p(y1) = p(y2) = 0 and so AD*(q) = AD?(q). This
also shows that the corresponding components of AH(Yy|Y') are zero (see (2.20)).
Thus, AF(q, 3) has identical blocks, but § ¢ Fix(P).

Now for the result that deals specifically with (3.18) when F is defined as in
Information Distortion Problem (2.34), which was promised at the beginning of this
section.

THEOREM 73. When F' is defined as in (2.34), V 2L is I'-equivariant.

Proof. Since the transpositions generate Sy (Proposition 76.1), then it just needs to
be shown that for each transposition v, € I' which permutes gs, with g, for all k,
1<k<K

7577vq7)\£(Q7)‘>B) = Vq,A£<7617 < ;1\ ) , )
By (6.6) and (6.7), this equation becomes

< pVL(q. N, B) > _ ( ViL(pa, A, ) >
V)\‘C((L)\aﬂ) v)\ﬁ(pQ? )‘76) 7

where p € P permutes class § with class . By (3.4), this requirement becomes

pVF(q, ) = VF(pg, ) (6.10)
V)\‘C(CL)‘)B) = V)«C(PQ,)\,ﬁ) (611)

We show (6.10) by showing that each term of VF' is in fact I'-equivariant, which is
really just a practice in subscripts. First, we consider

—p(yr)(log qui + 1) if v ¢ {6,n}

[oVH = ¢ —p(yr)(oggmp +1) ifv =4
—p(yk)(loggsr, +1) ifv=n
= [VH(pq)]u-

Thus, pVH(q) = VH(pq). Lastly we consider

52 P, yi) log RS EE) i y ¢ (5,1}
>k nkDP(Ti,Yk) :
[0V Degslon = 22:p(wi,y) log 52555720 ifv =10
Z (:L’ )10 ka %kkp%glz{)yli/f ify —
i PATis Uk ) 108 5@y S asip(un) =1
= [VDess(p@)lu-
Hence, pVD.ss(q) = VDesr(pq).
To get (6.11), we use (3.6), which implies that

[VaL(g, A B)]k = unk -1 = qu+qut, .., e — 1

= [vkﬁ(an )‘7 ﬁ)]lﬁ
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where the last equality follows since permuting g5, with g, leaves the sum ) gy
unchanged. O

The Group Sy,

In this section we examine the abstract group
S, the cycle representation of Sy, (6.12)

as defined in [8] and [27] for arbitrary M, which will prove useful in the sequel. We use
the notation 7(a,a,...a,,) t0 denote an element of I" which is isomorphic to the M-cycle
(a1as...am) € S.

We will be working extensively with the subgroups of Sj;, and define a well studied
normal subgroup of Sy, next.

DEFINITION 74. The alternating group on M symbols, Ay, is the subgroup of all
elements of Sy which can be decomposed into an even number of transpositions.

REMARK 75. We will use four different group representations of Sy in the discussion
that follows. The first two representations, Py and 'y, have just been described in
(6.9) and (6.8) respectively. The latter two, S and A, are defined at (6.12) and (6.45)

in the text respectively.

PROPOSITION 76. [27] Using the cycle representation S from (6.12):

1. (p.107) Sy is generated by transpositions:

Sy =<T > where T ={(ij)|[1 <i<j < M}

2. (p.28-81,116) Any element of Sy can be written uniquely as a product of disjoint
cycles.

3. (p.31) An element in Sy is of order M if and only if it is an M-cycle.
4. (p.110) An element o € Sy is an m-cycle where m is odd if and only if o € Ayy.
5. (p.-127) If 7,0 € Sy with
0 = Hz(allazml)
then
o7t = I(1(an)7(an)...7(im,))

6. (p.127) o and T € Sy are conjugate < they have the same cycle decomposition.
In other words, for any o,7 € Sy of a given cycle type, there exists ( € Sy
such that (¢t =0
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The next result ascertains some of the maximal subgroups of S,;. Liebeck et al.
[46] show that the next Theorem gives but one of six different types of the maximal
subgroups of Sy, for arbitrary M.

THEOREM 77. For any finite M > 1, among the mazximal subgroups of Sy, there are
M subgroups which are isomorphic to Syr_1.

Proof. Using the cycle representation S of Sy, from (6.12), Lemma 76.1 gives that
Sy = (T') where T'= {(ij)|1 <i < j < M}. Consider the set T}, C T

T, .= {(ij) € Tli,j # k. (6.13)

It is clear that (Ty) = Sy—1. Suppose (Tx) < H < Sp. The theorem is proved
if H = Sy;. Note that H must have some element ¢ which acts on k non-trivially
(otherwise, (Ty) = H). Write o (uniquely) as a product of disjoint cycles (Proposition
76.2)

0O = 01093...0,

where m > 1. Then k is contained in some cycle, say o;, for some [ where 1 <1 < m.
So k is not in any other cycle o, for n # [. This implies o, € (Tx(< H and so
o1 € H. Therefore, we can multiply 0,05...0,, on the left by o, 0,7},...o0;7" and on
the right by o,,'0,.;...07 ! to show that o; € H. Now we repeat this strategy: if
o, = (a1ag...k...ap_1a,) then o; can be rewritten as

o = (may)(ar1ap_1)...(a1k)...(a1a3)(ara2)
where a, # k for each r, 1 < r < p. Hence, (a1a,) € (T;) < H and so we see that
(a1k) € H after multiplying on the left and the right of o; by the appropriate inverses.
Now, (a1j) € (T}) for every j # k from which it follows that (a1j)(a1k)(a1j) = (jk) €
H. Hence, H contains T" which implies that H = Sy, and so (T}) is a maximal
subgroup of Sy, for each k € {1,2,..., M }. O

The Initial Solution g

We now examine the solution ¢ of (3.1)
qo = argmax, c F'(¢q,0) = argmax A G(q).

We show that under some conditions, gy persists as a solution for g € [0, B), and
then we show that this result holds for the Information Distortion problem (2.34).
We conclude the section by providing the location of singularities along the solution
branch which contains the initial solution qq.

LEMMA 78. If qq is a stationary point of (3.1) for all 3 € [0, 3) for some 3> 0, and
if AG(qo) is negative definite on ker J, then qo is a solution of (5.1) for all 3 € [0, 3)
for some 0 < B < [3.
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Proof. Since qq is a solution of (3.1) at # = 0, then there exists some vector A\ such
that V,2L(qo, Ao, 0) = 0. If we let Z be defined as the NK x (dimker J) matrix
whose columns span ker J, then, by the assumption on AG(qy) and Remark 21.2, the
eigenvalues of ZTAG(qo,0)Z = ZTAF(q0,0)Z = ZTA,L(qo, X, 0)Z are negative and
bounded away from zero. Since AF changes continuously in § (Assumption 15.2),
then ZTAF(q, 3)Z has negative eigenvalues for every 0 < 3 < 3 for some 3 < B
Applying Theorem 20 completes the proof. O

Theorem 71 shows that for any problem (3.1), qq is fixed by the action of the full
group P if and only if ¢ = ¢ 1, where ¢ 1 s the uniform quantizer defined in (2.7).
For F' as defined for the Information Distortion and the Information Bottleneck cost
functions, (2.34) and (2.35), q¢o = q1- In both cases, q1 is a solution to (3.1) for all

B in some [0, 3). We prove this claim for (2.34) in the following lemma.
LEMMA 79. (q%,ﬁ) is a solution of (2.34) for all B € [O,B) for some 3 > 0.

Proof. Consider

max H (q). (6.14)

NISAY>

Now the Lagrangian (3.3) becomes
L)) =H(@)+ > M — 1)
k v

By Theorem 16 and (2.19), solutions ¢ of (6.14) are determined by considering solu-
tions of

1
Vale =Y qu—1=0. (6.16)

A
From (6.15), log, qur = p(’\y’;) — 5 from which it follows g, = 950 W2, From (6.16),

A1 A 1
1= E Qui = E 2p(yE) 2 — NOp(yg) In2
14 v

which implies A\, = p(y) (ﬁ — log, N ) Substituting this last expression for A\; back
into (6.15) proves that g, = + for every v and k satisfies the KKT conditions. Since
AH(q) is negative definite for every ¢ (see (2.20)), then q1 is the global solution of
(6.14) by Theorem 20.

Since VH(q%) +5VDeff(q%) = 0 for every Thusf, then q1 is a stationary point

of (2.34) for every 3. The Lemma now follows from Lemma 78 since AH (q) is negative
definite for every g € A. O
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Compare the result of the last Lemma to the unconstrained problem

max H(q), (6.17)

geRNK

where H is the entropy function from (2.34). Since AH is negative definite, then the
unique point that satisfies VH = 0 (see (2.19)) is the global maximum:

1
VH=0 < —p(ys) <1og2 Qi + —) =0

In2
= = !
08 Quk = n2
& Ingr=-1
1
< Qo = —.
e

Hence, for arbitrary N, the constrained maximum ¢ 1 of (6.14) is not even a stationary
point of (6.17).
By Theorem 72, if ¢y = g1 € Fix(P), then all of the blocks of AF(qo,[3) are

identical. Thus, the blocks {B;}Y, (from (3.9)) of AF(q, ) = AF(Q%,B) can be

written as
B, = B. (6.18)

Consider the branch of equilibria (q%,/\*,ﬁ) to (3.18) for 0 < 8 < B. If the
hypotheses of Lemma 78 are met, and if AG(q 1 ) is nonsingular, then one can as-
certain the values of 3 at which bifurcation occurs along this branch by solving an

eigenvalue problem. In particular, this result holds for the Information Distortion
problem (2.34).

A

THEOREM 80. Suppose that q1 is a stationary point of (3.1) for all B € [0, 3) for some

B3>0, and that AG(q%) is negative definite on ker J. Further suppose that AG(q%)
1s nonsingular. Then the bifurcation from the solution (q%,ﬁ) can only occur at the
reciprocal of the eigenvalues of —AG_I(q%)AD(q%).

Proof. By Theorem 24, Aﬁ(q%) is singular at bifurcation. By Theorems 70 and 72,
AF (q%) has identical blocks. Thus, by Corollary 35, AF (q%) is singular,

det(AF(qy, ) = det(AG(q1) + FAD(q.1)) = 0,

2|

at bifurcation. By assumption, AG(q 1 ) is nonsingular, and hence invertible so that

1
—det(AG(q1))

det (AG(q%) + ﬁAD(q%)) —0
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from which it follows that

det (—AG(q}b)‘l)AD(q&) _ %1) ~0

which is the eigenvalue problem for the matrix —AGil(q%)AD(q%). O

Kernel of the Hessian at Symmetry Breaking Bifurcation

Bifurcation of equilibria of (3.18)

( ;1\ ) == vq,)\ﬁ(%)‘aﬁ)

at a point (¢*, \*,5*) causes the Jacobian of the system, AL(¢*), to be singular
(Theorem 24). As we have seen, the bifurcating directions are contained in ker AL(q*),
the kernel of the Hessian of the Lagrangian (3.3) (see (5.35) and (5.38)).

The purpose of this section is to determine a basis for ker AL(¢*) at symmetry
breaking bifurcation of an M-uniform solution (¢*, \*, 3*), given that the following
assumptions are met.

ASSUMPTION 81.
1. q* is M-uniform, for 1 <M < N.
2. For B, the block(s) of the Hessian defined in (6.3),

ker B has dimension 1 with K x 1 basis vector v (6.19)

3. For {R,}, the block(s) of the Hessian defined in (6.4), we have

R, is nonsingular for every v € R. (6.20)

4. The matriz BY " R,' + MIf is nonsingular.

Observe that Theorem 72 guarantees that the blocks of the Hessian have the
structure presupposed by Assumptions 81.2 and 81.3. When ¢* is N-uniform, then
all of the blocks of the Hessian are identical as in (6.18).

In chapter 8, we examine the type of bifurcation to be expected when Assumption
81 does not hold.

REMARK 82. For the Information Bottleneck problem (2.35),

max F'(q, ) = max(1(Y;Yy) + B1(X,Yn)),

qeA qeEA
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Assumption 81.3 is never satisfied. This is due to the fact that q is always in the
kernel of AF(q,3) for every 3 (Theorem 43). This implies that the kernel of the v*"
block of AF(q*) contains the K x 1 vector [q*], at bifurcation (q*, 3*) in addition to
the vector v from Assumption 81.2. We comment on this scenario in the section at
the end of this chapter.

We begin by determining a basis for ker AF'(¢*). Define the NK x 1 vectors

{v; i]‘il

(6.21)

il = v if v is the " unresolved class of U
’ 0 otherwise

where 0 is K x 1, which are clearly linearly independent. From Assumptions 81.2 and
81.3, we get that dimker AF(¢*) = M. This shows the following:

LEMMA 83. {v;}M, as defined in (6.21) is a basis for ker AF(q*).

Thus, if ¢* = ¢ 1 then ker AF(q 1 ) has dimension N with NK x 1 basis vectors

v 0 0
0 v 0

vV = 0 , Vo = 0 s ,ON = 0 (622)
0 0 v

Now, let

o (3) (%)

fori=1,...., M — 1 where 0 is K x 1. For example, if M = N — 1 and R = {2}, then

{w} =
v 0 0
0 0 0
0 v 0
{ b E PR }
0 0 v
—v —v —v
0 0 0

-
N-2 vectors
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LEMMA 84. Given that Assumption 81 holds, {w;}'7" from (6.23) are linearly inde-
pendent vectors of ker AL(q*).

Proof. To show {w;} € ker AL(q*), compute
s = (507 )(3)-(% )

AF(qf)vi ) - ( AF(q"om )

J’UM

(

_ ( J‘:}i ) _ ( JSM ) (by Lemma 83)
( 0
(

<

e e ) e e S e )0 @D

To get linear independence, suppose there exists ¢; € R for ¢ = 1,..., M — 1 such that

M-1

Z cw; = 0.

=1

Then
M-1 M—1 -1
(Civi — CZ'UM) = Z C;V; — CU)N = 0. (624)
i=1 i=1 i=1
Set
M—1
di=c;fori=1,...,M — 1 and dM:—Zci. (6.25)
i=1

Then (6.24) and (6.25) imply that

M
=1

By Lemma 83, d; = 0 for every ¢, from which it follows that ¢; = 0 for every 1. O
Now we are ready to prove the main results of this section.

TuEOREM 85. {w;}Y ' is a basis for ker Aﬁ(q%).
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Proof. By Lemma 84, ker AL(q 1 ) O span{w;}. To get the other containment, let
k € ker Aﬁ(q%) and decompose it as in (4.1) and (4.6). Since the blocks of AF(Q%)
are identical (see (6.18)), k € ker Aﬁ(q%) if and only if

Bil:l kJ
B(L’Q kJ
BIBN kJ

(see (4.7)). Equation (4.8) implies that B> x, = —>_ k; = 0 from which we get
k; = 0. Hence k = OF and (4.2) assures that kp € (ker AF(q%)) N (ker J).

Therefore kr = ), c;v; (Lemma 83) and Jkp = 0. The last equation can be written
as
c1v
CoU
Jkp=J , =0
CNV

from which ), cv =v ), ¢; =0. Therefore ), ¢; = 0 and so

N-1
ev=—) (6.26)
=1

Thus

= ci(v; —uy). (6.27)

Since k is arbitrary, then the vectors {w;} = {( vi _OUN )} span ker Aﬂ(q%). By

Lemma 84, {w;} are linearly independent and so they are a basis for ker Aﬁ(q%). O
REMARK 86. Corollary 35 shows that

AF((]%) is singular < Aﬁ(q%) is singular.
Theorem 85 gives a stronger result for N > 2. It shows that every k € ker Aﬁ(q%) can
be written ask = ( kOF ) where kp € ker AF(q%)ﬂker J so thatk = Zf\;l Ci vi BUN

)
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Conversely, if {v;}, is the basis for ker AF(q%) from (6.22), then a vector in

ker Aﬁ(q%) is a linear combination of the vectors {( vi ij )} for any i # 7.

THEOREM 87. Given that Assumption 81 holds, then {w;}T* from (6.23) are a basis
for ker AL(q").

Proof. By Lemma 84, ker AL(q*) O span{w;}. To get the other containment, let
k € ker AL(q*) and decompose it as in (4.1) and (4.6). Then by (4.7) we have

Bz, k;
R I I (6.28)
BN'mN k'J
Using the notation from (6.3) and (6.4), (6.28) implies
Bx, = —k;forneld (6.29)
Rx,=—-k;forveR
from which it follows that
z, = R, 'Bz,
for any n € U. By (4.4), Jkp = 0 which implies S~ | z; = 0 and so
dover®y + D, Ty =0 (6.30)

— ZVER R;leﬁ + Z’I]Eu mn = O
where 7 is some fixed class in U. By (6.29), for every n € U, =z, can be written as
x, =x,+dv (6.31)

where either z, = 0 or z, € R \ ker B, d,, € R and v is the basis vector of ker B
from (6.19). From (6.31) it follows that

BZ R;' B(z,+ dyw) + BZ(mp +d,w) =0

VER neu
& BY R;'Bz,+» Bz,=0
VER neu
& (BY R,'+Mlk)Bz, =0
VER

& DBx,=0
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since we are assuming that By . R, '+ M I is nonsingular (Assumption 81.4). In
fact, , = 0 since a nontrivial z,, ¢ ker B. Therefore, x,, = d,v for every n € U. Now
(6.29) shows that k; =0 and so

z, =0 for v e R. (6.32)
[ kp [ dpifveu .
Hence k = ( 0 ) where [kp|, = { 0ifveR from which it follows that kp €

ker AF(q*). Therefore, (4.4) assures that kg € (ker AF(q%)) N (ker J) and so Lemma
83 gives

M
kp = Z cw; and Jkp =0

=1

and now (6.26) implies

M—1
Cyp = — E C;.
1=1

Thus

M-1
kr= Z Ci('vi - ’UM)
i=1

as in (6.27). Therefore, the vectors {w;} = {( vi _OvM )} span ker AL(q*). By

Lemma 84, {w;} are linearly independent and so they are a basis for ker AL(g*). O

REMARK 88. Theorem 36 shows that if the unresolved blocks of AF(q*) are singular,
then AL(q*) is singular. In particular, Theorem 87 shows that if Assumption 81 holds
(so that B is singular and B R, + MIx is nonsingular for M > 1), then every

k € ker AL(q*) can be written as k = < kOF ) where kp € ker AF(q*) Nker J so that

-1
k= .- C,;(vi_()vM).

Conversely, if AL(q*) is singular, R, is nonsingular, and if B> R,* + MIy is
nonsingular, then Theorem 87 shows that ker AF(¢*) Nker J # 0, so then AF(q*)
(and B) must be singular. We examine the case when B R,;'+ MIy is singular
(which does not necessarily cause a singularity in AF(q*)) in chapter 8.

In light of the previous Remark, we have the following Lemma, which will prove
useful in chapter 8.
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COROLLARY 89. Suppose that q* is M-uniform. If the unresolved blocks of AF(q*)
are singular and if the resolved blocks are nonsingular, then AL(q*) is singular. Con-
versely, if AL(q*) is singular, and if Assumptions 81.8 and 81.4 hold for M > 1, then
AF(q*) is singular. In both cases, dimker AF = M and dimker A, L = M — 1.

We have produced a basis of the kernel of AL(g*) for arbitrary optimization
problems of the form (1.9)

max(G(q) + 8D(q))

as long as Assumption 81) is met. For the Information Distortion problem (2.34), we
have that G = H(Yn|Y'), the conditional entropy (2.17), which is a strictly concave
function (see (2.20)). For any problem (1.9) where G is a strictly concave function,
we have the following Lemma.

LEMMA 90. Let (¢*, 3*) be some singular point of AF(q*) such that G is strictly con-

cave (and no further assumptions on D). Letw be any nontrivial vector in ker AF(q*).
Then u? AD(g*)u > 0.

Proof. AF(q*)u =0 implies u” AF(q*)u = 0 which in turn gives
u' AG(q")u + B*u" AD(q")u = 0. (6.33)

Since G is strictly concave, AG(q) is negative definite for any ¢ which implies that
u"AG(q*)u < 0. For (6.33) to hold, we must have u” AD(g*)u > 0. O

Liapunov-Schmidt Reduction

In order to apply the theory of chapter 5 to (3.18) at a given bifurcation point
(g*, \*, B*), we must translate the bifurcation to (0,0, 0) and require that the Jacobian
vanishes at bifurcation. To accomplish the former, consider the system

F(q, 7, B8) = VoaLllg+ ¢, A+ A" B+ 57), (6.34)

so that
8(17,\?(0, O, 0) = Aq,,\ﬁ(q*, )\*, ﬁ*)

To assure that the Jacobian vanishes as required, we consider the Liapunov-Schmidt
reduction of F at bifurcation (0,0, 0). That is, we restrict V, L to ker AL(¢*) about
(¢*, \*, *). Since we will be using the explicit basis {w;}! from (6.23), we require
that at the point (¢*, \*, 3*), Assumption 81 holds. First, we determine the relevant
spaces in the reduction. The Jacobian of the right hand side of (3.18), AL(¢*),
is symmetric. Furthermore, the spaces By and B, defined in (5.28) are each the
finite dimensional Euclidean space RNX+X_ Hence, we can take the vector space
complements M and N from (5.28) as

M = (ker AL(q*))*" = rangeAL(¢")" = rangeAL(q")
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and
N = (rangeAL(q"))*" = ker AL(¢*)" = ker AL(q").

Therefore, the Liapunov-Schmidt reduced equation of F is

¢ : kerAL(q") x R — ker AL(q%)

As outlined in (5.32), I — E is the projection onto ker AL(q*) with ker(I — E) =
rangeAL(q*), w € ker AL(¢*) and U(w, 3) € rangeAL(q"). In particular, we define
the orthogonal projection onto rangeAL(q*) as

E = AL(@)(ALG) AL(G)) AL
= AL(q)(AL(G)?)AL(G).

We now investigate an equivalent representation of the Liapunov-Schmidt re-
duction (6.35) on RM~1 a representation of ker AL(q*), as in (5.36). Let W =
(wy wa..wn_1), the (NK 4+ K) x (M — 1) matrix whose column space is ker AL(q*),
where w; are defined in (6.23) (Theorem 85). Thus, for every w € ker AL(q*), there
exists £ € RM~! such that Wz = w. Now define

ros RML xR RMAE
rix,8) = Whe(Wz, () (6.36)
= W™(I - E)F (by (6.35))
= W'F-W'EF
= W'F (6.37)

where the last equality is justified by the fact that EF € rangeAL(q*) and that the
column space of W is ker AL(¢*), which are orthogonal. The function r is equivalent
to ¢ in the sense that » = 0 if and only if ¢ = 0.

From (6.36) we see that the (M — 1) x (M — 1) Jacobian of r is

Opr(z, B) = W Do (w, )W (6.38)
where w = Wz. Using (6.37), we see that d,7(z, 3) as in (5.37) can be written as

et (x, B) = WIALL(G+ ¢ N+ N, B+ B5) (W + 0,U(Wz, B)W) (6.39)

where ( i > = Wz + U(Wz, ).

The three dimensional array of second derivatives of r from (5.40) becomes
327’2»
ox jal‘k

02U 5 ouU ou
4 > 4
D08 + 0o Llw; + 0xj’wk + &m]) > (6.40)

=< 'l.UZ,([—E)( q)\‘C
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where () = ( g\ ) and Ay L and 8%5 are both evaluated at (¢ + ¢*, A+ \*, 5+ %).

From (5.42), we see that at bifurcation when (¢, A, 3) = (0,0, 0), that

827’1'
8xj8xk( 0)

= <w,;, ([ — E)@%E(q*,)\*,ﬁ*)[wj,wk] > (6.41)
= < wi,ﬁéﬁ(q*,)\*,ﬁ*)[wj,wk] > (642)

where the last equality follows from the fact that < w;, (I — E)V >=<w,;,V > for
any vector V since w; L EV. Now let w; = v; — v, for each ¢ between 1 and M — 1.

Then w; = ( 182 ) Thus, (6.42) simplifies to show that
O°ri 0,0) = <w;,dL(G" N, B w;,wy] >
8xj8xk ) - 1 YQ q, ) 7 Wk
= <w, 0 F(¢" ﬁ*)[@bj,ﬁ;k] >
O B) e
= > Y e [ sm Wkl

v EYN Lmmey 8ql,l(9q5m8q,7n

Recall that aqfézam =0if v # 6 (see (3.9)), and so #{iaqm =0 unless v =9 =n.

Thus, the last equation can be further simplified as

82 Z Z O*F(q*, ﬁ) [,wl]yl[,w Jom [Wh] -

a.ZC] ai[}k VEYN LmmeY aqula%/ma%/n

Now, substituting w; = v; — v, and using the definition of v; from (6.21) we get that

o°r; Z Z O°F(q*, 5* ) (Bijkw 0[] m V] — Ourr[V]i[V]m[v]n) . (6.43)

ox; 8.1'k vell Limmey qwa%/ma%/n

9’F __ _ __0°F
? 0qumOqun 8Qnm8(h]n

Finally, we use the fact that for any v,n € U which implies that

O3F _ O3F
06110qymOqun - aqnlanmaqnn. Thus

L Z IHG. 5 (Gijrvhi)m[v]n — Whivm]) . (6.44)

83@ aiL'k aq;/la%/ma(ﬁ/n

An immediate consequence of (6.44) is that 8 55-(0,0) = 0 for each 4. Further-

more, (6.44) shows that a:? 5:-(0,0) = %(0, O) for any (7, J, k) and (¢, j', k") such

that at least one of 7, j and k are distinct and at least one of ¢/ , j" and k" are distinct.
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Equivariance of the Reduction

Theorem 73 answered the question
For what group is VL equivariant?
The next question
For what group is the Liapunov-Schmidt reduced function of V L, ¢, equivariant?

is answered by Proposition 46.2 and Proposition 67.1: Since M = rangeAL(¢*) and
N = ker AL(q*) from (5.28) are I'-invariant, and V,,L is I-equivariant (Theorem
73), then ¢ is I-equivariant. Since I'y; < I, then ¢ is also ['y-equivariant .

The next question that arises is:

For what group is v equivariant?
By Lemma 67.2, the Lie group that acts equivariantly on 7 is constructed as in (5.47)
and (5.48): for each v € Ty, and for {w;}1" asin (6.23), yw; = Y, a;;w; for a;; € RN.
Define the (M — 1) x (M — 1) matrix A(~y) by setting

[A(V)]ij = aij-

Then

Ay = A={AM)|y € Ty}. (6.45)
The previous discussion is summarized in the following Lemma.
LEMMA 91.

1. Let ¢ be defined as in (6.35) and let Ty be defined as in (6.5). Then ¢ is

['y-equivariant.

2. Let r be defined as in (6.36) and let A defined as in (6.45). Then r is A-
equivartant.

The group A for which r is equivariant is pivotal to the development of the theory
that follows. Therefore, we analyze A in more detail and, before giving an explicit
algorithm for generating any A(vy) € A from v € Iy, we first show an example.

EXAMPLE 92. We derive the explicit groups Ay from (6.45) for M = N =2 and 3.
When N =2, T = Sy is a group of 2 (NK + K) x (NK + K) matrices,

I''={Inkir, 12}



109

(see (6.5)), and As is the group of scalars isomorphic to Sy. To determine the two
scalar elements of Ay, we observe that the basis of ker AF(q%) is {v;}2_, where v;
are defined in (6.21), and so the single basis vector for ker Aﬁ(q%) is

v —v v
w, = ( ! 0 2 > = —v
0
(Theorem 85). Thus
v —v
Y2W1 =2 | V| = v )
0 0

which shows that vow; = —w;. By definition then, A(y12) = —1. Together with the
group identity, this shows that Ay = {1, —1}.
For M =N =3, T is a group of 6 (NK + K) x (NK + K) matrices,

I':= {[NK+K,712>’713,7237712377132},

and Az is the group of 2 X 2 matrices isomorphic to Ss. The basis for ker AF(q%) 18
{v;}2_,, which implies that (Theorem 85) the two basis vectors of ker Aﬁ(q%) are

=1

v 0
[ vi—v3 | 0 [ va—w3 | v
e i e R e S A
0 0
To determine A(y12), we compute
v 0
0 v
T12W1 = 712 v = v = Wy,
0 0
0 v
v 0
Y12W2 = Y12 w7 v | = wy
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which shows that A(y2) = ( 01 ) . To compute the element A(7yi23) € Az, we

10
compute

v —v
0 v

MW = Y2 | = 0 = —w; + Wo,
0 0
0 —v

Y123W2 = 712 w | = v = —w;.
0 0

Thus, A(yi23) = ( _11 _01 ) One can continue in this fashion to show that the

elements of As,

A(INKJrK)a A(”le), A(”Yl:s)a A(’st), A(’lea), A(’7132)>

are
10 0 1 -1 -1 1 0 -1 -1 0 1
0O 1)/)’\10/)’\ 0 1 "\ -1 -1 )" 1 0 "\ -1 —1
respectively.

Armed with the intuition provided by the preceding example, we now give the
following algorithm for generating any A(y) € A from v € T,.

ALGORITHM 93. Let Iy be defined as in (6.8). Let {w;} be defined as in (6.23), the
basis of ker AL(q*) for some M -uniform solution q* where Assumption 81 holds. Let
A= A(7) (defined in (6.45)) for some v € T'y. Suppose that v maps class j to class
k and class M to class m. Then for 1 <k < M — 1,

ith . . )
Ao o= { 270 ¢ B i M or i £

Proof. a;, the j" column of A, is constructed by considering

- <o (3) (%)

There are a few cases to consider:
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- (9 (%)

= wk

1. If m = M then

Therefore, if M is fixed and j — k for any k,
aj=| 1 (6.46)

where the 1 is in the k% row.

2. If m# M and k = M then

a;= | _1 (6.47)

where -1 is in the m* row.

3. Lastly, if m # M and if k # M, then

w - (3)(%)

= W, — Wy,
Therefore, if M is not fixed, j +— k # M and M +— m,
0
o
a; = 0 (6.48)
|
0
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th

where —1 is in the m* row and 1 is in the k" row.

Now, A is constructed by acting on w; for every j, 1 < j < M — 1. Thus, if M
is fixed, then A is a permutation matrix, where the k' row is the j'" row of I;_;
(by (6.46)). If M is not fixed, then by (6.47) and (6.48), the m* row of A is —1.
Furthermore, by (6.48), the k™" row (for k # M and k # m) is the j row of I ;.
O

REMARK 94. For any v € T' such that class M is fized (i.e. m = M), A(7) is a
permutation matric.

THEOREM 95. Let A be defined as in (6.45) such that Assumption 81 holds. The
action of A is absolutely irreducible on RM~1.

Proof. Assumption 81 is necessary since the explicit form of A depends on the basis
of ker AL(q*) from Theorem 87. We use induction to show that if X is an (M — 1) x

(M — 1) matrix that commutes with every A € Ay, then X = ¢(5)Ip-1.
For M = 2, A, is the group {1, —1}. For M = 3, we have

X — ( T11 12 ) '
To1 22
By algorithm 93

40> Gt = {0 2).(5 )

If X commutes with all of the elements of Az, then X ( (1) (1) ) = ( (1] (1) ) X and

Ti1o X1 Ta1 T22
SO = . Hence = = b and = = ¢ for some
< Toy o > ( T 1o ) 1 T12 T21 na rip T29 C T 11
b,c € R. Thus
c b
X = ( o b ) |
-1 -1 -1 -1 .
Furthermore, X = X, which shows that
0 1 0 1
—c b—oc —c—b —c—b
—b c—b '

Thus b = 0 and so



113

Now assume the inductive hypothesis, that cly;_; is the only matrix that commutes
with all of the elements of A, for some ¢ € R. Consider Ay, 1, the group of M x M
matrices when there are M + 1 classes. Let X be an M x M matrix such that

XA=AX VAE Ayn (6.49)

XQ x
X:
(yT dx)

where Xy is (M — 1) x (M — 1),z and y are (M — 1) x 1 and dx € R. Write every

A € AM—H as
. AO a
A_(ﬂ @)

where Ay is (M —1) x (M —1),a and b are (M —1) x 1 and d4 € R. Equation (6.49)
becomes

Write X as

XoAg +xb" = A X, +ay”. (6.50)
For the element A := A(ym+1)), 4o = Iy—1, ¢ = 0, b = =1, and dy = —1
(Algorithm 93). Equation (6.50) becomes
X() + Q'JbT = XO
so that
b’ =(—x —x ..—2x)=0

which shows that x = 0. To show that y = 0, we consider the transposition A :=

A(via). By Algorithm 93, Ay = ( IO ), a=-e;,b=-ey, and dy = 0. Substituting
M

these and = 0 into equation (6.50),

y”
0 0 07
(i) =00 )o]
OT

shows that [y]; = 0. Evaluating (6.50) for A := A(vy;) for every 1 < i < M shows

that y =0
To complete the proof, we need to show that dy = ¢, which is accomplished by
considering
XA('Y(M—l)M) = A(’Y(M—l)M)X

which becomes

10 0 0 10 .00
01 .. 00 01 .. 00
(% 0) o o B o o (% 0)
OT d . . . . - . . . . OT d .
X 00 .. 01 00 .. 01 X
0 0 10 0 0 10
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Since Xy = clp;_1, then this equation can be rewritten as
X, 0 1 MT_2 0 0 I MT_Q 0 0 X, 0
of d 0 0 1 = 0 0 1 of d
X 0" 1 0 0" 1 0 X

where 0 is an (M —2) x 1 vector of zeros. Multiplying these block matrices out shows
that

CIM,Q 0 0 CIMfz 0 0
0" 0 c = 0" 0 dx
0 dx 0 o7 C Ty
It follows that dx = ¢ O

LEMMA 96. Let Ay be defined as in (6.45) such that Assumption 81 holds. Then
Ay = Sy

Proof. Consider the map

QOCF],{ — AM
v = A(Y)

where the group Iy, which is isomorphic to Sy, is defined in (6.8). The proof is
complete if ¢ is shown to be a group homomorphism with ker ¢ = {Inxi i} [27]. To
show the former, for vi,v2 € I'y, let [A(71)]ij = aij, [A(72)]i; = bi; and [A(71172)]i; =
¢;j. Observe that A(7;7;) is constructed by considering

TRw; = 7(rw;)

= N byw)
= Z bz’j’h’wi
= Z bij(z AWy )

k

k i

Thus, cxj = Y, aribi; which implies that A(y172) = A(1)A(12) and so ¢(1172) =
©(71)e(72). Hence, ¢ is a group homomorphism.



115

To show that kerp = {Iykix}, suppose ¢(7) = Iy—1 € Ay for some 5 € Ty.
Then for every j,
Jw; = Zaijwi

i
= E 0ifW;
i

By (6.5), ¥ = < g IO ) for some p € P. By (6.23), w; = ( Yi _OUM ) Hence, for
K
every j,
Yw; = w;
p 0 v;—vy \ [ v —vy
0 Ix 0 N 0
=  pv; —vy) =v; — vy (6.51)
EV
pis a NK x NK permutation matrix in Py, so that p = : where E" is a
EY

K x N K matrix of 0’s with identity Ik in the K x K block component corresponding
to class v;. Hence, for every j, (6.51) becomes

Ep
D | i —vw) = v — v
EF

which is true if and only if, for every j,

El(v;—vy) = v (6.52)
By (v —om) = —v

Ef (v —vm) = 0 Vig{j, M}
where v is defined in (6.19). Observe that
v if V = {

El:k (’Ul — ’UM) = —v if V = M . (653)
0 otherwise

By (6.52), k = [ for every k and I. By (6.52) and (6.53), v = [ for every k and I.
Thus, v = k for every k so that

E" = (Ix 0..0)
E? = (0 Ix..0)

B = (0 0..Ix).
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Hence, p = Inx which implies ¥ = Iygix from which it follows that keryp =
{INk+K}. By the First Isomorphism Theorem ([27] p.97), ¢ is a group isomorphism
and so we have that Ay, = I'yy = Sy O

Isotropy Subgroups

To show the existence of bifurcating branches from bifurcation of equilibria of
(3.18),

( g\ ) - vq,A‘C(Q7 Aaﬁ)a

the Equivariant Branching Lemma and the Smoller-Wasserman Theorem require two
things. First, we must we work with the Liapunov Schmidt reduction r(z, 3) (6.36)
of V% >\£,

ro R R - RV

Secondly, we must determine the maximal isotropy subgroups of Ay, (6.45), the group
for which the reduction r(z, 3) is equivariant (Lemma 91.2), as well as the elements
contained in the fixed point spaces for each of the maximal isotropy subgroups. For
arbitrary M, the lattice of maximal subgroups of Sy, let alone the full lattice of
subgroups, is unknown [16, 46]. This section ascertains some of the maximal isotropy
subgroups of Ay, in particular the subgroups which are isomorphic to Sy;_; (Lemma
100), which enables us to show the existence of bifurcating solutions from an M-
uniform solution ¢* of (3.18) for any M > 1 when Assumption 81 holds.

First, we show a class of subgroups of A,; that do not fix any vector in M1,
motivated by the following example.

EXAMPLE 97. Recall the explicit construction of the group Az in Example 92. Ob-
serve that an element A(7y) of Aun fives a vector in RM~1 if and only if A(y) has
the eigenvalue 1. This shows for the elements of As, A(v123) = ( _11 _01 ) and

0 1 . .
A(viz2) = ( 1 -1 ); Fix(A(y123)) and Fix(A(7132)) are empty.

The observation made in the previous example is true for the general case, which
we prove next.

LEMMA 98. Let Iy, be defined as in (6.8). If v is an element of order M in I'y, then
dim(Fix(y) Nker AL(¢*)) = 0. Equivalently, if Ay is defined as in (6.45) and if A
is an element of order M in Ay, then dim(Fix(A)) = 0.

Proof. Let v be some element of order M in T'y;. Then A := A(7y) is an element
of order M in Ajp; (Lemma 96). First, note that |A] = M < A is an M-cycle
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(Proposition 76.3), by which it is meant that A is isomorphic to an M-cycle in S (see
(6.12)). Suppose there exists £ € R¥~! such that Az = z. Next, let

C = BAB™! for some B € Ay, (6.54)

which is possible if and only if C' is (isomorphic to an element in S) of the same cycle
type as A (Proposition 76.6). Hence C' is an M-cycle. Furthermore, all M-cycles can
be generated as in (6.54)(Proposition 76.6). Lastly, note that C Bz = BAB™'(Bz) =
BAx = Bz if and only if C fixes Bz. Thus,

there is an M-cycle in Aj; which fixes some nontrivial z € RM !
if and only if (6.55)

every M-cycle in A, fixes some nontrivial vector in 1.

The proof is completed by showing that there is an M-cycle in Aj; which does not
fix any nontrivial vector in M1,
Consider the M-cycle v = (123...(M — 1)M) € Sy;. By Algorithm 93,

-1 1 .. -1 -1
10 0 0
A= 0 1 0 0
0 0 10

is the (M — 1) x (M — 1) isomorphic matrix representation in Ay, of 7. Observe that
the characteristic polynomial for A(y) is AM=t + AM=2 + 4+ X\ + 1 which does not
have 1 as a root. This implies that there does not exist a nontrivial z € -1 such
that A(y)z = z. By (6.55), no M-cycle of Ay, fixes a nontrivial element of RM~1.
By Proposition 68, no M-cycle of Ty, fixes a nontrivial element of ker AL(g*). O

THEOREM 99. For the alternating group Ay (see Definition 74), dim Fix(Ays) = 0.

Proof. Suppose that M is odd. Then Aj; contains elements of order M (by Def-
inition 74 and Proposition 76.4) which implies dim Fix(Ay;) = 0 by Lemma 98.
Now suppose that M is even. Then A,; contains elements of cycle length M — 1
(Proposition 76.4). Consider the (M — 1)-cycles yq..m—1)) and Yoy € Ay. By
Algorithm 93, A(vq1..(m-1))) € A is a permutation matrix from which it follows that
(A(va..m-1y))) fixes the (M — 1) x 1 vector 1. By Proposition 46.3, A(yaan)l is
fixed by the group A(yaan)(A(va..v—1))))A(yanm)t, which is equal to the group
(A(Y(2..am))) by Proposition 76.5. To compute A(yaar)1, we use the explicit form of
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A(vanr) given by Algorithm 93,

-1 -1 =1 .. —1
0o 1 0 .. 0 1_1M
Alvaan)l = o o0 1 .. 0 1= '
o 0 0 .. 1 I

The Trace Formula (Proposition 46.4) shows that
dim(FiX<A(’7(1m(M_1)))>) = 1,

since A(ya..(m-1))) is a permutation matrix, and the only element of (A(yq..(m-1))))

which contributes to EAGM(% aiety)) trace(A) is A(ya..ar-1y)™ ™+ = Iny_1. Thus,

dim(Fix(A(ve..m)))) = 1,

from which it follows that dim(Fix(Aj;)) < 1. Hence, any vector u fixed by Aj; must
1-M

1
be in (Fix(A(fy(lm(M_l))») N (FiX<A<’)/(2mM)))>). Thus, v = al = b : for

1
some a, b € R which implies that a = b = 0.

M-uniform solutions are in the fixed point space of Iy, (Theorem 71), which is
isomorphic to Sy;. To apply the theory of chapter 5 to M-uniform solutions of the
gradient flow (3.18) at a bifurcation point (¢*, A*, 5*), one must ascertain the maximal
isotropy subgroups of I'y;. We now find some of these subgroups. In particular, we
show that the M subgroups of I'y,, that are isomorphic to Sy;_1 < Sy, are maximal
isotropy subgroups of I'y;. The representation of these subgroups in I'y is (T}) (see
(6.13)). In fact, these maximal isotropy subgroups of Iy, have fixed point spaces
of dimension 1. We also obtain an explicit basis of the fixed point space for each
subgroup. This derivation is done in two parts, Lemma 100 and Lemma 103.

LEMMA 100. Let Ty be defined as in (6.8). Let T}, be the set of transpositions in I'y
such that the k™ unresolved class in U is fized. (as in (6.13)). Let @y, be a NK x 1
vector such that

(M — 1) if v is the k™ unresolved class of U
[uy), = —v if v # k is any other unresolved class of U (6.56)
0 otherwise

u, = ( %’“ ) (6.57)

where 0 is K x 1. Then (Ty) is the isotropy subgroup of uy. Equivalently, if T}, is the
set of transpositions in Ay, then (Ty) is the isotropy subgroup of A(Yeam)l.

and let
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Proof. First, we show that (T)/) fixes uy. By Algorithm 93 and Lemma 96, the
matrices in (Tys) < I'yy map to each and every one of the (M —1) x (M —1) permutation
matrices, {Ai}gffl)!, in Ay (see (6.45)). It is clear that {A;}, being permutation
matrices, fix 1, an (M — 1) x 1 vector of ones. By Proposition 68, the corresponding
vector which is fixed in ker AL(¢*) by (Ta) < Ty is W1 =S¥ w; = —uy,. Here,
W is the NK x (M — 1) matrix

W = w, wy ... Wy s

and {w;} are defined in (6.23). The group I'y, does not fix uy, since yuys # uyy for
any v € I'yy which does not fix class M. Therefore, since there does not exist a proper
subgroup of Iy, that is strictly larger than (Ty,) (Theorem 77), then (Th/) must be
the isotropy subgroup for u,,.

Let vias be the transposition in I, that permutes class k with class M. Now
apply Proposition 46.3 which assures that vpuy = uy has isotropy subgroup

Yenr (Toa ) Viny-

By Proposition 76.5, the conjugation i (Th) vy, 1\14 simply replaces each permutation
to and from the k™ class in each element of (T);) with permutations to and from the
M class. That is

Yerr (Tar)Viny = (T

REMARK 101. When M = N, uy, as defined in (6.57) is

wy, = (6.58)

where (N — 1)v is in the k™ row.

EXAMPLE 102. Recall the explicit form of the group As in Example 92. The elements
A(m12), A(m3), A(23), given by the 2 x 2 matrices

(?é)(}l _11)7(_11 _01) (6.59)



Figure 13. The lattice of the maximal isotropy subgroups Sy < Sy for N = 4
from Lemma 100 and the corresponding basis vectors of the fixed point spaces of the
corresponding groups from Lemma 100.

in Ajg respectively, are the sole generators of the subgroups (Ty,) = As < As which are
isomorphic to Sy. That is, (T3) = (A(nz2)), (T2) = (A(m3)), and (T1) = (A(723)),
each group of which has order 2. The eigenvectors of each of the matrices of (6.59)

with the eigenvalue 1 are
1 1 —2

respectively, which shows that
dim Fix(A(7y12)) = dim Fix(A(713)) = dim Fix(A(v93)) = 1.

When M = N = 3, the vectors that correspond to (6.60) which are fized in ker AE(q%)
span({wy,ws}) by the corresponding subgroups (y12), (113), and {v3) of T are

v v —2v
v —2v
w +wy = % ,w1—2'w2: v ,-2’[1]1 +wy =

oec e

0 0
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respectively (see Figure 14).

LEMMA 103. Let I'y be defined as in (6.8). Let Ty, be the set of transpositions in I'y
such that the k™ unresolved class in U is fived (as in (6.13)). Then

dim Fix((T;) Nker AL(¢")) = 1.
Equivalently, if Ty, is the set of transpositions in Ay, then dim(Ty) = 1.

Proof. Consider () < Aps. By Algorithm 93, M is fixed, and so (T)y) is a Lie group
of (M —1) x (M —1) permutation matrices. By the Trace Formula (Proposition 46.4),

dim Fix((Ty)) = m > aery) trace(A). Note that the i" row of an element of (1)

contributes to > 4.5, ) trace(A) only when there is a 1 in the i" component of that
row. When there is a 1 in the i component of the i*" row, there are (M —2)! possible
combinations of the other (M — 2) rows. Thus, the first row of the elements of (T),)
is counted (M — 2)! times in ) ,c ., - trace(A), the second row of the elements of
(Tyr) is counted (M — 2)! times, ... , and the (M — 1)% row of the elements of (T))
is counted (M — 2)! times. It follows that >_ , ., , trace(A) = (M — 1)(M — 2)! and

so dim Fix(Ty) = % = 1. Thus Fix(T);) has basis {z} for some z € ML
Now suppose that there exists k such that (7}) is an isotropy subgroup of Ay, for
two vectors z; and x5 in RM~1. By Proposition 76.6, there is a C' € A;; such that
(Tv) = C{Tx)C~*. By Proposition 46.3, (Ty,) is the isotropy subgroup of Cz; and
Cz5 which implies that Cz; = ax and Czy = bx for some nonzero a,b € R. Thus,
xy = Yz, from which it follows that dim(Fix(7})) = 1 for every k. The Lemma now
follows from Proposition 68. O

Two lines of reasoning have been developed to show that (7}) is a maximal
isotropy subgroup of I'y, (or of Aps). The first uses Theorem 77 and Lemma 100.
The second relies on the two previous Lemmas, Lemma 100 and Lemma 103, since
an isotropy group with a fixed point space of dimension 1 is necessarily maximal.

Theorem 71 shows that Fix(I'y) is the vector space of points in RVE+E generated
by the vectors (¢, A\) where ¢ is M-uniform. The final ingredient that is required
to apply the theory of chapter 5 to a bifurcation point (¢*, \*, 3*) when ¢* is an
M-uniform solution is to show that

Fix(I'y) Nker AL(¢") = {0},
which is equivalent to showing that
FiX(AM) = {0}

This section is finished with two proofs which show this. When Assumption 81 is
satisfied, this result already follows from the fact that A,; acts absolutely irreducibly
on RM~1 (Theorem 95) and Propositions 46.5 and 46.6. The next theorem deals with
the solution ¢ 1. It is presented separately because Assumptions 81.3 and 81.4 are
not required.
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Figure 14. Panel (A) shows the full lattice of subgroups Sy < S3 for N = 4 and the
corresponding basis vectors, from Theorem 99 and Lemma 100, of the fixed point
spaces of the corresponding groups. Panel (B) shows the full lattice of subgroups of
Sy, and the corresponding basis vectors, from Lemma 100, of the fixed point spaces
of the corresponding groups.
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PROPOSITION 104. Let (q%, A*, 5%) be some bifurcation point of (3.18) such that As-
sumptions 81.1 and 81.2 hold, and let I' be defined as in (6.5). Then

Fix(T") N ker Aﬁ(q%) = {0}.

Proof. Let k be a (NK + K) x 1 vector in Fix(I") N ker Aﬁ(q%). Decompose k as in
(4.1) and (4.6). Then vk = k for every v € I'. By Remark 86, vk becomes

'yk:<g I?()('“OF):U'SF) Vp € P (see (6.5)).

Hence pkp = kp and so x = x; = x; for every i and j, 1 < i,7 < N. From (4.8),
>, T, =0 from which it follows that ) & = 0 which shows that £ = 0 and so k = 0.
O

The result for an arbitrary M-uniform solution when Assumption 81 is satisfied
is next.

PROPOSITION 105. Let Iy, be defined as in (6.8). Let (¢*, \*, 5*) be some bifurcation
point of (3.18) where q* is M -uniform such that Assumption 81 holds. Then Fix(I'y)N
ker AL(q*) = {0}.

Proof. Let k € Fix(I'y) N ker AL(¢*). Decompose k as in (4.1) and (4.6). Since
k € Fix(I'y), then vk = k for every v € I'y. This and Remark 88 (which we can
apply since Assumption 81.4 holds) imply that

p 0 kr o kr
0 Ix 0o/ \0
= pkr =kr VYp € Py.
Hence, x, = u for some K x 1 vector u for every v € U. Thus (4.8) becomes
Jkp =Y =z, + Mu=0. (6.61)
VvER
Since Assumption 81.4 holds, then Remark 88 also shows that AF(¢*)kr = 0, which

gives

Bu=0

Rz, -0 VveR (6.62)

and so
z,=0 YveR

since R, are nonsingular. O
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Bifurcating Branches from M-uniform Solutions

We have laid the groundwork so that in this section, we finally may present the
main result of this chapter, which is the existence of explicit bifurcating branches from
an M-uniform ¢* at some * and vector of Lagrange multipliers \* (110). To accom-
plish this, the Equivariant Branching Lemma or the Smoller-Wasserman Theorem is
applied to the Liapunov Schmidt reduction r(z, 5) (6.36) of V,,L at a bifurcation
point (g,*, \*, 5*), where V, L defines the dynamical system (3.18)

< ;]\ ) = V‘L/\‘C(Q7 )‘aﬁ)

To satisfy the requirements of these theorems, in the last section, we found some
maximal isotropy subgroups of 'y, and the corresponding elements of ker AL(¢*) in
the fixed point spaces of these subgroups. Equivalently, we have found some maximal
isotropy subgroups of Ay, and the corresponding elements of ¥~ in the fixed point
spaces of these subgroups.

Before getting to the main result, we first prove that degenerate singularities
of AL(q*) (see Definition 25) do not occur on any branch of equilibria (¢*, \*, 3*)
to (3.18) (i.e. not necessarily M-uniform) when D is convex on ker AF(¢*). In
particular, this condition holds when G from (3.2) is strictly concave (Corollary 108).
For the Information Distortion problem (2.34), G = H(Yy|Y') is strictly concave. For
the Information Bottleneck problem (2.35), G = I(Y,Yy) is not strictly concave, and
in chapter 4, we showed that F' is highly degenerate. Thus, this theorem does not
apply to this case.

THEOREM 106. Let ¢* be any stationary point to (3.1) where AD(q*) (defined in
(3.2)) is positive definite on ker AF(q*) and Assumptions 81.2-81.4 hold. Then
(q*, \*, B*) is a singularity of ker AL(q*) if and only if (¢*, \*, 5%) is a bifurcation
point.

Proof. Necessity follows from Theorem 24. To get sufficiency, let r(z, 3) be the Lia-
punov Schmidt reduction from (6.37). By Proposition 46.1 and Theorem 95, we have
that 9,7(0, 3) = ¢(8)Ip—1. The theorem is proved by showing that ¢/(0) # 0. In fact,
we will show that ¢/(0) > 0.

Let dimker A, \L(q*, \*, 3*) = d > 0. By (6.39)

8:,;7”(0, ﬁ) = WTA(]J\[’(Q*? AL B+ ﬂ*)(W + 8wU(07 ﬁ>W) = C(B)IM*L

Choose some arbitrary z € R? and let k = Wz so that k € ker A\ L(q*, \*, 3%).
Multiplying on the left by 2z and on the right by z gives

kA L(q" N B+ B) Inkir + U (0, 8))k = c(B)2" 2
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kr

By Remark 88, k = ( 0

) where kp € ker AF(q*, 5*) Nker J. Thus

* O\ * * £ % . AF *’ + B3 k T
kTAq,Aﬁ(q,>\,ﬁ+ﬁ):(Aq7A£(q,)\,ﬁ+5)k)T:( (4 60 ﬁ)p)
where 0 is K x 1. It follows that

(KFAF(.5+57) 07 ) (v + 207000 )
c(B) = : (6.63)

|21

From (3.2), we rewrite AF(q*, 6+ %) = AG(q*) + (B + 8*)AD(q*) = AG(¢*) +
G*AD(q*) + BAD(q*). Then

kpAF(q" B+ 5%) = (AF(q", B+ 6)kr)" = B(AD(¢")kr)".

Furthermore,

2’2 =2"WTWz = kTk = kT.kp.
So (6.63) becomes

(KFAD() 07 ) (e +0u00.0) ()

() =0 e

Finally, we have that

k

d(B) =
||krp|?
and now (5.41) shows that
KEAD(q)kp
d(0) = (6.64)
||kr||?
Since we are assuming that AD(q*) is positive definite on ker AF'(¢*, 5*), then
kKLAD(q*)kr
d(0) = “E—2 2 5 )
||k r||?
for all kp € ker AF (g%, 5%). O

REMARK 107.

1. Theorem 106 holds if AD(q*) is negative definite on ker J.
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2. FEquation (6.64) can be written as

v By (¢ )v
d(0) = D ,
[v]|?

where v is defined in (6.19), v € U, and B%(q*) is the v'" block of AD(q*).
This shows that ¢'(0) is well defined.

COROLLARY 108. Let ¢* be any stationary point to (3.1) when G (defined in (3.2))
is strictly concave and Assumptions 81.2-81.4 hold. Then (¢*, \*, %) is a singularity
of ker AL(q*) if and only if (¢*, \*, 3*) is a bifurcation point.

Proof. Applying Lemma 90 to (6.64), we see that

yon  KEAD(q¢ )k
c(O)——HkFH2 >0

for all kg € ker AF(q*, 5%). O

REMARK 109. If AD(q*), where D 1is defined in (1.9), is positive definite on
ker AF(q*), as is the case with the Information Distortion problem (2.34), then we
only need assume that (¢*, \*, %) is a singularity point since Theorem 106 assures
that a bifurcation occurs at the singularity.

We have developed enough theory to produce our main result of this chapter,
which is the existence of explicit bifurcating solutions from ¢* at some (* and vector
of Lagrange multipliers \*.

THEOREM 110. Let (¢*, \*, 3*) be a bifurcation point of (3.18) such that Assumption

4q
81 holds. Then there exists M bifurcating solutions, A+ ( g("f) ), where uy,
/8*

is defined in (6.57) for 1 < k < M, each with isotropy group isomorphic to Sy_1.

Proof. Let r(z, ) be the Liapunov-Schmidt reduction as defined in (6.36) which is
Apr-equivariant by Lemma 91.2. By Theorem 95, A;; acts absolutely irreducibly
on ker 0yr(z,3) so that 0,7(0,5) = ¢(3)Ip—1 for some scalar function ¢(3). The
derivative ¢/(0) # 0 by the assumption that (¢*, \*, 5*) is a bifurcation point. By
(5.34) and (6.38), 0,r(0,0) = 0. Lemma 100 shows that (T}) is an isotropy subgroup
in Ay, and Lemma 103 shows that dim Fix(7T}) = 1. Therefore the hypotheses of the
Equivariant Branching Lemma (Theorem 47) are satisfied, whose application, along
with (5.38), proves the theorem. O

When ¢* = q1, we can drop Assumptions 81.3 and 81.4, which state that

B> R,'+4 MIy is nonsingular.
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COROLLARY 111. From a bifurcation at (q%, A5 B%) of (3.18) such that Assumptions

gL
81.1 and 81.2 hold, there exists N bifurcating solutions, )\]Z + ( g(ltk) ), where
/6*

uy, s defined in (6.58) for 1 < k < N, each with isotropy group isomorphic to Sn_1.

Proof. In the proof for Theorem 110, use Theorem 85 instead of Theorem 87 to
ascertain the basis of the kernel of Aﬁ(q%). The corollary then follows without the
hypothesis that B> R, '+ MIj is nonsingular. 0

Using the relationship offered by Theorem 71, then we see that Theorem 110 and
Corollary 111 show that there exists M bifurcating (M — 1)-uniform solutions from
an M-uniform solution branch. This is the following corollary.

COROLLARY 112. Let (q*, \*, %) be a bifurcation of (3.18) such that Assumption 81
holds. Then there exists M bifurcating (M — 1) uniform solutions.

REMARK 113.

1. If AD(q*), where D is defined in (1.9), is positive definite on ker AF(q*), as
is the case with the Information Distortion problem (2.34), then we only need
assume that (q*, \*, 5*) is a singularity point in Theorem 110, and Corollaries
111, since Theorem 106 assures that a bifurcation occurs at the singularity.

2. An alternate proof of Theorem 110 using the Smoller-Wasserman Theorem pro-
ceeds thusly. We can use the same line of reasoning presented in the proof to
Theorem 110, with the exception that we appeal to Theorem 77 and Lemma 100
to show that (Ty,) < Ay is a mazximal isotropy subgroup of uy.

The advantage of using the Smoller-Wasserman Theorem for the proof is that
we get the existence of bifurcating branches for each and every mazimal isotropy
subgroup, not merely the ones where the dimension of the fized point space of
the 1sotropy group is 1.

By Corollary 112, when assuming Assumption 81, then bifurcation on an M-
uniform solution branch guarantees the existence of M bifurcating (M — 1)-uniform
solutions. When M = 3, Theorem 110 assures that three 2-uniform solutions bifurcate
from each of the 3-uniform solution branches. From bifurcation of these 2-uniform
solutions, then Theorem 110 assures that two 1-uniform solutions bifurcate from each
of the 2-uniform solution branches. A l-uniform solution is one that is not fixed by
the action of the full group I'. In other words, by Theorem 71, for every v € I,

~vq # q if and only if ¢ is 1 — uniform.

Thus far we have excluded consideration of the possibility of bifurcation from 1-
uniform solution branches (Assumption 81.1). We now address this scenario. The
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next theorem shows that, under generic assumptions, that 1-uniform solutions do not
bifurcate.

THEOREM 114. Let (¢*, X\, 3) be an equilibria of (3.18) such that q* is 1-uniform and
that Assumptions 81.2 and 81.3 hold. If BY" R, + Ik is nonsingular, then AL(q*)
is nonsingular and there are no bifurcating solutions at (¢*, A, 3).

Proof. The proof to Theorem 87 begins with considering an arbitrary
k € ker A, L L(q%, N, 5),

and then decomposing k as in (4.1) and (4.6). For a 1-uniform solution, dim ker AL(q*)
1 by Assumption 81.2. The proof holds for the case where ¢* is 1-uniform, up until
we get (6.32),

z,=0forveR (6.65)

which holds since we assume that B> R, '+4If is nonsingular. Furthermore, [U/| =1
since ¢* is 1-uniform and so the equation

ZxVJer,,:O

VER neu

from (6.30) becomes
>z, +x,=0 (6.66)
vER

By (6.65) and (6.66), x,, = 0, which implies that k = 0. Since k is an arbitrary
element of ker A, \L(¢*, A, B), then ker A, \L(q*, A, ) = {0} and so A, \L(¢*, A, B) is
nonsingular. Therefore, it follows from Theorem 24 that no bifurcation can occur at

(q*, A, B). O

Bifurcating Branches when M < 4

In this section, we explain the types of bifurcation that the theory predicts when
the number of classes is N = 2,3 and 4.

For the case when N = 2, symmetry breaking bifurcation is possible only along
the 2-uniform solution branch (q% , A, 3). Thus, symmetry breaking bifurcations will
be classical pitchforks [34]: there will be 2 1-uniform bifurcating branches, each with
isotropy group S; (Corollary 111 and Figure 14(B)). In other words, these 1-uniform
solutions have no symmetry. It follows that further symmetry breaking bifurcations
are not possible on either of these 2 1-uniform branches. Furthermore, Theorem 114
shows that, generically, no other type of bifurcation is possible either.
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When N = 3, symmetry breaking bifurcation can occur either on the branch
(q%,)\, B), or on some 2-uniform branch. Thus, from each symmetry breaking bi-
furcation which occurs on the branch (q%, A, 3), the only bifurcating branches with
symmetry are the 3 2-uniform branches (Corollary 111) as depicted in Figure 14(A).
From symmetry breaking bifurcation on each of the 2-uniform branches, 2 1-uniform
solutions will bifurcate, each with isotropy group S; (Theorem 110). Now, further
symmetry breaking bifurcations are impossible on any of the 1-uniform branches.
Furthermore, Theorem 114 shows that, generically, no other type of bifurcation is
possible either.

At symmetry breaking bifurcation when N = 4 along the branch (qi, A, ), Corol-
lary 111 shows that there are 4 3-uniform bifurcating solutions. See Figure 13 for the
group lattice, and for a representation of the quantizers ¢* which have isotropy groups
isomorphic to S3, see panel (1) in Figure 18, and Figures 23(B) and 24. In addition to
these branches, Figure 25 shows the existence of 3 other bifurcating branches which
are "twice” 2-uniform.

As we have seen for N = 3, at a symmetry breaking bifurcation on any of the
3-uniform branches, Theorem 110 shows that there exists 3 2-uniform bifurcating
solutions. See Figure 13 for the group lattice, and to see a representation of the
quantizers ¢* which have isotropy group isomorphic to Ss, see panels (2)—(3) of Figure
18 and panels (2)—(5) of Figure 19. At symmetry breaking bifurcation on each of the
2-uniform branches, Theorem 110 shows that there exists 2 1-uniform bifurcating
solutions. See panel (5) of Figure 18.

Bifurcation Structure of M-uniform Solutions

This section examines the structure of bifurcating branches from M-uniform so-

lutions
(4 )+ +s0), (6.67)

whose existence is guaranteed by Theorem 110, where uy, is defined in (6.57). We
show that bifurcation from an M-uniform solution is always pitchfork-like (Theorem
120). We provide a condition, called the bifurcation discriminator, which ascertains
whether the bifurcating branches are subcritical or supercritical (Theorems 127 and
128). All subcritical bifurcations are unstable (Proposition 55). We also provide
a condition which determines whether supercritical branches are stable or unstable
(Theorem 128). We conclude by determining when unstable bifurcating branches
contain no solutions to (1.9) (Theorem 129).

To apply the tools that we developed earlier in chapter 6, one needs to check that
Assumption 50 holds for (3.18)

< ()]\ ) = v%/\ﬁ((L)\aﬁ)‘
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We provide a condition in the next Lemma, which ascertains when Assumption
50 is met.

LEMMA 115. Suppose that Assumption 81 holds. Then Assumption 50 is satisfied by
the Liapunov-Schmidt reduction r(z,3) as defined in (6.37) if and only if AD(q*) is
positive definite on ker AF(q*).

Proof. Lemma 91.2 shows that r is A-equivariant. Assumption 15.2 on F implies that
r is infinitely differentiable. Theorem 95 shows that A acts absolutely irreducibly on
RM=1 = ker 9,7(0,0) so that 9,7(0,3) = c(8)Iy_1. Condition (6.63) shows that
¢(0) = 0 and condition (6.64),

kel

shows that ¢/(0) > 0 since we are assuming that AD(q*) is positive definite on
ker AF(¢*). Finally, Lemma 103 shows that the isotropy subgroup (T;) < I'y, has a
fixed point space of dimension 1. O

REMARK 116. Condition (6.64) shows that AD(q*) is negative definite on ker AF(q*)
if and only if ¢(0) < 0. In this case, symmetry breaking bifurcations are pitchfork-
like (Theorem 120), and the bifurcation discriminator defined in (6.81) still dictates
whether a bifurcating branch is subcritical or supercritical (Remark 125).

When G from (3.1) and (3.2),

max(G(q) + 8D(q)),

geEA

is strictly concave, as in the case of the Information Distortion problem (2.34), then
the condition in Lemma 115 is satisfied.

COROLLARY 117. Assumption 50 is satisfied by the Liapunov-Schmidt reduction r(x, [3)
as defined in (6.37) when G is strictly concave.

Proof. Lemma 90 shows that AD(¢*) is positive definite on ker AL(g*). O

REMARK 118. One can determine whether or not AD(q*) is positive definite on
ker AL(q*) by applying the argument from Remark 21.2 to the case where Z is the
N K x M matriz with full column rank whose columns span ker AF(q*). Thus, AD(q")
is positive definite on ker AF(q*) if and only if the matriz ZTAD(q*)Z is positive def-
inite on RM

The next theorem shows that the bifurcating solutions (6.67) are pitchfork-like.
Before getting to this result, we first prove a necessary Lemma.
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LEMMA 119. Let D; = 92r;(0,0). If v # n are any two integers between 1 and M —1,
and if neither k nor h are in {n,v}, then the following are true:

1. Y D = (D
2. [Dylix = [Dy]rx
Proof. Since r(z, (3) is A-equivariant, then for every A € A,
Ar(z, B) = r(Azx, 3).

From the Taylor expansion in (6.75), it follows that

r1(z,0) c(0)z; + 2T ATD, Az + O((Ax)?)
) ro(z, 0) c(0)xy + 2T AT Dy Az + O((Az)?)
’I“M_l(.’B, 0) C(O)il?M_l -+ .’L'TATDM_lA.’E + O((Ax)3)

Since the quadratic terms on each side must be equal, we have that

xTDl.’l? xTATDlA.’B
2T Dox 2T AT D, Az
. = . (6.68)
2Dy 1z 2T AT Dy Az

First, we prove part 2. Consider the element A := A(v,,) € A, the (M —1) x
(M — 1) permutation matrix that permutes class v with class 1, where both v and

n are less than M, and all the other classes fixed. We equate the v component on
each side of (6.68) where A = A(7,,)

2" Dix 2T AT D, Az
2" Doz 2T AT D, Az
A : =1 : Ju- (6.69)
2Dy 1z 2TATDy 1 Az

The left hand side of equation (6.69) is
> wmag[Dyly = > Dyl + Y wiai[ Dyl (6.70)
1,] J ,j7#

Now we compute the right hand side of (6.69). Since

T, ifi=n
Az, =<¢ =, ifi=v
x; otherwise
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the right hand side of (6.69) is

(Az)"'D,Ax = ) [Az];[Az];[D,];

= [Az]}[D.)i +2 [Ax);[Az]e[Du)j + Y [Ax]i[Az];[D.);
ik ik gk
= 23 [Dolex + 2> [Az]ze[Dli + Y [Azli[Az];[D.)y;,  (6.71)
ik itk g7k

where the last equality follows if k ¢ {v,n}. Comparing the coefficients of the z7 in
(6.70) and (6.71), we get that

(Dl = [Dy] ek

as long as k ¢ {v,n}, proving part 2.
To get part 1, we now consider A := A(7,ar), the element which permutes class
v # M with class M and leaves all other classes fixed. By Algorithm 93

I, 4 0
A= -1 -1 .. —1
OT [M—l—u

where 0 is a (¥ —1) x (M — 1 —v) matrix of zeros. Computing (6.69) for A = A(y,um)
yields

2Dz 2T AT D, Az
" Doz 2T AT D, Az
[ : k= : Ik (6.72)
' Dy 2T ATDy 1 Az

The left hand side of (6.72) is
—iL‘T Z Dlil? = — Z T Z[DZ]Z] (673)
I i.j ]
Now we compute the right hand side of (6.72). First, observe that
[Ax]i_{—zll'l fi=v -

The right hand side of (6.72) is >, ;[Az];[Az];[D,];; which is equal to
[AZ]2[D)y + 2 [Az];[Az],[D,]; + Y [Az)i[Az];[D,];
e £V, jEY

= (=>_ @)’ D — 2> ;O @)D+ Y mixi[Dy.  (6.74)

l J#v i#V,jFY
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Now, we equate the coefficients of the 22 terms in (6.73) and (6.74), which yields
- Z[Dl]uy = [Du]m/-
l

a
Now, as promised, we use Lemma 119 to prove the desired result. Observe that we
need not assume that ¢/(0) # 0, and so we do not make any assumption on AD(g*).

THEOREM 120. All of the bifurcating branches guaranteed by Theorem 110 and Corol-
lary 111 are pitchfork-like. That is, for each branch, 5'(0) =0

Proof. By Lemma 53, we need to show that < o, 92r(0,0)[zo, o] >= 0, for every z
such that Wz = uy, for some k. In fact, we show that 92r(0,0) = 0. As in (5.21), for
each integer 7 between 1 and M — 1, consider the Taylor series of the i** component
of r, ri(z, ), about x = 0 for fixed g,

ri(x, B) = 7:(0, 8) + 8,7:(0, )Tz + 27 82r; (0, B)x + O(x?).

Equation (5.3) shows that r;(0, 5) = 0, and by Assumption 50.2, d,7;(0, 5) = c(5)e;,
so that
ri(, 8) = c(B)x; +x75r:(0, Bz + O(2?).
Evaluating at 3 = 0 and letting D; be the (M — 1) x (M — 1) matrix 92r;(0,0), we
get
ri(z,0) = c(0)z; + 2" Dz + O(z?). (6.75)

Now we show that the diagonal of D; is identically 0. Equation (6.44) shows that
[D;];; = 0. This and Lemma 119.1 show that

IE3%

for every 1 <v < (M —1). Lemma 119.2 shows that [D;],, = [Dj],, for every ¢ and
j not equal to v. This and (6.76) shows that the diagonal of D; is zero,

[Di]uu - Oa

whenever i # v.
To complete the proof, we again appeal to (6.44) which shows that [D;]u =
[D;],, = 0 for every j, k and [. Thus, D; is identically zero. O

*

As in Definition 51, the orientation of the branch (( g\* ) + tuy, 5 + ﬁ(t))

[

S

determined by the sign of ¢3'(t) for sufficiently small ¢. Theorem 120 shows that
4'(0) = 0, so that by Remark 54.4 we need to consider 3”(0) to determine whether
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a branch is subcritical or supercritical. By Lemma 63 and Corollary 64, 8”(0) de-
pends on < xg,92r(0,0)[zg, Zo, o] >, where zy is the bifurcating direction for so-
lutions to r = 0. That is, Wxy = uy, where uy, defined in (6.57), is the bifur-
cating direction of equilibria of (3.18). We explicitly compute the multilinear form
< 9, 027(0,0)[z0, Zg, o] > in terms of the original problem (3.18) in the next theo-
rem.

THEOREM 121. If Assumption 81 holds, then (zo, 921 (0,0)[zo, xo, Zo]) is equal to
(M? = M)((M? = 3M +3)C — 3G1)

where
0PVl
= 3 L 'pN Ve~
Cl <Uk,8Q£[Uk, - aqysaqyt v ['U]t]>,
<2 = <’U,f['l),'v7'v]>.
The multilinear form < v, f[v,v,v] > denotes
84F<q*7 B*)

<w, flv,v,v] >= Z 3 ], [v]s[v]:[v].,

r,s,t,ucyY

m"aql/saqw aQVu

8%,6 is evaluated at (q*, \*, 3*), Q = < ()1\ ), v is defined in (6.19), uy is the bifur-

cating direction from (6.57), and v is any class in U.

Proof. Assumption 81 is required because we assume the specific basis from The-
orem 87 when decomposing u;, € AL(q*). By definition of the Liapunov Schmidt
reduction (6.36), there exists a u;, € AL(¢*) such that Wz, = u,. By Lemma 66,
(zo, 02r(0,0)[z0, 2o, To]) is equal to

(uk, 8%?(0, 0) [’U,k, Uy, ’U,k] - 3862937(07 0)[Uk, L‘lEGéf(O, 0) [’U,k, ’U,k]]>
Using the definition of F in (6.34), this becomes

(wr, O5L(q7, N, B7) [k, i, wi])
- 3<’U,k, O%E(q*, )\*, ﬁ*)[uk, L‘lEﬁg’QC(q*, )\*, ﬁ*)[’uk,ukm (677)

The first term of (6.77) can be rewritten as
<’&k7 aqqqq ( *7 5*> [ﬁku ﬁ'k; ﬁk]>

using (6.57). The component form is

Z Z aanq L [r]ur (W] 55 [Wr ] [Tr ) o (6.78)

VS wEYN TS tucY Vraq&saqnta(ﬁuu
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. 4 * Q%
Recall that 52 5%5 =01if v # § (see (3.9)), and so % =0 unless v =0 =

n = w. This and (6.56) allow us to simplify (6.78) as

(M-t >

r,s,t,ucyY

> 3qm«3qysaqyt8quu ol el hfol. (6.79)

velU\{u} rs,t,ucy

o] [ls[v]i[v]

an“ aqlw ath aun

where p is the k™™ unresolved class of U and a;}qqu is evaluated at (¢*,5*). Since
o%F o%F h o*F o*F :
= n = for any v U. Sin
8‘11/7‘8‘1115 8ql—b7‘aqM5 ) t e 8quraqVSBQVt8QVu 8qur8qu58qut6quu O a y ) /’l‘ E S Ce

|U| = M, then (6.79) becomes

)Y
aquaquath 8QML

r,s,t,uc€yY

(M —1)"+ (M - 1)) o], [v]s[lifvlu.

Observe that (M — 1)* + (M — 1) = (M? — M)(M? — 3M +2).
Now we consider the second term of (6.77)
—3(uy, 0HL(0,0)[aug,, L™ EOHL(0, 0)[aeg,, up]]).-
In particular, we examine the (NK + K) x 1 vector

9*Vg E
q&rans

L' ERHLO,0)up,u] = L7'E Y Z

6neEYN 1,5€Y

Note that the derivatives with respect to A on the left hand side of (6.80) are ignored
since they are zero. Now, using (6.56) as before, we rewrite (6.80) as

(-1 e -EtE Y 3 PV g

0
6nEYN 1,5€Y q5r Qns

Since (M — 1)+ (M — 1) = M? — M, we are done. 0
REMARK 122. The term

0*v E
-1 Y ve~
<uk7 a@ Uk, E Z aqyraqys ]5]>

in Theorem 121 can not be written in terms of F' due to multiplication by the (NK +
K) x (NK + K) matriz L™'E.

DEFINITION 123. The discriminant of the bifurcating branch,

(( ii ) + tuy, B +ﬁ(t)) ,
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1s defined as

a3 w) = Blu, Ll LEY, 3ol fol.)) (6.81)
—(M?* —3M + 3){(v, f[v,v,v]),

where the derivatives of L are evaluated at (¢*, \*, 5*), and

<, f[v,v,v] Z 8q,,a;};,,s 8qZ (;qw ], [v]s[v]:[v]..

r,s,t,ucyY

We now have the following result.

COROLLARY 124. If AD(q*) is positive definite on ker AF(q*), and if Assumption 81
holds, then sgn(5"(0)) = sgn(C(q", 5", ux))

Proof. Corollary 64 and Theorem 121. O

REMARK 125. If AD(q*) is negative definite on ker AF(q*), then Lemma 63 shows
that

sgn(8"(0)) = —sgn(C(q", 57, ur)).

The following lemma provides a way to compute the discriminant, ((¢*, 5%, ux),
for the Information Distortion problem (2.34), where F' = H(q) + 8D.¢(q).

LEMMA 126. For the Information Distortion problem (2.34), the sign of %
15 equal to

p( ) ( p xzayr xhys)p(xzayt)
57“515 + ﬁ .
a2 (Z p( qVJ Z p(%i, Y5)4v5)?
The sign of the expression aqwaq?j% 15 equal to

Z p(i, Y5)qus)? (> P(Yi)aus)?

Proof. The lemma follows from (2.21),(2.22),(2.24), and (2.25) O
We now present the results for the general case which determine whether a bifur-
cating branch from symmetry breaking bifurcation is subcritical or supercritical.

l/T'

y (me@,yr plws, y)p(ws y)p(wi,y.) p(y»p(ys)p(yt)p(yu))_%m plr)

THEOREM 127. Suppose that Assumption 81 holds and that AD(q*) is positive definite
on ker AF(q*). If ((¢*, B*,ux) < 0, then the bifurcating branch

(4 )+ +s0),

guaranteed by Theorem 110, is subcritical and consists of unstable solutions.



137

Proof. The theorem follows from Lemma 115, Corollary 124, Remark 54.4, and Propo-
sition 55. O

THEOREM 128. Suppose that Assumption 81 holds and that AD(q*) is positive definite
on ker AF(q*). If ((q*, B*,ux) > 0, then the bifurcating branch

(4 )+ +s0),

guaranteed by Theorem 110, is supercritical. Furthermore, if

0(q", 8% u) == (W, 01 — 20 — 05) > 0

m

where

61 — 8212£[Uk, 'U/k, wm]7
O = OpLug, L™ EOYLur, wy)],
05 = OHLlwy, L7 ES)Llug,uy]],

where () = ( ;]\ ), then the branch consists of unstable solutions.

Proof. Lemma 115, Corollary 124 and Remark 54.4 show that the branch is super-

critical. By Theorem 120, we can now invoke Proposition 65. The proof is complete

once we show that Zijm %[ﬂ?o]i[ﬂ:dj is equal to 0(q*, 5%, uy).
sJs 105 m

From (5.46), we have that % is equal to
0L j0Tm

(W, O LIw;, wi,w,,] — LE YO Llw;j,w,,] + 0°Llw;, w,,] + 0 Llw;,w;)])). (6.82)

The theorem now follows from the linearity of each of the multilinear forms in (6.82).
We show this explicitly for the first term. To get > &rm(0,0)

i,5,m m[mO]i[xo]j7 we first
simplify 3, (W, 0*Lw;, wj, wy]) [£0]:[wo];, which is

Z Z a4£rstu[wm]r[wi]s[’wj]t[wm]u[mo]i[xo}f (6.83)
Since
iy = Yl ol and fugl, =l ool (6:5)

then the term (6.83) is (w,,,#;). Using the same observation as in (6.84) for the
second, third and fourth terms of (6.82), the theorem is proved a
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The following Theorem shows that if a bifurcating branch corresponds to an
eigenvalue of AL(¢*) changing from negative to positive, then the branch consists of
stationary points (¢*, 5*) which are not solutions of (1.9). This is a nontrivial result.
In general, if (¢*, \*, 3*) is an equilibrium of (3.18) such that AL(¢*) has a positive
eigenvalue, then ¢* may or may not be a solution to the optimization problem (3.1)
at 3 = 0" (see Remark 27).

THEOREM 129. Suppose that Assumption 81 holds. If

<( i ) + tuy, B* +ﬁ(t)>

s a bifurcating branch, guaranteed by Theorem 110, then wy is an eigenvector of

A,Mﬁ(( ?\* > + tug, 5 + B(t)) for sufficiently small t. Furthermore, if the corre-

sponding eigenvalue is positive, then the branch consists of stationary points which
are not solutions to (3.1).

Proof. By assumption, bifurcation occurs at the M-uniform solution (¢*, A*, 5*) which

is fixed by 'y, and uy = ( ) € ker AL(q*) (see (6.56) and (6.57)). We first show

A

Uk

0

that uy is an eigenvector of A, \L(q* + tug, A, 5+ ((t)) for small t. Let Q = < g\ )

and let
L(Qaﬁ) = vq,)\ﬁ(q* + q, )‘* + )‘76* + ﬁ)

Thus, bifurcation of solutions to

L(Q,3)=0
occurs at (0,0). By Lemma 100, uy is the sole basis vector of Fix(T}), where (T}) < 'y
is isomorphic to Sy;_1. By Lemma 44,

L(tuk’a ﬁ) = h(ta 6)“%

for some scalar function h(¢,3). Taking the derivative of this equation with respect
to t, we get

OQL(tuk, ﬁ)uk = ath(t, ﬁ))uk, (685)

from which it follows that uy is an eigenvector of A, \L(¢* + tug, \*, B + ((t)), with
corresponding eigenvalue
& = 0ih(t, B).
We now show that if £ > 0, then the bifurcating branch consists of stationary
points which are not solutions to (3.1). Using (3.8) and letting AF = AF(¢* +
tuy, 0+ B(t)), we see that (6.85) can be rewritten as

(59 (5)=<(%)
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which shows that
AFd, = &y
Ju, = 0.

Thus, u is an eigenvector of AF(¢* + tuy, 5 + B(t)) with corresponding positive
eigenvalue &, and 4, € ker J. The desired result now follows from Theorem 20. O

The Theory Applied to the Information Bottleneck

For the Information Bottleneck problem (2.35),

r(?eanF(q,ﬁ) = I;IG?ZX(I(Y;YN) + BI(X; Yn)),

Assumptions 81.2 and 81.3 are never satisfied. This is due to the fact that ¢ is always
in the kernel of AF(q,3) for every  (Theorem 43). In particular, this shows that
on the N-uniform solution branch (q%, A, ), we have that the K x 1 vector of %’s,

is in the kernel of each of the identical blocks of AF(q(yn|y), 3) for every (. In this
section, we review some results which deal with this scenario at bifurcation.
Consider any problem of the form (1.9),

r;leég(G(Q) + 3D(q)),

where Assumption 81.2 is replaced by the condition that for B, the blocks of the
Hessian defined in (6.3), then

ker B has dimension 2 with K x 1 basis vectors {v,z}. (6.86)

Suppose that bifurcation of the problem (1.9) occurs at (¢ 1, A*, %) when (6.86) holds.

Observe that all of the blocks of the Hessian AF(q 1 ) are identical, and so Assump-
tions 81.3 and 81.4 are not required. We review the following conditions, which must
hold at (q%, A*, 3*), without proof:

1. The space ker AF(q%) has dimension 2N.

2. The basis of ker AF(q%) is {{vi}¥,, {2}, }, where v; and z; are defined as in
(6.21).

3. The space ker Aﬁ(q%) has dimension 2N — 2.

4. The basis of ker AL(g1) is {w;} where

v; vN - -
(0 )—( 0 ) fori=1,...,.N—1

N
Wi = z z
i—N+1 . N - —
( 0 ) <0 ) fori=N,...,2N —2
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. The group A = Sy, for which the Liapunov-Schmidt reduction r(z, 3) is equiv-
ariant, is a subgroup of the group of all (2N — 2) x (2N — 2) matrices.

. The subspaces span({w; };'}) and span({w; }?"y?}) are invariant subspaces of
ker AL(q 1 ), which shows that ker AL(q 1 ) is not irreducible and that A is not
absolutely irreducible.

. The group (T}) = I'yy < I, which is isomorphic to Sy_1, is a maximal isotropy
subgroup, and it has a two dimensional fixed point space.

. The fixed point space Fix(T}) has basis {ay,by}, where

—v —z
—v —z

a — (N —1)v by — (N —1)z |
—v -z
—v —z
0 0

and (N — 1)v and (N — 1)z are in the k™ row of a;, and by, respectively.
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CHAPTER 7

CONTINUATION

In chapter 6, we developed the theory which gives the existence, as well as the
structure, of bifurcating branches from symmetry breaking bifurcation of M-uniform
solutions. We would like to numerically confirm this theory. To do this, we employed
continuation techniques [6, 26] to analyze the explicit behavior of the equilibria of the
dynamical system (3.18)

(1) =)

for the Information Distortion problem. Continuation techniques are numerical meth-
ods for tracking equilibria of a general dynamical system (3.15),

z = w(zaﬁ)a

by constructing a sequence of equilibria {(zy,8;)} which reside on some solution
branch. The scalar § € R is considered a continuation parameter. This is analogous
to the scenario when using Algorithm 1 to solve (1.9), where § could be interpreted
as an annealing parameter.

Recall that equilibria (z*, 3) of (3.15) satisfy

Uz, ) =0.

If (xx, Bx) is some equilibrium on some branch, then continuation techniques compute
the vector tangent to the curve ¢ (z, ) = 0 to give an initial guess (:I:,(ﬂl, 51(321) for
Newton’s method, which computes the equilibrium (1, Gx+1) on the same branch
as (zy, Bx) for some [i1 1 close to B. If bifurcation is detected, then one might choose
to continue along some particular bifurcating branch. This is effected by a branch
switch.

Parameter Continuation

Parameter continuation is the simplest type of continuation, an algorithm for
which is given at the end of this section (Algorithm 130). It uses the tangent vector

Opy—1 at (Ty—1, Bk—1) to compute an initial guess (x,(co), By) for the equilibrium (zy, [x)

by setting
( x](fo) ) _ ( Tp_ 1+ Aﬁ@gxk,1 ) (71)
B Br—1+ApB
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Figure 15. Conceptual figure depicting continuation along the curve V,,L(g, A, ) =
0. From the point (q,(ﬁzl,/\,(g(lzl,ﬁ,(ﬁzl), the dashed line indicates the path taken by
parameter continuation. The dotted line indicates the path taken by pseudoarclength
continuation as the points {(qu )\,(Ql, ﬁ,@rl)}l converge to (qr41, Met1, ksl )

for some A > 0. Given this guess, Newton’s method is used to determine (zy, f).
Thus, Gy is kept fixed as we search for z; (see Figure 15).

We proceed by showing how to compute the vector, sz, which is tangent to the
curve ¢ (z, 3) = 0 at the equilibrium (zy, 5x) when 0,1 (2, fx) is nonsingular. By the
Implicit Function Theorem, we can take the total derivative of ¢ = 0 with respect to
(3, which shows that

0

so that
Ouh(, §)0pz(0) + st (x, 5) = 0. (7.2)
Thus, the tangent vector at an equilibrium (zy, Gx) is found by solving

Oz Y(Th, Br)0px(Br) = —0ptp (T, Br.) (7.3)

which shows that
sz (Br) = —Oth(z, Br) ' Optb (i, Bre)-

In practice, the tangent vector
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is found by solving (7.3).

Newton’s method is used to find the next equilibrium (zy, fx) since this method
is not dependent on the stability of (zy, 8x). Newton’s method can be used to find
solutions of any equation

Uiz, 0) =0

by considering a sequence of linear approximations {@ZA)Z} to 1, and determining the
solutions of

for each of these. By Taylor’s Theorem, the linear approximation of 1) about :1:,(;) for
a fixed 3 is A ' ' .
Uile, 8) = 0(xy), B) (@ — =) + vz}, B).

Thus, the solution, z,(fﬂ), of zZAJ =0 at (3, is found by solving

0 (@), B) (@ Y —2)) = —u (), By). (7.5)

In this way, if 811/1(:1:,(5), Bx) is nonsingular for each ¢, and if x,go) is sufficiently close to

Ty, then [6]

lim :1:,(;) — X.

1—00

We conclude the previous discussion with the following algorithm.

ALGORITHM 130 (PARAMETER CONTINUATION). [6, 26] Suppose that (zq,3) is a
given equilibria to (3.15). Let AB > 0. For k > 0, iterate the following steps until
Or = B for some B > 0.

1. Find the tangent vector Oszy, from (7.4) by solving (7.3).
2. Get the initial guess m,(gzl for xy 1 from (7.1) and set Bri1 = PBr + AS.
3. Find the equilibrium zp,q using the initial guess :1:,(321 by iterating Newton’s

method (7.5), giving {"”5@21}1 — Ty

Pseudoarclength Continuation

This method, due to Keller [39], uses Newton’s method to find the next equilib-
rium (z, Ox) by allowing both 2 and [ to vary. The explicit algorithm is given at the
end of this section (Algorithm 131). The advantage of this approach is twofold. First,
the step size in 8, AByi1 = Bry1 — Bk, changes depending on the ”steepness” of the
curve Y (zy, Br) = 0. Secondly, since [ is varying, this method allows for continuation
of equilibria around a saddle-node bifurcation (see Figure 15).
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Pseudoarclength continuation works in two steps. First, we parameterize £ and
(# with respect to some variable s, so that the tangent vector to ¢» = 0 at (zy, fk),

( gszk ), is found by taking the total derivative as in (7.2),
sMk

Oz (X, Br)0sx (1) + Opt(, Br) 05 8(sk) = 0, (7.6)

and solving for 0sx(s;) when the scalar d;5(s;) = 1. Thus, we determine sz (sy) as
in (7.3)

eV (T, Br) 05z (s1) = —0ptb (T, By)- (7.7)

Setting 0s((sx) = 1 is justified by the following argument. If we set (’95[3(sk) =a#0,
then 0, (sy,) = —adpt)(zk, Br) " 0pb(zk, Br) = adsz(si). Thus,

(o) =3 (55

Therefore, these vectors are equivalent up to a scaling factor, which we may ignore
since we will normalize in (7.9).

In order that subsequent tangent vectors { ( (93:1:1(3k) ) , ( 85$(f k1) ) } always
k

have the same orientation, if we let

A () e

then we require that

O <

o]
IA
o] 3

Thus, the normalized tangent vector (9,zf 9s06,)" at (zx, k) which has the same
orientation as (9,x(s;)T 1)T which we will use in all of computations that follow is

()

Now we see that the initial guess for (21, Oky1) given an equilibrium (zy, G ) is

(0)
Tiy | _ [ T+ dOay ) 710
( ﬁ,(fgl ) ( Br + dOs By (7.10)

for some
d> 0. (7.11)

The second step of the pseudoarclength method finds the next equilibrium (21, Gx+1)
using (7.10) by creating a sequence of points, {(a:,(;)rl, 5,&21)},, that converge to (Zg11, Bri1)
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(@)
such that the norm of the projection of the vector mk“ Tk onto ( 052 ) for
k+1 — Bk s

every i is always d from (7.11). To effect this constraint, we use the fact that the
projection of a vector w onto a vector v is given by [65]

_ wlv
proj, (w) = W”

from which it follows that

[proj, (w)]| =
° Ill”

(%)
T — Ty
HPTOJ(ax 9s0) kH |=d
ﬂk-{-l 614

for every ¢ if and only if

Thus

N (V) Ty
Pl o) = (T ( ST ) —d 7.12
since || ( gsgk ) | =1 by (7.9). So now we have the vector function
sMk
_( ¥&p0)
U(z, ) := ( Plz.8) —d (7.13)

for which we are interested in solutions to ¥ = 0 for some d > 0.
We use Newton’s method to solve ¥ = 0 as in (7.5), but now we must differentiate

U with respect to the vector < r

B
(x,(f’l), 5,(:“)) given (z,ﬁi), Bl(f)) by solving

. . z®
oeovial 2 ((5) - (%)) - -viat
k

for £ and 3, which is equivalent to solving

Oy (z, B awm, >>) (w)_ z) \\ _ w<x§§), ;i“)

We conclude the previous discussion with the following algorithm.

), which we write as 0, 3¥. Hence, one can find

ALGORITHM 131 (PSEUDOARCLENGTH CONTINUATION). [6, 26] Suppose that (o, (o)
is a given equilibria to (3.15). For k > 0, iterate the following steps until By = B for
some B > 0.
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1. Find the tangent vector (0,xF 0,0:)T by solving (7.7), and then normalize as
in (7.9).

2. Get the initial guess (xgl,ﬁ,gl) from (7.10).

3. Find the equilibrium (i1, Bry1) using the initial guess (.7:,(31, 6,821) by iterating
Newton’s method (7.14), giving {(:z:l(j}rl, 6,&21)}2 — (Trt1, Prr1)-

REMARK 132. We have used an algorithm, which is a simple merger of the parameter
and pseudoarclength continuation methods, which we call tangent continuation. Using
tangent continuation, the tangent vector and the initial guess are found by steps 1-2
as in pseudoarclength continuation (Algorithm 131), and i is found as in step 3 in
parameter continuation (Algorithm 130).

Branch Switching

Suppose that a symmetry breaking bifurcation has been located at the equilibria

(z*, 5*) of (3.15)
T =(z,f)

such that the assumptions of the Equivariant Branching Lemma (Theorem 47) are
satisfied. To proceed, one can use the explicit form of the bifurcating direction, u,
to search for a bifurcating solution of interest, say (Zxi1, k1), whose existence is
guaranteed by Theorem 47. As an initial guess for zp,;, we implement a branch
switch

:1:,(321 =" + du. (7.15)

Now, either Parameter, Tangent (Remark 132), or Pseudoarclength continuation can
be used to create a sequence {(:1:,(511, ﬁ,ﬁﬁl)} which converges to (Zg11, Okr1)-

Continuation of the Gradient Flow

We now show how to apply Algorithms 130 and 131 to the gradient flow (3.18)

(1) =Tt

when A, L is nonsingular. We use Algorithm 131 to provide the numerical results at
the end of this chapter. To determine the tangent vector in step 1 of either algorithm,
one needs to solve a matrix equation of the form

Ds
A AL(qr, M\, Br) ( P g\ti)) ) = =08V g\ L(q, A, Br)-
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Thus, by (3.4) and (3.6), the normalized tangent vector, (9,qF O,\E 0,0:)7, to the
curve V, 2L =0 at (¢f A)T which preserves orientation is found by solving

AgAL(qr, ks Br) ( giii’,ﬂ ) = - ( VDO(Q’“> ) (7.16)

and then normalizing as in (7.9). This shows that

5’3% asq(Sk)
)= e Alsi) (7.17)
s VI0sqrl]? + [[0sAk]]? + 1 )
where
95q(sk) 05z (s5_1)
9 = 4 as)\(sk’) ) 88)\(Sk_1) (718)
1 1
as in (7.8).

REMARK 133. Equation (3.8) shows that (7.16) can be written as

AF(q,3) J* Osq(se) \ _ _ ( VD(a)
J 0 OsA(sk) 0
which shows that the vector 0,qi, € ker J, where J is the Jacobian of the constraints
from (3.7).

To begin any continuation algorithm, one needs a starting point (go, Ao, o) at
k = 0. To find this initial equilibrium , we consider the case where ¢y = ¢1 and
Bo = 0, as in the case for the Information Distortion and the Information Bottleneck
cost functions (2.34) and (2.35) respectively. First, we decompose

g1
VFE(q,B) = g:Q :
gn
for some K x 1 vectors {g,}. By (3.5), we see that at any equilibrium (¢*, \*, 3),
A =gy

for any v € Vy. In other words,
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and in particular,

for some K x 1 vector g. Thus, the vector of Lagrange multipliers corresponding to
(q%a O) is

As we will see in the numerical analysis section of this chapter, there are many
saddle-node bifurcations of equilibria of (3.18). Thus, it is imperative to track equi-
libria by implementing pseudoarclength continuation which can navigate about such
structures. We now give the Jacobian necessary to implement the Newton step (7.14)
of Algorithm 131:

Varli \ AL VD(q)
aq’w( Pi_d ) = ( (0] 0N 0.3 ) (7.20)

where the notation f} for a function f(g, A, 3) indicates f (q,(f), /\Ej), 6,?)).

As we use a continuation method to create a sequence of equilibria {(qx, A\, k) }
along a solution branch of (3.18), it is possible that bifurcation of equilibria occurs at
some (¢*, \*, 3*) for some B* € (O, Br+1) (or in (Bri1, Ok), if Bk > Bri1, such as when
continuing along a subcritical branch of equilibria). To determine whether a symme-
try breaking bifurcation has occurred from an M-uniform solution, we assume that
Assumption 81 holds, and rely on Corollary 89. Thus, we detect for symmetry break-
ing bifurcation by comparing the determinant of an unresolved block of AF (g, Ok)
with the determinant of an unresolved block of AF(qxi1,Ok+1). This is important
computationally, because we have reduced the problem of taking the determinant of
the (NK + K) x (NK + K) Hessian A, )L, to that of taking the determinant of a
K x K block of AF. If a bifurcation is detected, then one can use the explicit form of
the bifurcating directions, {u,,}}_, from (6.57) to search for the bifurcating solution
of interest, say (qrt1, Aet1, Orr1), Whose existence is guaranteed by Theorem 110 and
Corollary 111. To do this, let v = u,, for some m < M, then implement a branch

switch as in (7.15)
(0)
Qk;+1 _<Qk)+du
A =
( /\53421 > Ak

for some d > 0. Knowledge of the explicit bifurcating directions is important compu-
tationally because, in practice, attempting to find equilibria after a bifurcation can
incur significant computational cost [6, 29, 61].

In chapter 9, we apply these ideas to Algorithm 1 which gives a numerical algo-
rithm (Algorithm 157) to find solutions of the problem (1.9).
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1.038706e+-000

1.133929e4-000

1.390994e+-000

4.287662e4-000

5.413846e+000

3.112109e+001

4.629049e+001

3.827861e+002

5.961492e+002

7.165659e+003

1.010679e+-004

1.866824e4-005

2.052584e+005

4.683332e4-006

6.366756e+006

Table 2. Bifurcation Location: Theorem 80 is used to determine the  values where
bifurcations can occur from (q%, () when AG(q%) is nonsingular. Using Corollary
111 and Remark 113.1 for the Information Distortion problem (2.34), we predict
bifurcation from the branch (qi,ﬂ), at each of the 15 [ values given in this table.

N 2 3 4 5 6

C(qx, B, ux) | 6.04393¢-4 | -5.06425e+1 | -5.40219e+2 | -2.53231e+3 | -8.10344e+3

Table 3. The bifurcation discriminator: Numerical evaluations of the bifurca-
tion discriminator C(q%,ﬁ* ~ 1.038706,u;) (6.81) as a function of N for the four
blob problem (see Figure la) when F' is defined as in (2.34). We interpret that
¢ (q%, 1.038706,u;) = 0. Thus, further analysis is required to determine whether
the bifurcating branches guaranteed by Theorem 110 are supercritical or subcritical
(numerical evidence indicates that the branches in this case are supercritical). For
N = 3,4,5 and 6, we have that C(q%, [*,ui) < 0, predicting that bifurcating branches
from q1 are subcritical and unstable in these cases (Theorem 127).

Numerical Results

We created software in MATLAB which implemented pseudoarclength continu-
ation (Algorithm 131) to numerically confirm the bifurcation structure guaranteed
by the theory of chapter 6. All of the results presented here are for the Information
Distortion problem (2.34),

max(H (q) + BD.ss(q))

geA

and for the Four Blob Problem introduced in chapter 1 and Figure 1.

When AG(qp) is nonsingular, Theorem 80 determines the 3 values at which sin-
gularity occurs on the branch of equilibria (g, A*, 3) of (3.18). In Table 2, we com-
pute the location of singularities from the solution branch (q%, A, B) of (3.18). Since
G = H(Yy|Y) is strictly concave, then Corollary 111 and Remark 113.1 predict sym-
metry breaking bifurcation from (g 1, (3*) for every 3* value in Table 2.

Theorem 127 shows that the bifurcation discriminator, ((q*, 3*,uy), can deter-
mine whether the bifurcating branches guaranteed by Theorem 110 are subcritical
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Subcritical Bifurcating Branch for F:H(YN|Y)+[3 I(X;YN) from uniform solution Ay for N=4

3 T T T LT
25 e i
2F i
=
S5 .
=
1 i
05 b
+  Local Maximum
O Stationary Solution
O Il . T 'S
1.034 1.036 1.038 1.04 1.042 1.044 1.046 1.048 1.05
B
Figure 16. [54] The subcritical bifurcation from the 4-uniform solution

(q%,ﬁ* ~ 1.038706) to a 3-uniform solution branch as predicted by the fact that
¢ (q%, 1.038706,u;) < 0. Here, the bifurcation diagram is shown with respect to
g™ — qL ||. It is at the saddle node that this 3-uniform branch changes from being a
stationary point to a local solution of the problem (2.34).

(¢ < 0) or supercritical (¢ > 0). The numerical results obtained by calculating
C(q%,ﬁ*,uk) for N = 2,3,4,5 and 6 at 8* ~ 1.038706 are shown in Table 3. The
subcritical bifurcation predicted by the discriminator for the Information Distortion
problem (2.34) at §* ~ 1.038706 is shown in Figures 16 and 17.

The Figures 16-24 show numerical confirmation of symmetry breaking bifurcation
from Sy to Sy 1 for N = 4 and M € {1,2,3,4}, as guaranteed by Theorem 110
and Corollary 111. We have used both the mutual information /(X;Yy) and the
norm ||¢* — qr | as the vertical axis in the bifurcation diagrams. Figure 20 shows a
comparison of the observed bifurcation structure given in Figure 3 (triangles), and
the actual bifurcation structure given in Figures 18 and 19 (dots). Observe the shift
in 3, which we explain in Remark 152.

Figure 25 is numerical confirmation of symmetry breaking bifurcation from Sy
to the subgroups (7*) < Sy when N = 4 and 7 is an element of order N in Sy, as
guaranteed by Theorem 77.
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Figure 17. At symmetry breaking bifurcation from (qi, g* ~ 1.038706),
dim ker AF(q%) = 4 and dim ker Aﬁ(q%) = 3 as predicted by Theorem 85. Along the
subcritical branch, shown here with respect to the mutual information I(X, Yy), one
eigenvalue of AF'(q*) is positive. The (first) block of AF(¢*), which by necessity also
has a positive eigenvalue, is the resolved block of AF(g*). Observe the saddle-node
at 0 ~ 1.037485, where AL(q") is singular, but where AF(¢*) is nonsingular. Later
on, however, (at the asterisk) the single positive eigenvalue of AF(q*) crosses again,
which does not correspond to a singularity of AL(g*).
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Figure 18. Actual bifurcation structure of M-uniform solutions for (2.34) when
N = 4. Figure 3 showed an incomplete bifurcation structure for this same sce-
nario. Observe that Figure 17 is a closeup of the subcritical branch which bifurcates
from (¢*, \*,1.038706). Symmetry breaking bifurcation from the 4-uniform branch
(q 1, A, 1.038706), to the 3-uniform branch whose quantizer is shown in panel (1), to
the 2-uniform branch whose quantizer is shown in panels (2) and (3), and finally, to
the 1-uniform solution branch whose quantizer is shown in panels (4) and (5).

1.5F b
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—
\L\\

* |
i

_J
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Figure 19. Symmetry breaking bifurcation from the 4-uniform branch
(q%,)\, 1.038706), as in Figure 18, but now we investigate the bottom 2-uniform
branch, panels (2)-(5).
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Bifurcation diagram of equilibria of the information distortion.
1.8 T T T T

14

12

106:Y,)

0.8

0.6 A c i

0.2 : |

Figure 20. Comparison of the observed bifurcation structure from the 4-uniform
branch given in Figure 3 (triangles), and the actual bifurcation structure given in
Figures 18 and 19 (dots) when N = 4 for the Four Blob problem. Qualitatively,
the bifurcation structure is the same, except for the shift in £, which we explain in
Remark 152.
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Figure 21. A close up, from Figure 18, of the 2-uniform branch which connects the 3
uniform branch below to the 1-uniform solution above. The bifurcating branch from
symmetry breaking bifurcation of the 3 uniform solution is subcritical (see Figure 22),
and an eigenvalue of AF(¢*) becomes positive. As we saw in Figure 17, this positive
eigenvalue of AF'(q*) crosses back at the asterisk shown, which does not correspond
to a singularity of AL(g*).

In each of the Figures 16-24, a ”*” indicates a singularity point of AF(¢*), and
a square indicates a singularity point of AL(qg*). These pictures show that there are
points where both AL(¢*) and AF(q*) are singular (at symmetry breaking bifurca-
tions), points where just AF'(q*) is singular (explained by Theorem 114), and points
where just AL(q*) is singular (at the saddle-node bifurcations). These three types of
singularities are depicted in Figure 12.
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Figure 22. Panel (A) shows a close up, from Figure 18, of the subcritical bifurcation
from the 3-uniform branch to the 2-uniform branch. Observe that at the saddle node,
which occurs at § ~ 1.1254, only AL(q*) is singular. In panel (B), we show a close
up, from Figure 18, where the 1-uniform branch bifurcates from symmetry breaking
bifurcation of the 2-uniform solution. It is not clear whether this branch is subcritical
or supercritical.
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Figure 23. Panel (A) is a log-log plot of 3-uniform branches, some of which
are shown in Figure 20, which bifurcate from the qL branch at the 3 values
{1.133929, 1.390994, 4.287662, 5.413846, 31.12109, 46.29049} shown in Table 2. Panel
(B) shows some of the particular quantizers along the 3-uniform branches which bi-
furcate from (q%, 1.133929) and (q%, 1.390994).
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Figure 24. In panel (A) we show a 3-uniform branch, from Figure 23, which
bifurcates from (g 1,4.28766) and some of the particular quantizers. Panel (B)
shows the 3-uniform solutions, from Figure 23, which bifurcate from gq 1 when

(3 € {5.413846,31.12109, 46.29049}, and some of the associated quantizers as well.
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Figure 25. Bifurcating branches from the 4-uniform solution branch at the values
B € {1.038706, 1.133929,1.390994} in addition to those explained by Theorem 110.
when NV = 4. The isotropy group for all of the solution branches shown is (v(12), ¥(34))
which is isomorphic to Sy x S;. This group fixes the quantizers which are ”twice”
2-uniform: 2-uniform on the classes #; = {1,2}, and 2-uniform on the classes Uy =

{3,4}.
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CHAPTER 8

SADDLE-NODE BIFURCATION

This chapter examines bifurcations, which are not symmetry breaking bifurca-
tions, in the bifurcation structure of equilibria of (3.18),

(1) =Tucarn.

We show that generically, these types of bifurcations are saddle-node bifurcations,
which we confirmed numerically in chapter 7.

We will call bifurcations which are not symmetry breaking bifurcations non-
symmetry breaking bifurcations. We derive an explicit basis of ker A, £ at non-
symmetry breaking bifurcations. We also show necessary and sufficient conditions for
the existence of a saddle-node bifurcation.

Suppose that a bifurcation of equilibria of (3.18) occurs at (¢*, \*, %), with a

*

bifurcating branch (( f]\* ) +u(t), 5" + ﬁ(t)) . Furthermore, let n(3) be the number
of equilibria of (3.18). We use the following definition for a saddle-node bifurcation.
DEFINITION 134. A bifurcation at (¢*, \*, 5*) is a saddle-node bifurcation if 5'(0) = 0,

n(0*) =1, and if either
n(ﬁ):{ 0 forp<p*

2 for B> p*

. 0 forf>p
or 0 > (O*

n(ﬁ):{2 for B < B*

Let the K x K matrices B and {R,},er be defined as in (6.3) and (6.4). We
assume that generically, only one of the matrices B, {R,},er, or BY. R;' 4+ Mk
is singular at a given point (¢, 3) € A x R (see Definition 40 and Remark 41).

Kernel of the Hessian at Non-symmetry Breaking Bifurcation

The Hessian A, )L plays a pivotal role in determining the bifurcation structure of
M -uniform equilibria (¢*, \*, 3) of (3.18) since bifurcation at # = * happens when
ker A, 2 L(q*, \*, 5*) is nontrivial (Theorem 24). Furthermore, as we have seen in
chapter 6 for symmetry breaking bifurcation, the bifurcating branches are tangent to
certain linear subspaces of ker A, \L(¢*, A*, 5*) (Theorem 110). Theorems 36 and 114,
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and Corollary 89, show that the Hessian AF plays a part in predicting bifurcation
as well (see Figure 12). In this section, we examine the singularities of A, L and
AF which give rise to non-symmetry breaking bifurcations, which we observed as
saddle-node bifurcations in chapter 7.

We begin by deriving an explicit basis for ker AL(¢*) when AF(¢*) is nonsingular.
Theorem 139 shows that, under the genericity assumption given in Remark 41, this is
the basis for ker AL(¢*) at a non-symmetry breaking bifurcation. The next theorem
was presented in chapter 4 as Theorem 39.

THEOREM 135. Suppose that AF(q*) is nonsingular. Then Ay L is singular if and
only if BY. R,'+ Ml is singular.

The next two lemmas prove this theorem. Lemma 136 gives a basis of ker A,y L
with respect to the matrix Y R, 'B+ MIy. Lemma 137 relates this result with the
matrix BY. R;'+ Mg

LEMMA 136. Suppose that AF(q*) is nonsingular. Then A, L is singular if and only

if Y., R,'B 4+ Mg is singular. Furthermore, v is in the kernel of Y. R,;'B+ My
if and only if k is in the kernel of AL(q*) where

() e

[I;:] B R;1Bv  ifn is the v resolved class of R
T v otherwise (i.e. if n € U) '

and

(8.2)

Proof. We first prove sufficiency. Let v € ker(>. R,'B + MIy). Constructing a
vector k as in (8.1) and (8.2), and rewriting AL(¢*) as in (3.8), we see that

AL = < AJF {)T ) ( _1;;” ) _ ( AF(q*)ik— JT By ) C 63)

which is the left hand side of (4.2). Multiplying out (8.3) (see (4.7) and (4.8)), we
see that

Bv Bv
R Bv Bv

( AF(¢)k — JT By ) B | I I
Tk Bv Bv

(3, R;'B + M 0
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To prove necessity, let k € ker AL(¢*) and decompose it as in (4.1) and (4.6).
Then by (4.7) we have

lel kJ
Bg$2 - kJ
BNmN kJ

This equation implies

Bz, = —k;fornecl
Rx,=—k;forveR

Since AF(q*) is nonsingular, then
z,=x=—-Bk; (8.4)
for every n € U, from which it follows that

r, = R,'Br (8.5)

for every v € R. This shows that if k € ker AL(¢*), then it has the form specified by
(8.1) and (8.2) for some vector z € RX. To show that = € ker(>", R; ' B + MIx), we
use the relationship (4.8),

Z z, =0,

HEYN

Zmy—%z% =0,

VER neu

which implies that

and so (8.4) and (8.5) give

> R'Bx+> z=> R,'Bx+Mz=0

VvER neu VER

which shows that z is in the kernel of Y, R; ' B + M. O

The previous lemma explicitly considered the matrix ), R; 'B 4+ MIg. To
rephrase the result of Lemma 136 in terms of B) ., R, 'y M Iy, we prove the following
lemma.

LEMMA 137. Suppose that AF(q*) is nonsingular. Then Y. R7'B+ Ml is singular
with a single basis vector v if and only if B, R;7' 4+ Mg is singular with a single
basis vector x = Buv.
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Proof. Let v be the basis vector for ker(>", Ry ' B + MIg). Then
O _R7'B+ Mg =0
& O R'+MB)Bv=0

& (BY Ry'+MIx)Bv =0.

To show that Bw is the basis vector of By, R; '+ M I, consider some z € ker(B Y, R; '+
M k). Then

(BY R'+ MIg)z =0
& B()_R7'+MB )z =0

& (Q_R'B+M)B 'z =0.

Thus, B~'z € ker(3., R;'B + MI). Since v is the basis vector of ker(>", Ry 'B +
MIy), then v = ¢B™'z for some ¢ € R, which shows that Bv is a basis vector for
ker(BY ), Ry ' + MI). O

Necessary Conditions

We are ready to prove some necessary conditions which must be satisfied gener-
ically at a non-symmetry breaking bifurcation of an M-uniform solution, which in-
cludes saddle-node bifurcations. The next theorem shows that AF(q¢*) is generically
nonsingular at a bifurcation which is not symmetry breaking.

THEOREM 138. At a non-symmetry breaking bifurcation of an M -uniform solution
(q*, \*, B%), AF(q*) is generically nonsingular.

Proof. 1t AF(q*) is singular, then, generically, either R, is singular for some resolved
block of AF(q*), or the unresolved block B of AF(q*) is singular. If the former
holds, then generically, B, R;” '+ M I is nonsingular, and now Theorem 114 shows
that AL(q*) is nonsingular, which is impossible since we assume that we are at a
bifurcation. If B is singular, then generically, B> . R, '+ M Ik is nonsingular, which
we showed in chapter 6 leads to symmetry breaking bifurcation (Theorem 110 and
Corollary 111). Thus, we must have that AF(¢*) is nonsingular. O

The next theorem shows that, generically, the kernel of AL(¢*) at a non-symmetry
breaking bifurcation has dimension 1. Thus, we are able to give an explicit bifurcating
direction.
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THEOREM 139. At a generic non-symmetry breaking bifurcation (¢*, \*, 5*) of an M -
uniform solution, dimker AL(q*) = 1 and the bifurcating direction w is given by

u — u
o —Bv )’

@), — R;'Bv  ifn is the v resolved class of R
(C v otherwise (i.e. if n € U) ’

where

and v is in the kernel of Y., R,;'B + M.

Proof. By genericity, we can apply by Theorem 138, and Lemmas 136 and 137, show-
ing that dimker AL(¢*) = 1. Since bifurcating directions are in ker AL(¢*) (see
(5.35)), then the basis vector given in Lemma 136 must be the bifurcating direction.
O

At a non-symmetry breaking bifurcation, the whole kernel of AL(¢*) is fixed by
the isotropy group of (¢*, \*, 3*).

THEOREM 140. At a generic non-symmetry breaking bifurcation (¢*, \*, 3*) of an M -
uniform solution, Fix(I'y) Nker AL(q*) = ker AL(q*).

Proof. By genericity, we can apply Theorem 138 and Lemma 136 to get the explicit

form of k, the basis vector of AL(q*), from (8.1) and (8.2). The desired result now
follows by Theorem 71 and the definition of the group I'y, from (6.8). O

A Sufficient Condition

In this section we provide a sufficient condition for the existence of saddle-node
bifurcations. Observe that the first assumption given in the following theorem is
satisfied generically at any non-symmetry breaking bifurcation (Theorem 139), and
that the second assumption is a crossing condition.

THEOREM 141. Suppose that (¢*, \*, %) is a bifurcation point of (3.18) such that:

1. The dimension of ker A, \L(q*, \*, 3*) is 1 with basis vector k.

2. The dot product < k, ( VDO(q ) > > #£0.

Then (g*, \*, 5%) is a saddle-node bifurcation.
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Proof. Since dimker A, yL(q*, \*, *) = 1, then a bifurcating branch must be of the

o (( i ) +tu, B + 5(75))

for u € ker Ay L(g*, \*, *). We prove the theorem by showing that §'(0) = 0 and
that the number of equilibria, n(3), changes from 0 to 2 about bifurcation at § = 3*
(see Definition 134).

Since we have chosen k as the single basis vector of ker A, \L(g*, \*, 5*), then

’U,:.I'Qk

for some nonzero scalar xo € R. Furthermore, by definition of the Liapunov-Schmidt
reduction given in (5.36), we have that

r(z,8) = kT(I — E)F(kx + U(kx, ), ) (8.6)
r : RxR-NR,
where F(q, A\, 3) = Vo L(q + ¢, N+ X, 5+ () and ¢ = kx + U(kz, 3). Thus,
r(tzo, B) = h(t, B)zo (8.7)

for some scalar function h(t, 3). From (8.6) we have that (0,0) = 0, and now (8.7)
implies that

h(0,0) = 0. (8.8)
From (8.7) we see that Osr(tz, 5) = dsh(t, 5)zo from which it follows that
057(0,0) = 93h(0,0)z.
To show that dgh(0,0) # 0, we appeal to equations (5.39) and (8.6), which show that
957(0,0) = kT(I — E)9sV AL(q*, N\, 3%)

_ g7 ( VDO(Q*) ) 7

where the last equality follows from the fact that 95V, £ = (VDT 07)7 and that
<k,(I —E)V >=<k,V > for any vector V since k L EV. By the assumption that
<k, < VDO(q ) > # 0, we have that dzh(0,0) # 0. This and (8.8) show that the

Implicit Function Theorem can be applied to solve

h(t,3) =0 (8.9)

uniquely in R for § = §(t) about (t = 0,5 = 0). Thus, there is only one bifurcating
branch in ker A, \L(q*, \*, %) for small ¢

(( i ) +tu,ﬁ*+ﬁ(t)) .
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Thus, n(4) must change from 0 to 2 about bifurcation at § = 3*, since there is one
bifurcating branch for positive ¢, and a second branch for negative t. The only other
possibility is that n(3) is 1 for all § about *, which violates the assumption that
bifurcation occurs at g = 3*.

To show that 5'(0) = 0, we find the total derivative of (8.9), giving

0;h(t, B) + 9ph(t, B)F'(t) = 0

from which it follows that

(o _000.0)
g0 = 93h(0,0)
By (8.7) we see that
O (txg, B)xo = Oh(t, B)xo, (8.10)

and so (8.6) and the fact that ker(I — E) = rangeA, ,L(q*, \*, 5*) show that
0:h(0,0) = 9,7(0,0) = k" (I — E)A AL(¢", \*, 3%) = 0.

Thus 3'(0) = 0. O
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CHAPTER 9

OPTIMIZATION SCHEMES

Up until now, we have studied the structure of all of the stationary points of (1.9),

max(G(q) + 5D(q)).
by working with (3.1)
max(G(q) + FD(q)).

q€A¢

In this chapter, we derive three methods to find solutions of (1.9), which are stationary
points (¢*, %) of (1.9) for which AF(¢*) is non-positive definite on ker J, the kernel
of the Jacobian of the constraints (3.7) (Theorem 20).

We begin by reviewing the theory which justifies our use of numerical optimization
techniques to solve (1.9). We use the Augmented Lagrangian method (Algorithm 149)
with a Newton Conjugate Gradient line search (Algorithm 145). We also present an
implicit solution method (9.20). Both of these methods are used in conjunction with
the method of annealing, Algorithm 1. When D(q) is convex and § — oo, the
maximizer of (1.9) lies generically at a vertex of A (Theorem 153). Thus, we use an
algorithm, called Vertex Search (Algorithm 155), to solve (1.9) in this instance, by
searching over the vertices of A. We conclude the chapter with numerical results of
these applications on synthetic and physiological data sets.

Notation

The following notation will be used throughout the chapter:
n := NK, the number of coordinates of ¢ € A.

F(q) := F(q,p) for a fixed 3.

Optimization Theory

The goal of numeric optimization techniques is to efficiently compute the opti-
mizer of a given cost function subject to given constraints. In the case of solving
(1.9), this means that we search for

arg max, ., F(q, B), (9.1)
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where B € [0,00), and F is defined as in (1.10),

F(q,8) = G(q) + B8D(q).

Using Algorithm 1 to find (9.1), we see that in step 3 of the m* iteration, one finds

Gm+1 = arg max, A F'(q, Bm)- (9.2)

In other words, at the m!" iteration, one is interested in solving (1.9) for a fixed
B = Bm. One of the main topics of this chapter is solving (9.2) for such a fixed f.
Since 3 is fixed, we will write F(q) instead of F'(g, 3) throughout much of this chapter.

As in step 3 of Algorithm 1, we wish to find a local solution g, (for m > 0) of
(1.9) at 8 = [,,. We let

¢ = Gm-

Thus, (g%, 5) is a local solution of (1.9) (and of (3.1) - see Remark 19). Furthermore,
by Theorem 16, there exists a vector of Lagrange multipliers A* such that (¢*, \*, 3)
is an equilibria of (3.19) (and of (3.18) - see Remark 28).

Let £ be the Lagrangian of (1.9)

. K N K N
’C(qa )‘7575) = F(Q?ﬁ) + ZAk(Z Quk — 1) + Zququk
k=1 v=1

k=1 v=1

(compare with (3.3) and (3.13)). The goal of constrained numerical optimization
techniques is to find ¢* by building a sequence {gx}7>; which converges to ¢* such
that

F is increased for each k : F(qgi1) > F(qx) for all k. (9.3)
global convergence: ||V L(q)|| — 0 as k — oco.
qr € A for each k.

One way to stipulate (9.5) is to define constraint functions {c;};ceuz as in Remark
17.

When no constraints are present, then unconstrained numerical optimization tech-
niques are used to find the unconstrained maximizer ¢ of F(q,3) by building a se-
quence {g}72; which converges to ¢* such that

F is increased for each & : F(qgr1) > F(qx) for all k. (9.6)

global convergence: ||V F(qx)|| — 0 as k — oo.

We review unconstrained numerical techniques as an introduction to the methods
used in the constrained regime.
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Unconstrained Line Searches
Unconstrained line searches can be used to find a sequence {gx}7°, which con-
verges to

q" = argmax, cq. F'(q, ),

where each element of the sequence satisfies (9.6) and (9.7).
ALGORITHM 142 (UNCONSTRAINED LINE SEARCH). Choose some qq and let k > 0.
At g compute g1 as follows:

1. Compute an ascent direction py at qy.
2. Compute the step length

Q A Arg Iax F(qr + apy).

3. Define qi11 = qr + ap-

Recall that VF € R". An ascent direction is a vector p, € R"™ for which
VF(q.) " pr > 0. (9.8)

Such a p guarantees that F' can be increased along py for some step «, since applying
Taylor’s Theorem about o = 0 shows that

F(qx + apy) = Fa) + apeVEF(g,) + O(a?)
which implies that
Flgr + ap) — Fgr) >0
for a sufficiently small. Geometrically, letting 65 be the angle between V F'(q;) and
Pk, (9.8) is equivalent to requiring that

IV E(gio)[[[|p || cos 0, > 0,

which implies that —5 < 6, < 7. To compute the step length a; given an ascent

direction pj, one might only require that

F(qr + aupr) > F(qr)-

This naive condition is not strong enough. Rather, one must find o such that the
following two conditions, called the Wolfe Conditions, are satisfied

F(qr + arpr) > Fqr) + 106V F(q) pi for some ¢; € (0, 1) (9.9)
VE(qe + axpr) pe < caVF(q)" pr for some ¢y € (cp, 1). (9.10)
Condition (9.9) requires sufficient decrease of F' and (9.10) is called the curvature

condition. The following theorem shows that enacting a line search with o and pyg
which satisfy the Wolfe Conditions yields ¢ such that (9.6) and (9.7) are satisfied.
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THEOREM 143. (p. 45-6 [50]) Let F be defined as in (3.2) with Assumptions 15. If
for every k > 0 in Algorithm 142, py is an ascent direction, and oy satisfies (9.9)
and (9.10), then limg_ [|[VEF (qx)|| = 0.

Other conditions on p, and «4 which also yield global convergence of the cost
function are the Goldstein and Strong Wolfe Conditions [50].

We now review three common ways to compute an ascent direction p;. The first
is called the method of steepest ascent, where

pr=VE(q), (9.11)

which clearly satisfies (9.8). Convergence to ¢* in this case is linear, but the computa-
tional cost incurred calculating V F(gy) is low compared to Newton and Quasi-Newton
methods [50, 40]. A Newton or quasi-Newton direction is found by considering the
quadratic model for F' at ¢, given by

1
m(p) = F(qr) +p" VF(q) + §pTka ~ F(q +p) — O(p%),

If By is negative definite, then m(p) is maximized at p* such

where By, &~ AF(q).
0. That is

that V,m(p*) =
VF(q)+ Bpp* =0, (9.12)

from which it follows that p* = —B, 'V F(q) is the unique maximizer of m(p).
Checking (9.8), we see that

VF(q)"p* = —VF(q)" B, '"VF(q),

which is guaranteed to be positive when By, is negative definite. Letting By = AF(qx)
in (9.12), we see that the Newton direction is found by solving

AF(qx)pr. = =V F(q) (9.13)

for pr. In this case, convergence is quadratic, but the computational cost incurred
determining AF(gx) and then solving (9.13) can be very high [50]. A compromise
between convergence and cost can be accomplished by using a quasi-Newton direction,
which is found by solving

Bipr, = =V F(qx) (9.14)
for pi, where By is an approximation of AF'(g). Observe that the method of steepest
ascent can be interpreted as a quasi-Newton direction with By = —I. For a general

quasi-Newton direction, if the approximation is negative definite and close enough to
AF(qy), then convergence to ¢* can be shown to be superlinear [50, 40], while the
cost of computing By and then solving (9.14) can be much less than computing Hj,
and then solving (9.13). As we see in the next section, there are algorithms, such
as the Newton Conjugate Gradient method (Algorithm 145), which compute By, and
solve (9.14) simultaneously.

We now state the following Corollary to Theorem 143.
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COROLLARY 144. (p. 45 [50]) Let F be defined as in (3.2) with Assumptions 15.
Suppose that for every k > 0 in Algorithm 142, oy satisfies (9.9) and (9.10). If py
is the steepest ascent direction (9.11) for every k, then limy_ [|[VF(q)| = 0. If
pr 15 a Newton or quasi-Newton direction as in (9.13) or (9.14) for every k, then
limy o0 inf || VE (qx)|| = 0. Furthermore, if there is some M > 0 such that

1Bl By 'l < M
with By, negative definite for all k, then limy_. ||V F(qx)| = 0.

To deal with the case when By is not negative definite for some k, many schemes
have been devised to impose this condition [50]. For example, small multiples of the
identity are added to AF'(qx), or one simply creates a negative definite approxima-
tion to AF(gx) by flipping the signs of the positive eigenvalues of AF(gg). Other
diagonal modifications include changing positive eigenvalues of AF(gy) for ones with
small negative eigenvalues, or increasing the diagonal elements encountered during
the Cholesky factorization (where necessary) of AF(gx) to ensure that its eigenvalues
are sufficiently positive (p. 143-145 [50]).

Newton Conjugate Gradient Method

One quasi-Newton method used to solve (9.14) for pg, while simultaneously com-
puting the Hessian approximation By, is the Newton Conjugate Gradient (CG) method.
Determining a search direction py by solving Byp, = —V F(qx) can be expensive. The
goal of Newton CG is to efficiently solve

Bp = —g

where B € ™™ and p,g € R". The Newton Conjugate Gradient method accom-
plishes this goal by creating a sequence {p;} which converges to p* = —B~'g in at
most n iterations when B is negative definite. Newton CG is implemented by the
following algorithm, which minimizes the quadratic

1
o(p) = §pTBp +4'p

when B is symmetric negative definite, using the line search Algorithm 142.

ALGORITHM 145 (NEWTON CONJUGATE GRADIENT METHOD). (p. 108 and 111
[50]) Implement Algorithm 142:

1. The ascent direction, d;, at the j* step is

<Vo¢j_1,dj_1 >pB

d; =V —
’ ! ld; -l

dj—l-
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2. The step length at the j' step is found by solving

7j = argmax o(p; + 7d;).

3. pj+1 = pj + Tjdj.

Algorithm 145 is a Gram-Schmidt process with respect to — < -,- >pg, which is
an inner product when B is negative definite. Thus, when B is negative definite, {d;}
form a (—B)-orthogonal set in R". Furthermore, the algorithm depends on B only in
< -,- >p. Thus, Algorithm 145 does not require that the full matrix B be computed.
Rather, only the vector-matrix multiplications Bd;_; need to be computed in step 1.

THEOREM 146. (p. 103 [50]) If B is symmetric negative definite, then for any initial
po € N", p; — p* in at most n steps.

To deal with the case when B is not negative definite, one stops Algorithm 145
when either of the following occur:

1. CG residual ||Bp; + g|| < €, where € denotes a stopping tolerance.
2. Positive curvature detected, i.e., d] Bd; > 0.

These criteria are called Steihaug’s Stopping Criteria (p. 75-6 [50]).

Constrained Line Searches

Now we address the types of line searches that can be used to solve the constrained
system (1.9). The goal of constrained line searches is to build a sequence {qx}72; of
approximates to ¢* such that (9.3), (9.4) and (9.5) are satisfied for each k. The idea
is that at g, one computes an ascent direction pj, and then projects (or "bends”) it
so that pj is still an ascent direction and so that gx.1 = qx + api remains feasible.
That is, VF(qx)"pr, > 0, and the constraints must be satisfied at qzy1: ci(qrr1) > 0
for inequality constraints (i € Z), and ¢;(qr+1) = 0 for equality constraints (i € &)
(see Theorem 16).

In chapter 6, we argued that we could ignore the equality constraints, since sta-
tionary points of (1.9),

F
max (q,0),

in the interior of A are stationary points of (3.1)

max F(q, 3)

q€Ag

(see Remark 19). Along this same line of reasoning, let us consider a solution (¢*, )
of (1.9) in the interior of A. Then, by Theorem 20, AF(¢*, 3) is non-positive definite
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on ker J, where J is defined in (3.7). However, (¢*, %) is guaranteed to be a solution
of (3.1) only if AF(q*, ) is negative definite on ker J. Furthermore, the functions G
and D may very well not even be defined on Ag (as is the case for the Information
Distortion and the Information Bottleneck cost functions (2.34) and (2.35) respec-
tively). This is of course not a problem for the theorist, but a definite problem for a
numerical algorithm. For these reasons, when looking for solutions of (1.9), we use
constrained optimization techniques which enforce the negativity constraints.

A constraint ¢;(gx) is said to be active if ¢;(qx) = 0. ¢;(qx) is inactive if ¢;(gx) > 0.
Thus, equality constraints are always active.

REMARK 147. Once the active constraints are identified, then Theorem 143 can be
used to assure that constrained line searches, under the assumptions of the theorem,
procure a stationary point (p 95-6 [40],[50]).

A computational problem is that the projection can be expensive. So projected
line searches work best for simple inequality constraints, such as the non-negativity
constraints imposed by (1.11):

qvly) >0 YV yeY and V veVYy. (9.15)

We now review three common ways to compute a projected ascent direction which
deals with the nonnegativity constraints (9.15). The first is the projected gradient
method, where one finds the steepest ascent direction, then projects if necessary

Pr = Qi — maX(Qk - VF(Qk)a 77)7

where 1 € R", with components greater than zero. As with the steepest ascent
method, convergence in this case is linear (p. 95-6 [40]), and the computational cost
is low [50, 40].

Projected Newton and quasi-Newton methods find an ascent direction by solving
the system

Bigealk = =V F(qr) (9.16)

where By, _, is an approximation of the reduced Hessian, Hy,_,, a non-negative definite
matrix defined by

[HyJij = 0ij if either ¢;(qx) or Cj((]k;) are active
Freadtd T\ AR (i) otherwise.

Convergence in this regime is superlinear (p.565-6 [50], p.90 [40]). For the simple non-
negativity constraints, ¢; = [g]; > 0 for every j, 1 < j < n and i € Z, Newton and
quasi-Newton projection methods behave like steepest ascent on the active constraints
and like Newton and Quasi-Newton methods on the inactive constraints. This claim
becomes evident by rewriting the quantizer ¢ as

_ qr
("),
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where the subscript A denotes the components of ¢ which are zero (i.e. those j for
which ¢;(gx) = [g]; = 0 for some ¢ € 7), and the subscript A denotes those components
of ¢ which are strictly larger than zero (i.e. those j for which ¢;(¢x) = [¢]; > 0 for
some ¢ € 7). Similarly rewriting VF(g;) and By, , using this convention,

vra) = (g )

and

we see that
pr=—B;" VF(g)

kRed

—B;'VF;
—VFEy '

Augmented Lagrangian

We want a fast, rigorous quasi-Newton algorithm which takes into account all
the constraints imposed by A (1.11). Many optimization methods consider either
all equality constraints or all inequality constraints. The Augmented Lagrangian
algorithm is one method which takes into account both kinds of constraints. It is
similar to other quadratic penalty methods [50] in that the constraints to the problem
are subtracted from F' to create a new cost function to maximize, such as,

Plg,p) = Fla) — — 3 (es(a))?

where ¢;(q) := >y q(ynly) — 1, is the constraint imposed for every y; € Y. The
more infeasible the constraints ¢;(q) (when }_,, ¢(yn|y) —1 >> 0), the harsher the
penalty in P. P is ill conditioned as j — o0.

The Augmented Lagrangian, however, avoids the ill-conditioning of other penalty
methods (as g — o0) by introducing explicit approximations of the Lagrange multi-
pliers into the cost function at each optimization iteration (p.494-5,498,513-14 [50])
(Theorem 148). These approximations are constructed in such a way so that the
solution to the algorithm satisfies the KK T conditions [50] (Lemma 150).

The new cost function to maximize, the Augmented Lagrangian L4, is defined as

Cala Nom) = Fla)+ 3 Nes(@) — — 3 es(a)?,

2
jee Mg

which deals with the equality constraints c;(¢q) = >_,, q(yn [ y) —1 =0 (p. 514 [50]).
To deal with the non-negativity constraints, a Newton CG projected line search is
used.

The next theorem shows that we don’t need p; — 0 to determine ¢*.
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THEOREM 148. (p. 519 [50]) If ¢* = argmax,ea F' such that AF(q*) is negative
definite on ker J, then there exists i > 0 such that ¢* = argmax La(q, \*, ) for

€ (0, 7.

ALGORITHM 149 (AUGMENTED LAGRANGIAN METHOD). (p. 515,523 [50]) There
are three nested iterations. The first is the Augmented Lagrangian or outer iteration,
subscripted by . The second is the optimization or inner iteration, subscripted by k.
The third s the line search iteration implicit in step 1.

Choose qy € A, g > 0,0 < 7,¢6,5s < 1, and set [ = 0.

1. Solve q; = argmax L 4(q, \', ;) using a projected line search which satisfies the
Wolfe Conditions, and Newton CG is used to compute the ascent direction p
by solving

BkR,cdpk = _V£A(qk7 /\lu ,U/l)'

2. N =X = ala)m

3. M1 = Spy

4. Stop if both of the following occur:
||P[n700)v£A(qka)\l,m)|| <rT
lley(g)]] < e

5. Let I =1+ 1 and repeat steps 1-4.

LEMMA 150. Step 2 of Algorithm 149 assures that (q;, \;) satisfies the KK'T conditions
for every L.

Proof. VyLay=VF—=3%", <)\l - c]u—(f)) Ve;(q). Since VL4(q) = 0, then it follows that

VE=3" (Aé - Cj(q>> Ve;(q)

G 2

if and only if the Lagrange multipliers corresponding with constraint c¢;(q) is

A=\ — ca)
H
O
The following theorem gives conditions under which there is a maximizer ¢; of £ 4

that lies close to ¢*, and gives error bounds on ¢; obtained from performing Algorithm
149 at iteration [.
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THEOREM 151. (/50] p.521) Let q* be a solution of (1.9), with corresponding vector
of Lagrange multipliers X\*, such that AF(q*) is negative definite on ker J, and let i
be chosen as in Theorem 148. Then there exists §,e,m > 0 such that for all X' and

1 satisfying
. d
A=A < —
Hi

for w; < f1, the problem

max, La(q, N, ) subject to
lg =gl <e
has a unique solution q;. Furthermore, we have

la: = q"[| < mpullAe = A7]|.

Optimization Schemes

In this section, we investigate and compare three different approaches to solving
the optimization problem (1.9) for § = B € [0,00). Two of them use the method
of annealing to find extrema by starting in the interior of the feasible region A and
incrementing  in sufficiently small steps until = B. The third method is based
on the observation (Theorem 153) that an optimal solution of (1.9) for B = oo lies
generically at a vertex of the feasible region if D(q) is convex. As a consequence
of this fact, in Theorem 154 we formulate an equivalent problem to (1.9), and pose
Algorithm 155, called wverter search, to solve it. This algorithm finds an optimal
solution of (1.9) when D(q) = D,y under mild conditions (Theorem 156).

When searching for the extrema of a general optimization problem, there is
no known theory indicating whether using continuous, gradient-type algorithms is
cheaper than searching over a finite, large set which contains the extrema. We com-
pare these methods in section 9 of this chapter on synthetic data.

Annealing

A basic annealing algorithm is given by Algorithm 1. In this regime, one tracks
the optimal solutions, (gx, k), of (1.9) for §; values incremented in small steps from
Bo = 0t0 Bmax = B in order to find ¢* = argmax,ea(G+BD). At By = 0, the optimal
solution to (1.9) is a maximum of G. When G is strictly concave, this solution
is unique. For the Information Distortion problem (2.34), the optimal solution at
Bo = 0 is the unique uniform solution ¢(Yy|Y') = qr (Lemma 79). The Information
Bottleneck problem (2.35) also has ¢(Yn|Y) = q1 as a solution for fy = 0, but it is
not unique since G = —I1(Y; Yy) is not strictly concave.

We have implemented two annealing algorithms which differ in the optimization
techniques implemented in step 3 of Algorithm 1. The first uses an Augmented
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Lagrangian algorithm (Algorithm 149). The second is an implicit solution algorithm,
introduced in [22, 29], which we describe next.

The implicit solution algorithm is based on the observation that extrema of F' can
be found by setting the gradient of the Lagrangian (3.3) with respect to the quantizer
q(Yn|Y) to zero [22]

0 = (VQ<F+Z)‘J'ZQVJ'_1))VI€ (9.17)
= (VqH>Vk + ﬁ(queff)Vk + A\

Ing, 1
= —p(ykz)( -+ —> + B(VqDesp)on + M <
0 = Ingy — [ln2

In2 In2
(VDess)oke
p(yk)

where p = % — 1. Using this,

(VDess)uk
p(yr)

(VDeff>uk
Q= e“’“eﬂm( P) )
The constraint on g requires that

L= = (9.19)

Ing,, = pIn2 + & (9.18)

eﬂk

We can substitute this in equation (9.18) and obtain an implicit expression for the

optimal q(y, |yx),
(VDgrr)y
(2t )

(VDeff)l/k> ’

,61n2< p(y
Yk)
2.€

For a fixed value of 3 we use a fixed point iteration

Gny1 = f<Qn)7

where f is the right hand side of expression (9.20), to generate a sequence {g,} to
find a solution ¢* for the optimization problem (1.9).

We do not have a complete theoretical understanding of the convergence of the
implicit solution algorithm.
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REMARK 152. The ”"solutions” {(qx, Bk)} found by the authors in [22, 29] and given
in Figure 1 are shifted in 3 when (3 is small (see Figure 20). This discrepancy is due
to the fact that the authors incorrectly used the expression

(VDerfluk
€B< P(yg) )

(VDeff)uk>

Z 66( p(yg)
14

vk =

instead of (9.20) when implementing the implicit solution method.

Vertex Search

We now describe a method which can solve (1.9) when D(q) is convex and § — oo,
as is the case with the Information Distortion problem (2.34). The method simply
searches over the vertices of the constraint space A, which is a product of simplices,
for a solution. This approach is justified by the following theorem

THEOREM 153. [29] Let D(q) from (3.2) be convez, and let E be the set of vertices
of A. Then
max D(q) > max D(q).

This result allows us to reformulate the problem (1.9) as follows

THEOREM 154. [29] Suppose that D(q) is convex and let E be the set of vertices of
A. The optimal solution of the problem (1.9) with mazimal possible value of D(q)
can be found by the following algorithm:

1. Find a vertex e € E such that

D(e) := max D(q)

2. Assume that e is a strict mazimum of D(q) on the set E. That is, for all
neighboring vertices e; € E we have D(e;) < D(e). Then e is an optimal
solution of (2.16) with mazimal possible value of D(q).

3. Assume that e = ey is not a strict maximum. Then there are neighboring vertices
e1,...,ex such that D* := D(e;) = D(e;) for all 1 < i,5 < k. Consider the
region Qy, X ... X Q,,, where Q,. C A, is the simplex spanned by the projection
of these vertices to A,,. For all j, take D,, C Q,, to be the mazimal sub-simplex
with the property that D(x) = D* for all x € Dy, x ...x D, . Then the solution
of (2.16) is the product of the barycenters of D,,.

Theorem 154 justifies the following algorithm (see Figure 26).



178

B /NN LN

2 Ya Y3

Vi Y2 Y3

> AN

Y1 Y2 Ya

Figure 26. The vertex search algorithm, used to solve (1.9) when D(q) is convex and
B = oo, shown here for N =3, Yy = {1,2,3}, and K = 3. A: A simplex A,. Each
vertex v € Yy corresponds to the value g(v|y) = 1. B: The algorithm begins at some
initial ¢(v|y), in this case with ¢(v|y) = 1/3 for all y and v. C: Randomly assign i,
to a class v = 1. D: Assign y, consecutively to each class of Yy = {1,2,3}, and for
each such assignment evaluate D(q). Assign ys to the class v which maximizes D(q).
Repeat the process for y3. Shown here is a possible classification of y;, y» and y3: y;
and y3 are assigned to class 1, and y, is assigned to class 2. Class 3 remains empty.

ALGORITHM 155 (VERTEX SEARCH).

1. We start the search from the uniform solution qz-

2. Randomly select y; and evaluate the function D(q) at all the vertices of A,
such that q(v|yy) = 1 for some class v € Yn and q(n|ly1) = 0 for all other
classes n € (Yn \ {v}). Perform this calculation for each v € Vy. Select the
assignment of y, to a class which gives the maximal value of D(q).

3. Repeat step 2 with yo,ys, ... until all of the K elements y € Y are assigned
classes. The resulting deterministic quantizer is a vertex e of A.

4. Starting from the verter e found in step 3, we repeat steps 1-3 until a local
maximum in the set E is found.

5. The steps 1-4 are repeated many times to avoid local maxima.
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The vertex search algorithm converges to a local maximum under certain condi-
tions when D(q) = D.rs. The notation

yeC)
means that the element y € ) has been assigned to class v € Vy. That is, q(v|y) = 1.

THEOREM 156. [29] The point e, obtained by a vertex search, is a local mazimum of
Dy if for each k, when q(v|yx) is determined, we have

pleye) << > plwy), plu) << Y p(y)

yiEC(V)7i7£k yiEC(V),z?ﬁk’

for each class v € Vy.

A New Numerical Algorithm

In chapter 7, we were interested in finding the stationary points of (1.9). In this
chapter, we address the issue of finding solutions of (1.9), which are stationary points
such that AF is negative definite on ker J (Theorem 20). We now incorporate the
ideas from both approaches. We apply continuation methods and our knowledge of
the bifurcation structure into Algorithm 1, which can potentially aid in the search
for solutions of (1.9) by minimizing the arbitrariness of the choice of the algorithm’s
parameters. We apply one of the optimization schemes from this chapter to perform
the optimization.

Implementing continuation techniques (Algorithm 131) minimizes the arbitrari-
ness of the choice of the parameters in Algorithm 1. Specifically, these techniques
determine d; in step 1, and choose an initial guess q,(ﬁzl in step 2. This alleviates
the need for the perturbation 7. Furthermore, continuation methods provide explicit
estimates of the Lagrange multipliers,

A= M+ O,

for the equality constraints, which could improve the performance of methods, such as
the Augmented Lagrangian method (Algorithm 149) in step 3 of Algorithm 1, which
depend on explicit approximations to A. And lastly, applying bifurcation theory in
the presence of symmetries indicates how to detect bifurcation of the branch on which
the solutions {(qx, Bx)} reside, and where to search for a desired solution branch once
bifurcation is detected. This knowledge yields an initial guess ql(gl in step 2 once a
bifurcation is detected. The cost savings of these changes can be significant, especially
when continuation is used in conjunction with a Newton type optimization scheme
which explicitly uses the Hessian AF(qx, Bx) (see (7.5), (7.14), (9.13), (9.14), and
(9.16)). Otherwise, the CPU time incurred from solving (7.16) may outweigh this
benefit.
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We now provide an algorithm which incorporates the annealing algorithm (Algo-

rithm 1), the bifurcation theory from chapter 6, the continuation ideas from chapter
7, and potentially an optimization scheme from this chapter.

ALGORITHM 157.  Let gy be the mazimizer of maxsea G, Ao be defined as in (7.19),
Bo =1, and d > 0. Iterate the following steps until Bx = B for some K > 0.

1. Perform (B-step: solve (7.16) and (7.17) for (0sqi ONF)T and select Bry1 =

Br + ALk, where AJy, = d\/llasqiglll;fljlsaes)/\k\\%l and 0 is defined as in (7.18).

(0)
L , Gy | _ (9T dOsan
. The initial t o | = ’
e initial guess at Biy1 is ( )\1(6(21 ) ( Ak + dOs A,

. Optimazation: solve

max,en G(q) + Br1D(q)  constrained by
P(qr, A, Bx) —d =0

to get the mazximizer qry1 and vector of Lagrange multipliers Aiy1, using the

initial guess (q,‘j’jl, )\521). The function P is defined in (7.12).

. Check for bifurcation: compare the sign of the determinant of an identical block

of each of

AlG(qr) + BrD(gr)] and AlG(grsr) + Brrr D(grra)]-

If a bifurcation is detected, then set q,(ﬁzl = qr + di - u where w is defined as in

(6.57) for some m < M, and repeat step 3.

One might remark why we use an optimization scheme in step 3. Obviously, this

method will not be attracted to the stationary points which are not solutions of (1.9),
as may happen when all of the bifurcating branches are subcritical for example. We
observe in practice that searching for a solution in the bifurcating direction in this
scenario may still have significant cost benefit over simply perturbing the solution as
is done in Algorithm 1.

We have not fully explored this algorithm numerically.

Numerical Results

All of the results presented here are for the Information Distortion problem (2.34),

max(H(q) + BDesr(q))-

geEA
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Algorithm Cost in MFLOPs I(X;Yn) in bits

N 2 3 4 2 3 4
Lagrangian 431 | 822 | 1,220 0.8272 | 1.2925 | 1.6269
Implicit Solution | 38 | 106 124 0.8280 | 1.2942 | 1.6291
Vertex Search 6| 18 21 0.8280 | 1.2942 | 1.6291

Table 4. [29] Comparison of the optimization schemes on synthetic data. The first
three columns compare the computational cost in FLOPs. The last three columns
compare the value of D.ry = I(X;Yy), evaluated at the optimal quantizer obtained
by each optimization algorithm..

We created software in MATLAB to implement the Augmented Lagrangian (Algo-
rithm 149), the Vertex Search (Algorithm 155), and the implicit solution algorithm
(9.20) to both synthetic and physiological data sets to determine solutions of (2.34).

Synthetic Data

We analyze the performance of the three optimization schemes on the Four Blob
Problem introduced in chapter 1 and Figure 1. Table 4 gives a comparison of the Aug-
mented Lagrangian and the implicit solution optimization algorithms for this data
set. For N = 2, 3 and 4, left side of the table shows computational cost of each and
the right side indicates the maximal value of D.f; procured by each algorithm. The
vertex search was the fastest and the Augmented Lagrangian the slowest of the three
with an order of magnitude difference between each two algorithms. The values of
the cost function are almost identical. Each algorithm has its advantages, though,
as the Augmented Lagrangian (Algorithm 149) gives a point that satisfies the KKT
conditions (Corollary 144 and Lemma 150) and the Vertex Search (Algorithm 155)
does so under certain conditions (see Theorem 156). Although we do not have a
complete theoretical understanding of the convergence of the implicit solution algo-
rithm (9.20), in particular, the fact that we do not understand the solutions we get
for 0 < 3 << o0, it works very well in practice as [ — oo.

Physiological Data

A biological system that has been used very successfully to address aspects of
neural coding [7, 15, 44, 48, 76] is the cricket’s cercal sensory system. It provides the
benefits of being simple enough so that all output signals can be recorded, yet suffi-
ciently elaborate to address questions about temporal and collective coding schemes.
The cricket’s cercal system is sensitive to low frequency, near-field air displacement
stimuli [38]. During the course of the physiological recording, the system was stimu-
lated with air current stimuli, drawn from a band-limited (5-500Hz) Gaussian white




182

t,ms
a
3
3
i

wveree]
e sansasensunesten st
naneseen

classes
N
I |
Air velocity (arbitrary units)
[e]

classes
N P
o]

20 40 60 80 100 —25 —20 —15 —10 -5 o
pattern number t, ms

Figure 27. [29] Results from the information distortion method. A: All the response
spike patterns that were analyzed. FEach dot represents the occurrence of a single
spike. Fach column of dots represents a distinct sequence of spikes. The y axis is
the time in ms after the occurrence of the first spike in the pattern. The x axis here
and below is an arbitrary number, assigned to each pattern. B: The lower bound
of I (dashed line) obtained through the Gaussian model can be compared to the
absolute upper bound I = log, N for an N class reproduction (solid line). C: The
optimal quantizer for N = 2 classes. This is the conditional probability q(v|y) of
a pattern number y from (A) (horizontal axis) belonging to class v (vertical axis).
White represents zero, black represents one, and intermediate values are represented
by levels of gray. D: The means, conditioned on the occurrence of class 1 (dotted
line) or 2 (solid line). E: The optimal quantizer for N = 3 classes. F: The means,
conditioned on the occurrence of class 1 (dotted line), 2 (solid line) or 3 (dashed line)..

noise (GWN) source [75]. We apply the method to intra-cellular recordings from
identified inter-neurons in this system.

When applying the method to this data, the joint stimulus/response probability
p(z,y) needs to be estimated. We use Deff (2.28) in place of D,sr, and the optimiza-
tion scheme (2.29). Figure 27 illustrates the data set and optimal quantizers for this
system. Sequences 2 through 105 in A were obtained by choosing 10 ms sequences
from the recording which started with a spike (at time 0 here). Sequences in which
the initial spike was preceded by another spike closer than 10 ms were excluded. Se-
quence 2 contains a single spike. Sequences 3-59 are doublets. Sequences 60-105 are
triplets. Sequence 1 is a well isolated empty codeword (occurrences were chosen to
be relatively far from the other patterns). Each pattern was observed multiple times
(histogram not shown).

Panels C—F show the results of applying the information distortion approach to
this data set. The optimal quantizer for the N = 2 reproduction is shown in panel
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Algorithm Cost in GFLOPs I(X,Yy) in bits

N| 3| 4 5 3 4 5
Lagrangian 13 1 29 59 0.18 | 0.18 | 0.16
Implicit Solution | 7 | 11 9 0.43 ] 0.80 | 1.14
Vertex Search 31 | 84 141 0.44 | 0.85 | 1.81

Table 5. [29] Comparison of the optimization schemes on physiological data. The first
four columns compare the computational cost in gigaFLOPs. The last four columns
compare the value of D.ry = I(X;Yy), evaluated at the optimal quantizer obtained
by each optimization algorithm..

C. It isolates the empty codeword in one class (class ¥ = 1) and all other patterns
in another class (class v = 2). The mean of the stimuli conditioned with the zero
codeword (panel D, dotted line), does not significantly deviate from a zero signal.
Panels E and F show the results of extending the analysis to a reproduction of N =3
classes. The zero codeword remains in class 1. The former class 2 is split into two
separate classes: class 2, which contains the single spike codeword and codewords
with an inter-spike interval 157 > 5ms, and class 3, which contains all doublets with
IST < 2ms and all triplets. The mean in (D, solid line) is split into two separate
class conditioned means (F, solid and dashed line).

In table 5 we compare the three algorithms on the physiological data set. We see
that the cost is lowest for the implicit solution algorithm, but the vertex search finds
the "best” solution, measured in terms of the value of D.yy.
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CHAPTER 10

CONCLUSION

Our explicit goal in this thesis was to solve problems of the form

max (G(q) + BD(q)) (10.1)

q(Yn|Y)eA

at some § = B € (0,00) when G and D have symmetry: renaming classes of Yy
leaves the values of G(q(Yn|Y')) and D(q(Yn|Y')) unchanged. The major ingredient
to our approach was to build a mathematical theory which describes the bifurcation
structure of stationary points of (10.1) for each 5 € [0,8]. As we have seen, the
symmetry dictates the bifurcation structure of solutions to the problem (10.1). Our
understanding of the bifurcation structure of these solutions lends itself to the com-
putational problem of solving (10.1) since we know how to detect symmetry breaking
bifurcation, and, once this of type of bifurcation is detected, we know in which direc-
tion the new branches bifurcate. We presented an algorithm (Algorithm 157) which
uses these ideas.

For the Information Distortion method, which concerns itself with the biological
problem of deciphering the neural code, we numerically confirmed the bifurcation
structure predicted by the theory by implementing continuation techniques. We also
presented optimization schemes, such as the Augmented Lagrangian, implicit solution
and the vertex search method, to find solutions of the problem (10.1).

Determining the bifurcation structure of stationary points of (10.1), and imple-
menting an efficient algorithm to solve (10.1) are two different things. The former
illuminates how one might create the latter. Although we have presented Algorithm
157 which incorporates these ideas, we have not yet fully explored the method nu-
merically, which holds the tantalizing prospect of an efficient algorithm to find local
solutions of the problem (10.1).
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