Math 430 Mathematical Biology — Homework 1

NAME;: _£opi Barro

Due: Thursday, February 10, 2022.

(1) [15pts] Recall the simple growth with harvesting model
Tnt1 = AZp — h
where z,, is the chicken population after n years, zo is the initial population, A is the growth
rate and h is the harvesting rate (chickens per year).
a) Find a formula for the harvesting rate h* at which the population remains constant.
b Find a formula for the number of years 7 it takes for the population to die out when it
is over harvested, i.e. h > h*.

¢) Let A = 1.05, o = 100, h = 7. Use Matlab to simulate the run using n between 0 and
30 with z and y plotting ranges in [0,30], [0,300], respectively. Use your formula in b)
to verify the 7 at which the population dies out. Label your calculated value 72 as a
point on the 7 versus z, plot. Include a hardcopy of the plot and one of the Matlab

code.
(2) [15pts] Find the (veal) general solution of each of the following difference equations.
2pto — TTng1 +32n = 0
Tppz — 4Tnp1 + 42, = 0
Tny2 — V3T + 3y = 0
One characteristic polynomial has two real distinct roots, another one real repeated root and
the other has a complex roots with a simple polar representation A = retf.
(3) [10pts] Read the textbook description of the Red Blood Cell (RBC) population model
in Section 1.9, Problem 2:
Rppr = (1= f)Ru+ My 1)
Moy = 7fEn ()

a) Convert the system above model to a single equation involving only Rpi1, fny Ru-i1.
b) Show that the eigenvalues of the difference equation in a) are

_a-nxJ0-Pref

2

Ax
c) Homeostasis is when the number of red blood cells R, is roughly constant. This can be
achieved when A, = 1. Show that for this to happen, v must equal 1.

d) With Ay = 1 in c), show A = — f and then write down the general solution for R,.
What does R, approach as n — oo.
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Math 430 Mathematical Biology — Homework 2

Due: Thursday, February 24, 2022. NAME:

1 [10pts] For the following difference equation:

T
Tnp1 = flon) = —
n

i) Compute the first 3 terms of the orbit using zo = 1
’Y(Eo) = {Zo,zhzz,u-}
Write out xg, 71, o as approximate decimals.

ii) Find all fixed points Z of the map.

200 X, in harvest model: A=1.05, h=7 iii) Determine the stability of each fixed point.
2 [10pts] For the following difference equation:
250 F R Tpy1 = f(zn) = —‘17121(1 - zTL)
i) Compute the first 3 terms of the orbit using zo =1
200 1
Y(mo) = {@0, 1, 2, - - 3
& 150 ] Write out xg, z1, T2 as approximate decimals.
ii) Find all fixed points Z of the map.
100 o , ili) Determine the stability of each fixed point.
3 [20pts] A frequently encountered model of fish population is given by Ricker’s equation
50 b ) J (see Greenwell 1984):
e V Tpy1 = azpe P
a ) ) ) ) Extinction Here x,, is the population in thousands at year n, & > 0,5 > 0.
0 & 10 B 20 20 30 a) Find the sole positive fixed point Z > 0. For what « is this fixed point positive?

b) Show that Z is stable only if the growth rate o satisfies:
[1-Ina| <1
This is equivalent to a € (a4, @). What are a;?

¢) Modify the posted code cobweb.m to create 3 cobweb figures of the model showing an
attraction to a fixed point, an attraction to a period 2 orbit, and an attraction to a
period 4 orbit.

d) What is the maximum possible value of z,? I want the formula involving o and B.
Hint: What'’s the maximum value of f(z) for z > 07
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Math 430 Mathematical Biology — Homework 3
Due: Thursday, March 10, 2022. NAME:

1) [20] For each of the four linear systems
i) find the general solution, .
ii) classify the type of equilibria the origin is (saddle, center, etc)

iii) use pplane8.m to create a phase portrait for -2 <z <2, -2<y<2

otz = [Z f}f &)
24z - [_g _é]f @)
Lotz - [“2‘ ‘1;]5 @)
Z_szi = [—1; —”f @

2) [10] For the following two nonlinear systems
i) sketch all the x-nullclines (solid lines)
ii) y-nullclines (dashed lines)
iii) label all fixed point locations.

iv) Then use Figure 5.14 (pgl90 text) to categorize the equilibria types.

;—? = a’—y E—z = 21 —zﬂ)
@ = z-1 @ =v(1-3
3) [10] The dimensionless chemostat model is:
dn nc
L. _ . 5
dt “T¥e ®
de ne
= = — — 6
dt Tve °te ©
i) The coexistence equilibria is physical only if (a1, az) satisfy two inequali-
j’t ties (see posted notes or text for these). These in turn define a region in

the (a1, ap)-plane. Accurately draw. (sketch or shade) this region (along
with its bounding curves) only for positive (physical) a.

ii) Determine the equality (or equalities) which (a1, o) must satisfy for the
extinction state (of bacteria) to be stable. As in i), draw/sketch the region
in the (a1, og)-plane where the extinction state is stable.
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Math 430 Mathematical Biology — Homework 3

Due: Thursday, March 10, 2022. NAME:

1) [20] For each of the four linear systems
i) find the general solution, .
ii) classify the type of equilibria the origin is (saddle, center, etc)

i) use pplane8.m to create a phase portrait for -2 <z <2, -2<y<2

%?:Af - [Z f]f )
¥tz = [_g _;]z‘ &)
%:AE = [_‘21 _ngi (3)
£ [ ) y

2) [10] For the following two nonlinear systems
i) sketch all the x-nullclines (solid lines)
i) y-nullclines (dashed lines)
iii) label all fixed point locations.

iv) Then use Figure 5.14 (pgl90 text) to categorize the equilibria types.

;—f = z?—y g—f- = z(1-z)
§ = & - v0-9)
3) [10] The dimensionless chemostat model is:

dn ne
CLC P (- . 5
dt Ty " ®)
de ne
I - T3 C + o (6)

i) The coexistence equilibria is physical only if (a1, as) satisfy two inequali-
ties (see posted notes or text for these). These in turn define a region in
the (a1, ap)-plane. Accurately draw.(sketch or shade) this region (along
with its bounding curves) only for positive (physical) ay.

ii) Determine the equality (or equalities) which (a1, ap) must satisfy for the
extinction state (of bacteria) to be stable. As in i), draw/sketch the region
in the (a1, ag)-plane where the extinction state is stable.
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Eli Quist - M430 HW3 Phase Portraits (Question 1

Part 3)

System 1

X'=ax+by
y'=cx+dy

-1 - ’
s

% ~
3 .Y
. ~
N \

-2 Cursor position: (-2.06, 3.45)
D 1 0 1

The backward orbit from (0.89, 0.14) left the
computation window.
Ready.

The forwérd orpit from (0.53, 0.3) left the computation

wrindAue



System 2

X'=ax+by a=0 b=1
y'=cx+dy c=-2d=-3
of" | o R
| AR
_ . \ \ \
1 ~ \
T\
~ QfF---—-- o e R ey S
%
\ ?‘Q“x o
_1 o \‘ \\\ \
N\
\ \ AN

-2 Cursor position: (-2.2, 2.94)
-2 -1 0 1

Quit

The backward orbit from (1.5, 0.53) left the
computation window.
Ready.

The forward orbit from (-1.5, 0.42) --> a possible eq.

nt naoarf{ 7817 O s 170

System 3
‘'=ax+by a=-4b=-17
'=cx+dy c=2 d=2
2 Fw T T T
1F | _—E_RE“——H
e e ***___*1—_.
™ (» - —.__ 1____\_”"-—»\
~ €T
SO T ST
— T ~ 3=~
-1 axm

-2 Cursor position: (-0.912, 3.39)
K] -1 0 1

The backward orbit from (0.072, 0.8) left the
computation window.
Ready.

The forward orbit from (-0.34, 1.4) --> a possible eq.

nt naar/ 1 Fa 14 1 Qa 1)



Math 430 Mathematical Biology — Homework 3

Due: Thursday, March 10, 2022. NAME:

1) [20] For each of the four linear systems

i) find the general solution,

ii) classify the type of equilibria the origin is (saddle, center, etc)

iii) use pplane8.m to create a phase portrait for -2 <z <2, —2<y <2

g
Z—f:Az‘

- |3 2|z 6
- %401}1]5 )
—2 -3
—4 -177. -
= [ g ;]z 3)
= [—1; —”f “

2) [10] For the following two nonlinear systems
i) sketch all the x-nullclines (solid lines)

ii) y-nullclines (dashed lines)

iii) label all fixed point locations.
iv) Then use Figure 5.14 (pgl90 text) to categorize the equilibria types.

dz 2 de  _

e = g2y & = g(l-x)

& - &

& = z-1 # = v(1-%)

3) [10] The dimensionless chemostat model is:

dn ne
an- _ — ’ 5
A ®)
de ne
= = - e 6
dt Trec © +o ©

i) The coexistence equilibria is physical only if (a1, as) satisfy two inequali-
ties (see posted notes or text for these). These in turn define a region in
the (e, az)-plane. Accurately draw. (sketch or shade) this region (along
with its bounding curves) only for positive (physical) ax.

ii) Determine the equality (or equalities) which (a1, o) must satisfy for the
extinction state (of bacteria) to be stable. As in i), draw/sketch the region
in the (a1, ag)-plane where the extinction state is stable.

Math 430 Mathematical Biology Name:
Midterm - Takehome (max=50)
Due Thursday March 24, 2022.

Instructions : The following guidelines must be observed:
a) You may use the textbook, notes on the course website, or your own classroom notes

b) You must work alone and may not talk to fellow classmates. You may ask me clarifying
questions.

c) Merely stating an answer is insufficient. You must show your work.
d) This test (with your name on it) must be stapled to your work.
e) You may use matlab and/or a calculator.

f) Make sure your work is legible and in the proper order.

1. [10pts] Recall the simple growth with harvesting model
Tny1 = )\CETL —h
where z,, is the chicken population after n years, z, is the initial population, A is the growth

rate and h is the harvesting rate (chickens per year). The units are in hundreds of chickens
so that z,=5 means 500 chickens. The solution derived in class was:

1 ) /’\‘Ci\ l/\
zn=)\"zg—</\v1>h :,j::))(o‘ A=l

Suppose g = 10, A = 5 and the population becomes extinct after n = 10 years. At what
rate h were the chickens harvested? h=Yo
2. [10pts] Find the general solution of the following difference equation:

2Zny2 — 3Tnt1+ZTn =10

What does z,, approach as n — co

3. [10pts] Define a map by:
Tpt1 = f(zn) = —az,Inz, (1)
For oo > 0, f(z) > 0 on z € (0, 1).

a) Draw an accurate sketch of y = z and y = f(z) for 0 < = < 1 labelling the positive
fixed point Z. You may use the fact that lim, o4 f(z) = 0.

b) Find a formula for the positive fixed point Z of (1) in terms of a.
c) Compute and then simplify f/(Z) (it really simplifies!).
d) Given your result in c), for what o is the fixed point stable, i.e. [f'(Z)| < 1.



Math 430 Mathematical Biology — Homework 4

Due: Thursday, April 7, 2022. NAME:

1) [10] Capasso and Serio (1978) considered the following SIR epidemic model
with emigration of the susceptible S:

B o ams-rs W
= wws-pr @
% = AS+8I 3)

where g(I) = ale~!. The parameters a, 3, \ are all positive. The function
g(I) is meant to take into account "psychological” effects. In particular, when
the number of infectives I is large the number of interactions g(I)S is smaller
since the susceptibles S notice the infected people and actively try to stay away
from them.

a) Is the total population N = S+ I + R conserved?
b) Show the (S, I) system has no positive (physical S > 0,1 > 0) equilibria.
¢) Show the (S, 1) = (0,0) extinction state is stable.

d) Create a pplane9 (phase plane) diagram showing that S, I both die out and
hence all people recover. Include the nullclines and at least one trajectory
illustrating the aforementioned dynamic. You may usea =8 =XA=1 as
parameter values.

2) [5] Nondimensionalize the SIR model

ds
at
dI
at
dR
at

= —aSI (4)
= aSI-pI (5)
= pI (6)
In particular, scale the dependent and independent variables :

S=sS* , I=4i* , R=rR* , t=1t" ,

and show that for a certain choice of the constants S*, I*, R* and t* the resulting
system for lower case s,i,r, 7T contains no parameters.

The new dimensionless system should look like:

ds

o> = 8 (7)
di .

7 = s (8)
dr X

& = (9

State the constants S*,I*, R* and t* formulae in terms of o and 8.

3) [5] Use Law of Mass Action to write out the (molar) concentration differential
equations for the following reactions.

k1
X+2Y Z2Y+2Z

—1



1) [10] Capasso and Serio (1978) considered the following STR epidemic model
with emigration of the susceptible §:

das e
R ULEPY (1)
dr . .
G = ans-pr (2)
dR . .
T= AS+al )

where g(I) = ale™!. The parameters , 3, are all positive. The function
g(I) is meant to take into account *psychological” efiects. In partioular, when
the number of infectives 1 is large the munber of interactions g(I)$ is swaller
since the susceptibles § notice the infected people and actively try fo stay away
from thern.

a) Is the total population N = 8 + I + R conserved?

Fst, we nok fot N =S+I+R Thay, cas
fopwledion,
%}=£(S+I+R)
=d3 41
T Tt éf‘

= -Z(I)'S -2+ 3(1)3 ~BL +AS + 41

= ’?@g =5+ 5(4’)5(-51 + 28+ pT
0.
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b) Show the (S, 1) system has no positive (physical § > 0,7 > 0) equilibr

Recal
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an %Mlléﬁd— ocers  when o
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Qv@
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d) Create a pplancd (phase plane) diagram showing that S, I both die out and
Lence all people recover. Include the nullclines and at least one trajectory
illustrating the aforementioned dynamic. You may use o = 3 = A =1 as
par (Lmeter mlueb

'=-(aiexp(-i)s)-(Is S) a=1b=1
~(a1exp(—) s)-(bi) =1

1 Gursor position: (1.97, 3.45) Quit .
-1 0 1 2 3 4 o

The backward orbit from (3, 0.26) left the computation

window.

Ready.

Preparing to print the pplane9 Display Window. Please

ha natiant

A all taechiies dael b 00), e b corualy S=1-0.
Thew M=S*I+2,

M=©@+@©+R => R=\.
So, re  corcue Hnt He enhire Ppudedin, M, il eobally el up
in He  “Recorers” gop

4

/
v/

2) {5} Nondimensionalize the SIR model

44 _ e )
dt
[ (5)
dt
& e (6)
dt
In particular, scale the dependent and independent variables
1 =il R=rR t=7t
and show that for a certain chioice of the constants 8%, 17, B” and ¥ the resulting
system for lower case s.4,7,7 contains 1o pacameters.

Frsh, we scale the syskm, and simplly  ech

Ha) S;; ds —xs ¥ T*
(L{b) g—e = —Sut*I*‘

(5a) —{—f 5‘? s ST - ¥
) 4= siaSiLr - ipt®
) Bf-p1r

o) %-ifBE

, Aom (48), (SB), ond (65) fo rek Jhe el dmersiness e W
7;1:;" of  uakets  scHind e ks ol alind conshorts  gual’ b

MHe)  E¥I*x =)

(Set) oS¥E¥ =1

(5¢.2) ﬁé*: I

(6e) L—E}E ]
Shekrg.  with (e2), e Lk =B Tem, wng (ei) e me

xS = 1 $¥(g) =1 = SV £ ]

Smirly, usrg (), i can b som  TX =K, ok thon s
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w
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Brst,  casikr  (4b)

L= St THy = -si (é/)({é)x = =50
T, comsider (Sb)

Fo= oS -iptY = 5 X(E)4) - i BGY = Simi
Rnolly, coss  (64)

Ta swwrery, {;*='/gl E::%/If:“/sﬂ

B . -5 o
AT /m ,“I',‘rj.g,;{ H\é/*fv“l
:*; = (-1 ere . See B

3) [5) Use Law of Mass Action to write out the (molar) concentration differential
equations for the following reactions.

k.
X+2¥ Y4z

L

Usmg,
QMMJYBJ‘\M JW‘A’ czzmkms o

% = 'kl)()’z+ k_,VZ

% = ’k,)(}’z+ k»!yz /
%% = k,)(yz “k,YZ
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e

W
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MW forrauln @s oiscussed 0 chss), e wmpnk the  rpln

Math 430 Mathematical Biology — Homework 5

Due: Tuesday, April 26, 2022. NAME:

1) [5] Use Law of Mass Action to write out the (molar) concentration differential
equations for the following reactions.

ky
3X+Y 2 X+Z

k2

x+v 58 g

2) [10] Let S=substrate, B=buffer and C=complex. A slightly different form
of buffering is given by the reaction equations:

k4
25+B —~ C
k-

Using the Law of Mass Action the differential equations governing the molar

concentrations is given by:

% = —2k.BS*+2%_C , S(0)=5 (1)

‘fi—f = —kuBS*+k_-C B(0) = By (2)

% = kBS?—-k_C , C(0)=Co (3)

a) Find the function f(S, B) such that the above system can be reduced to
S = 2f(B,S)
B = [(BS)

b) Find the function g(S) such that f = 0 only if
14
B=g(S)= e
for certain parameters V and Kg (write these out in terms of the original

model parameters : k_, k4, So, Bo)



¢) Use Matlab or any other plotting program to make a phase plane portrait
like that done in my lecture notes for the regular buffering problem. It
should be in the (S,B)-plane, be first quadrant only, have an accurate plot

of f = 0 and several trajectories. Use the parameter values k; = k- =
So =By =1 and S values in [0,2]

3) [10] A variation of Michaelis-Menten kinetics is n-site cooperativity where n
substrate molecules S must bind in order for the product P to be made. The
reaction equations are:
ki, k
nS+E 2 C2P+E
ka2

The subsequent dimensional differential equations for the reaction are

dS
B e fi=nkSEARLC SO =5
dE
e fo=-kS"E+ (k-1 +k2)C E(0) = Ep
dc
x = —fo=kS"E — (k-1 + k2)C C(0)=0
dP
a) Without nondimensionalizing the equations, use conservation of receptors
to find the quasi-steady state approximation of the production rate
dP
P V(S)
that only depends on S (and not E,C). This is the ubiquitous "Hille”
function.

b) According to the fast-subsystem analysis (in class and notes), the complex
concentration very quickly rises from 0 to a maximum value Caz. Find

‘a formula for Cinas
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Harvesting Mpdeld
|

Hence
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[l NI

PO e Gl R Y

‘T'o salve (1)

we translate X, ‘mto a

,—‘;Sfoj:r_l}m‘w&,,_ know how 4o solue - SRS ™ a
— ‘ - reqular less to
L (2) Xp = am + X _ afpwt h harueshaq
L Subshhte (2) into U) ) ]
N - 4 ) _h=0 (no harvest)
Yy X 2 A(Yprx) =h -~ . —
SN J 3
Re arrw_ﬂ_e_{mms e " I
i ae > - axtinchevs
T M\Mn = A"a'“"t (A-nx - h < - o BRI WA, X3
C ———" i LR SN =N
choose X So this '\\-’ % -
Uani shes ik . o
Thué} Sor ™ h>o V(,bjf))_“
..... i h
IS K = —— el 4
) QUESTION 60E - For what h. does ?onvla}w‘r\ ol =
WE L\Auf SRR " P | femamn CDY\S‘l’al\‘l'? ! BE
5 | R TR S - At what year does populabon
L3 | ol e i R e be come Ixtin ot ¢ et

\

 TRIS we Ynoew how do solve (‘ﬁ)n‘




SG&SGV\G&.Q GL\(QW""»\ RO‘\*CS @/v\&l Harues +'V\"1 2332933532520 523520522522522522529%23%%85%33%9%%%

% Harvesting model
T ) i - 2223353222393V LLLLTTTLT099992222%99999299%3%%%
. %
Ko — ' X - ) . . $ X(n+1l)= lambda X(n) - h
hee = A%, = h . ;

% with initial condition X(0)=X0
has exact solution:

%
%
= S . % X(n)=lambda’n X0 -(lambda’"n-1)/(lambda-1) h
cowin rate varies with me n. %

o —— — % First calculate X(n) without the formula above.
S _an example - — :
‘ . .. clear X;
— lambda=1.1;
[ X(1)=2;
A= A+ dsin(wn) Bt
=0.30;
| = - = . _ - - _ N=10;
for n=1:N
T X(n+l)=lambda*X(n)-h;
end;

SEQSGY\CLE figure(4)
N r Fi o N plot(0:N,X)

NN <,c%mw’r"> rede, . s

% Now compute Y=X using formula above

— I S —re I &
| S - — —> n (wmonths) m=0:N;
[l - y=lambda. m*X(1) -(lambda."m-1)./(lambda-1)*h;
SR | R - o o I o o o - ) - - o hold on
;\-.\ere, = e : - - = e O — _— plot(m,Y, 'r*")
o w = ?i'f_ title(['x_n in harvest model:
. S o a - N lambda=',num2str(lambda), 'h=',num2str(h)])
— S S — S - . e — xlabel('n")
] %meo G/V_\,Omhur»‘e. oscilabion veq -uemc7,Afu) i PR B iiigeiéfx_n )
= H SESSEE — — = — — —
[ ; 3
B - - e = = = %
it - " - %
“: . - g PEEEETIELLEI22TTTIIIIBLTLILLILLLTL899999%%%
= =~ . - N o T o . o % Harvesting model with Seasonal Variation
= - - ST LLLLLTHTIIILTLILLLIITLLLTILLLIIILTLLBIIIINRY
. %
. B - - ) % Seasonal variation of growth rate. Suppose
= = — — % n=time (in months) since start growth rate at
% time n is L(n):
%
% L = LO+alpha*sin(omega*n)
%
i ) 3 X(n+l)= L(n) X(n) - h
%
| 1



% with initial condition X(1)=X0.

%

%

clear X;

N=120;

L0=1.07;

alpha=0.5;

omega=2*pi./12;

L=L0+alpha*sin(omega*(1:N));

%

%

X(1)=2;

h=0.000;

$h=0.035;

for n=1:N
X(n+1)=L(n)*X(n)-h;

end;

%

figure(5)

clf

hold on

plot(0:N,X, 'r-")

plot(1:N,L, 'b-")

title(['x_n in seasonal model: LO=',num2str(LO),' h=',num2str(h)])

xlabel('n")

ylabel('x n')

axis([0,N,0,25])

hold off

x,, in harvest model: lambda=1.1h=0.3

06

04

20

@

L \\\*\\
L \\\k\ i
L \\\w\ i
- *, \\ 4
L \k\\ 1
A
i AN ]
| N
1 3 4 5 8 7 8 10
x,, in seasonal model: L0=1.07 h=0
- ﬂ
| | } |
S |
L ) \ |
L \/ | v
ARV,




XF?aw‘E code for liﬁ'e\wce ciisc‘—e*:e)@?"‘s

=6 %n xppawd ovtput " Gragh. SLEf, .. ?as“}scriﬁ"_”

“h'l' !

3““ = C.,_an - h

#
# 700 T T T
# 600
par c1=1.1,c2=1.1,h=13
init x=100,y=100

# a00 | ]
#
x(t+1)=cl%x An 300 | h=o .
Zﬁ(t+1)mc2"“y*h oo L ]
#
@ total=20,method=discrete,nout=1 .
done

500

100
h=o0.03

-100



Maple Code for x, (notes)

|:> restart;

> x0:=100;lambda:=1.1;h:=13;
x0 =100

A=1.1

h=13

> xn:=lambda’n*x0-h* (lambda”n-1) / (lambda-1) ;
xn = -30.0000000 1.1" + 130.0000000

> plot(xn,n=0..20);
100

80

60

40 -

20+

-20

-40 -

-60 -

®

@

= Nonlinear D,ey\si’c/v Dcxloevlé-%ﬂ"' Models
- (€D xnﬁ = x-.'\ 3(3“") = f(x..\
1

[
L where lhere
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EXRMPE Varley, Gradwell, Hassel (1935)
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~ Plant Propagation
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