Review Questions

(1) DOUBLE INTEGRALS - Cartesian and Polar Coordinates
1. Compute [ [ zdA where R is the region bounded by y =3 -, and the z and y axes.
2. Evaluate [ f,(z — y)dA where R is the triangle with vertices (0,0),(1,0) and (2,1).

3. Interchange the limits of integration and then cvaluate:

a) /ol /v| e"’d:du b) /D-/a /,'“ a{';(x)dzdy ] (1)

4. Use polar coordinates to evaluate f [ z(z+y)dA on the region in the first quadrant under

y = 3z and inside 22 + y? = 9.
5. Sct up the integral f [ ,(z? + y*)dA in polar coordinates where R is the triangle with

vertices (0,0), (1,0) and (1, 1).

6. Re-express the following iterated integral in polar coordinates:

7 pVA=27
/0 /o zy dy dz o (2)

7. Let 12 be the region in the first quadrant bounded by the y axis, the line y = z and the
circle 27 + y? = 4. Draw R and then evaluate [ [, Vz7 + y?dA4.
8. Evaluate J [,z dA where R is the region inside the circle 2 +y° = 8 with y > T4/2.

(1) VOLUME INTEGRALS - Cartesian, Cylindrical(C), Spherical(S) Coordinates

1. Set up the cartesian and cylindrical integrals whose values are the volume of the region
bounded by z = z? + y? and 3z = 4 — 2% — y°.

2. Sct up Lhe cartesian and cylindrical integrals whose values arc the volume inside the
cylinder 7 + y? = 4, below the plane z = z + y + 4 and above z = 0.

3. Evaluate [ f [ (2% + y?)dV on the cube 0 < z,p,2 < 1.

4, Evaluate J f [ ;3dV on the upper hemisphere z? +y? + 2% = 16, 2 2 0.

5. Find the volume inside z? + y? = 4, above z = 0, below z = z + 2 and having = > 0.
8. Set up the iterated integral for f [ [ gydV where R is the portion of the cubc0 < z,y,2<
shove y + z = 1 and below z + y + z = 2. (Project onto yz-plane).

7. For each of the following regions, setup an integral for the volume




a) (C) Above z = (z? + p*)"/* and inside 27 + y* + 27 = 1.
b) (C) Between the paraboloids z = 10 — 22 — y? and z = 2(z* + y* - 1).
¢) (C) Above the zy-plane, under z =1 — x* - y? and ingide the wedge -2 <y < V3z.

d) (S) The interior of & apherc of radius 2 (center origin) less the portion with z > ViT+ )]

8. Find the mass of the upper hemisphere of radius 5 whose density is [(z,y,z) =10 - 2.
9. Let R be the region inside the cylinder z? + y? = 1, above the zy plane and below
z =y + 1. The density of the solid is F(z,y,z) = z? + y* + z°. Set up an iterated integral

in cylindrical coordinates for the mass of the solid.

10. Use spheriéal coordinates Lo setup an itcrated integral whose value is the mass of a solid
R above z = 0, bounded by the unit sphere z? + y? + 2 = I and the cones z* = 2% + 7,
2% = 3(z? +y?). The densily of the solid is f(z,y, z) = z* + 1 (Note: z = pcos¢ in spherical
coordinates). '

(II) LINE INTEGRALS
1. Let F = (2, z,z). Evaluate jfc F . dr on the curves

(a) straight line from (0,0,0) to (1,1,1).
(b) the curve paramectrized by F{t) = (t,t*,¢°),0 <t < 1.

2. Compute Ji z%dz on the unit circle (counterclockwise).

4. Evaluate the live integral

Jvds ' i

where C is the straight line from (2,1,0) to (1,3,7).
5. Compute the work donc by F = (z? + 7y, y - z*y) slong the path C parametrized by
) = (Ll 1<t <3 |

6. Evaluute
/C(y — z)dz + zydy

where C is

a) The straight line from (1,1) to (2,3).



h) Is Lhe mr‘f/'pu of the parabolay =z, 0 <z <] dirccted in the positive iz direction.
Ve L% Ea v - 14 Y [y ’
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(1V) SURFACE INTEGRALS

1. Compute the surface area of the portion of the plane = + 2y + z = 4 inside the cylinder

2 +yl=1L
2. Compute Lhe surface ares of the paraboloid z = 4 - 12 — 7 above the z = 1 plane.

3, Sct up # polar integral whose value is [ [szdS where S is the portion of the cone

1= Jz7+ y? between z = 1 and z = 4.

4. Evaluale [ [z7dS on the upper portion of the sphere 22 +y? + 27 = 1.

5. Set up an iterated integral whose value is [ [s7 fdS , 7= (z,y,2) and S being the plane

2 = 1 over the unit square 0 < 7,y < 1.
6. Find the sarface area of the portion of the paraboloid z = 2 — z? — y? that is above the

plane z =1 and hus y < z.
7. A surfuce S is the portion of the cone z = VzT + y? between z = 1.and z = 4. The

surlace hes density p(z,y. z) = 2%z (kg/m?). Compule the mass.

(V) FLUX AND OTHER SURFACE INTEGRALS

1. Compute the Aux of F = zi through the upper unit hemisphere 4y’ +22=1,220

where the unit normal N is oriented in the positive 2 direction.

1, 2. Compute the Aux of F' = zk through the portion of z7 +y* + z? = 4 in the positive octant

L , .
(z.y,z > 0) where the unit normal N is oriented upward (+z direction).

3. Compute the flux of £ = (z,y, z) through the portion of the parabolic sheet z = 17,

z € (0,4),y € (0,1) with N oricnted upward (+2z direction).

4. Compute fg F . NdS where F=(z-1z,02+ 1) and S is Lhe portion of the plane

21 +y+ z = | in the positive octant and N is orienled upwards.

(V1) CONSERVATIVE FIELDS

1. Use the curl to determine which of the following vector fields is conservative.

(i) Flz.y) = (zy - v,z — =)



(ii) F(z,y) = (V® — ye™¥, 2zy — zc™)
(iii) F(z,p, 2) = (zy, 2y, 22)
2 Find the associated potentinl function for each of the following vector fields

(i) Fz,y) = B2’y +y.2° + 2 - 2p)

(i) Flz.y) = (ye¥ + 35 76 + 355)

T+’
(iii) Pz, p,2) = (2zp,2° - 2,1 = )
3 Evaluate the following line integrals
() S (1 + v)dz + (= + 1)dy
(1) Jfe: 5d1+ (1 - ;‘,) dy where C is parametrized by 7{t) = (t+1,1+ V2tT+1),0<t <2

(iii) Jo dz + dy + 22dz where C is eny simple curve from the origin to (1,1,1).

(V11) DIVERGENCE THEOREM
1 Let V he the solid with VZZ + ¥ < z < 1 and S its bounding surface. Compute the flux

of F=(Yz+z,y+1,zz* —y) out of S.
2 Let V be the solid with 0 < z <1 -y’ 0 <z < 1and Sits bounding surface. Compute

the Aux of F = (z,y, z) out of S.
3 Use the divergence theorem to compute the flux of F = (y - z,yz? z1%) through the

portion of Lthe paraboloid z = z? + 1%,z < 1 and the unit normal is oricnted in the negative

z direction (downward).
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